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Abstract 

Models are an essential part of every type of industrial activity. Based on their 

complexity, models can rely on a few equations or be expressed in complex 

mathematical terms. In the case of chemical reactors, the mathematical model 

should contain the proper thermodynamic and kinetic equations. The most detailed 

kinetic model possible, which describes the reaction system includes all the 

reactions that every single component in the system undergoes. When dealing with 

a multi-component mixture, it is a difficult task to consider all reactions of every 

single component, and the proper validation of this kind of complex model is simply 

not feasible. Even, if it is possible to measure the change in the concentration of 

each component, (in a complex reaction system) the isolation of the effects of the 

different reactions on one component concentration is possible only with a high 

level of uncertainty.  To solve these tasks, in the past few decade researchers have 

been developed two main approaches (lumped and molecular models), in which 

model simplification and order reduction became central problems. 

In this work, various approaches to modelling complex chemical processes and 

phenomena are investigated, drawing on mathematical models. Key aspects include 

the development of lumped models to describe catalytic hydrocracking 

experiments, providing insights into the phenomena of catalyst fouling and the 

development of yield distribution functions. Additionally, the study delves into the 

selection and optimization of thermodynamic models for hydrogen solubility in 

hydrocarbons, emphasizing the importance of proper model selection based on 

operating conditions. Furthermore, a method is proposed to address retention time 

drifts in gas chromatography analyses of complex mixtures, enabling easier 

comparability and analysis of chemical changes during processes like plastic waste 

pyrolysis. Moreover, computational methods integrating molecular similarities and 

Kovats retention index are explored to refine qualitative analysis in catalytic 

pyrolysis processes. Despite computational challenges, the study demonstrates 

significant insights into molecular composition estimation, underscoring the need 

for further refinement and validation of computational techniques using high-level 

measurement properties.  



 

 

 

Tartalmi összefoglaló 

A modern vegyipari tevékenység alapvető részét képzik a különböző 

berendezéseket leíró matematikai modellek. Összetettségétől függően, egy rendszer 

leírható néhány egyenlettel, de sok esetben a leírás csak komplex matematikai 

kifejezésekkel lehetséges. Kémiai reaktorok esetén, a leíró egyenleteknek 

tartalmaznia kell a megfelelő termodinamikai és kinetikai összefüggéseket is. A 

legösszetettebb kinetikai modell tartalmazza az összes komponens minden 

reakcióját. Sok-komponensű rendszerek esetében egy ilyen összetett modell 

felírása rendkívül nehéz feladat, a modell validálása pedig szinte lehetetlen. Még 

ha mérhető is az egyes komponensek koncentrációjának változása a 

reakciórendszerben, a különböző reakciók hatásainak elkülönítése egy adott 

komponens koncentrációjára csak nagy bizonytalansággal lehetséges. Ennek a 

problémának a megoldására az elmúlt évtizedekben két fő megközelítést dolgoztak 

ki: az “összevont” (lumped) és a molekuláris modelleket, ahol a modellek 

egyszerűsítése, a komplexitásuk csökkentése vált központi kérdéssé. 

Ezt a központi kérdést alapul véve, munkámban olyan modelleket mutatok be 

melyek alkalmasak sok-komponensű rendszerek leírására. A vizsgált módszerek 

közül az első az úgynevezett “összevont” megközelítés, melynek diszkrét és 

folytonos változatát alapul véve meghatároztam a hidrokrakkolás folyamatát leíró 

egyenleteket. Diszkrét megközelítés esetén a modellegyenleteket a katalizátor 

dezaktiválódással, a folytonos változatot pedig újfajta hozameloszlási 

függvényekkel bővítettem. A következőkben javaslatot tettem a hidrogén 

oldhatóságának becslésére használt termodinamikai módszer kiválasztására, 

valamint a különböző módszerek becslésének optimálására. Mindezek mellett 

kidolgoztam egy módszert mely lehetővé teszi a kromatográfiás elemzésekben 

fellépő retenciósidő-eltolódás csökkentését. A kidolgozott módszert alapul véve 

egy, a műanyaghulladék katalitikus pirolízését vizsgáló kísérletsorozat 

termékelegyeiben megjelenő komponenseket azonosítottam, a számolt átlagos 

Kováts retenciós indexek és különböző molekuláris hasonlósági mértékek 

felhasználásával.  
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1 Preface 

This thesis is aimed at assessing and further developing the descriptive 

capabilities of different lumping methodologies. Moreover, it prepares a new 

modelling approach based on gas chromatographic analysis. The appropriateness 

of the developed methodologies is investigated by studying three selected problems, 

namely: 

Special Hydrocracking of Sunflower Oil and Kerosene Mixture 

• Investigate existing lumped models suitable for describing experimental 

data. 

• Identify and validate model parameters while maintaining possible 

reaction pathways. 

• Analyse measurement data to establish the occurrence of catalyst fouling, 

particularly at lower liquid loads/higher residence times. 

• Develop and integrate three catalyst deactivation models into the kinetic 

model: Levenspiel Deactivation Kinetic Model, a simplified Eley-Rideal 

mechanism, and a model based on competitive adsorption. 

Pilot-plant Data of Hydrocracking of Kuwait VGO Mixture: 

• Develop and validate a novel modelling approach to understand 

hydrocracking processes, refining the continuous lumping approach 

to accommodate the complexities of hydrocracking chemistry. 

• Utilize three different yield distribution functions to estimate the 

yield of each component in various cracking reactions. 

• Investigate both steady-state and dynamic behaviour of the 

hydrocracking process. 

• Compare simulation results with experimental data to validate the 

model's accuracy. 

GC (Gas Chromatographic) Based Analysis of Waste Plastic Pyrolysis Products 

• Enhance the accuracy of qualitative analysis in catalytic pyrolysis 

processes. 
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• Develop a fast and simple method to eliminate time drifts between gas 

chromatography (GC) chromatograms for calculating a proper Kovats 

index. Propose modifying the k-means algorithm to handle time shifts in 

chromatograms, emphasizing its potential despite its original purpose of 

minimizing variance. 

• Apply computational methods integrating molecular similarities and 

Kovats retention index to refine estimation of molecular compositions, 

especially in scenarios with uncertain retention index database accuracy. 

 

Structure of the thesis 

The thesis consists of a total of 7 chapters.  

Chapter 1 is a brief introduction to the project, providing an overview of the 

objectives, motivation, and structure of this work.  

Chapter 2. is a literature review covering processes, theories, system-reduction 

techniques, and modelling approaches considered in the thesis.  

Chapter 3. aims to enhance understanding of catalyst deactivation mechanisms 

and improve the accuracy of modelling hydrocracking processes, particularly in the 

context of producing high-quality aviation fuel from alternative feedstocks. 

Chapter 4. aims to enhance understanding of the dynamic behaviour of a 

hydrocracker reactor, emphasizing temporal and spatial chemical changes in the 

reactor. 

Chapter 5. presents an algorithm to estimate hydrogen solubility in 

hydrocarbons, which is a cornerstone of implementing the pressure dependency in 

models developed in Chapters 3 and 4. 

Chapter 6. presents an algorithm to eliminate retention time drifts in Gas 

Chromatographic data. 

Chapter 7. presents a computational approach for better estimation of molecular 

composition of pyrolysis product based on GC analysis. This approach can be the 

basis for a new, single-event type modelling approach, in which the estimated 

molecular composition would be the cornerstone of reaction pathway identification. 
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At the end of the thesis, one can find the thesis summary and formulation of 

possible improvements, the thesis points, my publications related to the thesis, and 

the references. 
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2 Modeling in multicomponent mixtures 

Industrial processes, particularly chemical reactors, rely on accurate modeling to 

ensure efficient operation and product optimization. In this chapter, we delve into 

the complexities of system reduction in multicomponent mixtures, introducing 

various approaches to simplify kinetic models while maintaining predictive 

accuracy. Additionally, we introduce the applied concepts for computational 

qualitative analysis, detailing the Kovats retention index and different molecular 

similarity measures. 

First, an overview of the selected processes (hydrocracking and pyrolysis) which 

we used for the analysis of multicomponent mixtures is provided. Following this, 

the challenges posed by multicomponent mixtures in developing detailed kinetic 

models, which lead to the development of lumped kinetic approaches, are 

introduced. Emphasis is placed on hydrocracking and modeling methodologies 

such as discrete and continuous lumping, tracing their evolution and applications 

from historical contexts to modern-day studies. 

Finally, the indexes for characterizing pyrolysis products, such as Kovats 

retention index and molecular similarity indexes, are introduced. Through this 

chapter, we aim to provide insights into the world of system reduction and 

qualitative analysis in multicomponent mixtures, offering a comprehensive picture 

necessary for understanding the upcoming chapters. 
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2.1 Hydrocracking and Pyrolysis: Selected Processes for Analyzing 

Multicomponent Mixtures 

Hydrocracking is a key process that transforms heavy petroleum fractions into 

lighter, more valuable products by applying hydrogen and a suitable catalyst. In 

simple terms, hydrocarbon cracking is a process to break a long chain hydrocarbon 

into short ones, in the absence of oxygen. Compared to thermal cracking, 

hydrocracking operates at lower temperatures [1]. As a result of its better catalytic 

activity, the product fuels have higher quality, with a high hydrogen-to-carbon ratio 

and lower impurity content [2]. 

Usually, hydrocrackers are fixed-bed reactors through which the fluid feedstock 

(oil) and hydrogen are passed downward through the catalyst beds. They typically 

operate within pressure ranges of 80 to 200 bar and temperature ranges of 300 to 

450°C. The two basic and widely applied hydrocracking schemes are two-stage and 

single-stage hydrocracking. In the case of two-stage hydrocracking, separate 

hydrotreating (HDS, HDN, and HDO) is applied in stages to separate different 

products such as H2S and NH3. Organic nitrogen and ammonium are considered 

poisons to the acidic catalyst. With this setup, their levels can be kept low, which 

was necessary before the application of zeolitic hydrocracking catalysts, as 

amorphous silica-alumina catalysts required low levels of organic nitrogen and 

ammonium. The single-stage procedure contains no interstage separation since the 

applied zeolite catalyst is remarkably less sensitive to ammonia than the silica-

alumina catalyst [3].  

Traditionally, in petrochemical plants, hydrocracking reactors are used to 

convert heavy fractions like vacuum gas oil, tar, etc., into lighter fuels [4] or to 

convert by-products into high-value products [5], such as the conversion of 

polyaromatics into toluene, benzene, and xylene [6]. As the demand for renewable 

energy sources continues to rise, biofuels have become more popular in recent 

years, emerging as viable alternatives to fossil fuels [7]. However, 95% of the 

world’s biodiesel is derived from edible oils [8].  

The type of the feed significantly influences the hydrocracking chemistry. 

Hence, a detailed description of possible reactions is not provided in the thesis. 
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However, in Case study (I), the kinetics of hydrocracking is investigated focusing 

on a special hydrocracking of sunflower-oil (triglycerides) and kerosene mixture: 

the reaction pathway for the conversion of triglycerides into alkanes is shown in 

Figure 2.1-1. The first step is the hydrogenation of the triglyceride, breaking it down 

into various intermediates presumed to be monoglycerides, diglycerides, and 

carboxylic acids. These intermediates are then converted into alkanes through three 

different pathways: decarboxylation, decarboxylation, and hydrodeoxygenation (or 

dehydration/hydrogenation). The alkanes can further be converted into different 

lighter components and/or isomers [9]. 

 

Figure 2.1-1 Reaction pathway for conversion of triglycerides to alkanes (reprinted from 

[10]) 

Pyrolysis is a high-temperature recycling process used for the thermal 

decomposition of organic polymers, converting them into liquid oil, char, and gases 

[10]. Pyrolysis is similar to cracking, as it involves breaking long-chain 

hydrocarbons into shorter ones in the absence of oxygen. Both processes can be 

performed with or without catalysts, thus distinguishing between catalytic and 

thermal cracking/pyrolysis. The main differences between the two processes are the 

operating temperature, feedstock versatility, and product yield. The temperature 

range for thermal cracking is typically higher (above 500°C [11]), while the typical 

temperature range for pyrolysis can vary from a few hundred to over 1000 °C. [12]. 

Moreover, the aim of thermal cracking is to maximize the yield of lighter 

hydrocarbon products, while pyrolysis is used to produce a range of products 

including liquids, solids, and gases. [13]. The feedstock for thermal cracking 

primarily contains hydrocarbons, such as crude oil, while various feedstocks can be 

utilized for pyrolysis, such as biomass or plastic waste [14].  
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2.2 System reduction techniques 

Ideally, the most detailed kinetic model should capture every reaction that each 

component in the system undergoes [15]. However, when one is modelling multi-

component mixture, considering all reactions for each component becomes quite a 

task, and validating such a complex model proves challenging. Even if we can 

measure the change in concentration of each component in a complex reaction 

setup, isolating the effects of different reactions on one component's concentration 

remains uncertain. To tackle these challenges, researchers have developed different 

lumped approaches over the past few decades. 

2.2.1 Discrete lumping 

Discrete lumping approach is performed using characteristics such as TBP (true 

boiling point), or molecular weight. The reactions between these pseudo-

components are determined in advance, and the reactivity of these pseudo-

components (which is an overall reactivity of every component in the lump) must 

be identified. The predictive performance of this kind of model is sufficient in many 

applications, and the easy integration into the reactor model causes its widespread 

usage, but the selection of the pseudo-components can be cumbersome, it is usually 

based on experience or on the aim of model development procedure [16]. This 

traditional lumping model is used since the 1960’s [17], [18]. The first experimental 

based kinetic study of hydrocraking of real industrial raw material was reported by 

Qader and Hill  in 1969 [19]. They reported that the gas oil hydrocracking, 

desulfurization, and denitrogenation are all first-order reactions. Orochko and 

Khimiya (1970) also reported a model to describe the hydrocracking of vacuum 

distillates in a fixed-bed reactor using a first-order kinetic scheme with four lumps 

[20]. A first-order lumping approach was developed by Mosby et al. to predict the 

performance of a residue hydrotreater [21], and Ayasse et al. used this reaction 

scheme to describe the catalytic cracking of Athabasca bitumen [22]. Stangeland 

assumed a first order kinetics for a model to predict the yields of a hydrocracker 

with four parameters: k0 and A describes the reaction rates, C quantifies the butane 

yield, and B is a constant varies based on the feed and the catalytic process [23]. 
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Weekman and Nace proposed to use second order rate for oil gas cracking and first 

order for gasoline based on their 3-lump model [24]. This model was further 

developed by Lee et al, the model was extended from 3 to 10 lumps and from 3 to 

20 reactions [25]. The development of discrete lumping models was continuous 

during the 1990’s and 2000’s and the application and development of these models 

are still popular. A kinetic study of hydrotreating of a mixture of Fluid Catalytic 

Cracking feedstock and light gas oil was reported by Morales-Blancas et al. [26]. 

In the single-lump kinetic model of hydrodesulfuration and in the five lumps kinetic 

model of hydrocracking the reaction orders were found to be 2.75 and 1 

respectively. Forghani et al. were investigated a non-isothermal, heterogeneous 

model of a triglyceride hydrocracking reactor. The developed fived lumps model 

showed a good agreement to the experimental data [27]. Till et al. applied five 

different global sensitivity analysis methods to prove that a high amount of model 

uncertainty can be eliminated from lumped kinetic models by reducing the size of 

the reaction network [28]. Lechleitner et al. developed a four-lumps kinetic model 

to investigate the physical and chemical changes in a tubular reactor during in co-

pyrolysis of PP, HDPE and LDPE [29].  

In general, three conditions have to be met to use pseudo-components [30]: 

• Measurability: The ability to measure all pseudo-components. 

• Adequacy: Pseudo-components must contain sufficient detail to 

determine all desired product properties. 

• Accuracy: Producing fuels from different feedstocks described with the 

same pseudo-components, results products, which can be characterized 

using the same pseudo-components. 

Assuming a plug flow reactor model, where the longitudinal changes are identified 

with the residence time, the concentration change of the ith pseudo-component 

caused by non-reversible reactions can be formulated as: 

𝑑𝑐𝑖

𝑑𝑡
=  ∑ 𝑘𝑙 ∙

𝑛

𝑙=1

∏ 𝑐𝑘,𝑙

𝑚

𝑘=𝑖

 2.2-1 
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Where k is the reaction-rate constant, and c denotes concentration. 

2.2.2 Continuous lumping 

Continuous kinetic lumping is an alternative method to predict the composition 

of the hydrocracking reactor, assuming that the reaction mixture contains an infinite 

number of compounds [31]. The continuous lumping approach assumes, that the 

reactivity of each individual component can be described with a continuous 

function of the boiling point or the molecular weight distribution. Hence, the 

application of the continuous approach is used for describing processes where all 

components are undergoing similar types of reactions and have a big advantage in 

that the component lumping procedure can be omitted.  

The continuous-lumping theory was proposed in 1931 by De Donder [32]. Chuo 

and Ho [33] further developed this theory for nonlinear reactions by applying a 

reaction type distribution function. The yield distribution function was introduced 

by Laxminaraasimhan et al. [34]. They assumed that the rate of hydrocracking is a 

monotonic function of the boiling point (Eq. 2.2-2 - Eq. 2.2-3 ), and the distribution 

function determines the amount of the formed species in each reaction, and it is 

represented by a skewed Gaussian-type distribution function.  

𝜃𝑖 =
𝑇𝐵𝑃𝑖 − 𝑇𝐵𝑃(𝑙)

𝑇𝐵𝑃(ℎ) − 𝑇𝐵𝑃(𝑙)
 2.2-2 

𝑘𝑖 = 𝑘𝑚𝑎𝑥 ∙ 𝜃𝑖

1
𝛼  

2.2-3 

 

In Eq. 2.2-2  and Eq. 2.2-3, TBP denotes the true boiling point,  TBP(L) and 

TBP(h) indicates the possible lowest and highest boiling points in the mixture. θ is 

the normalised boiling point, k is the reaction rate constant, kmax is the reaction rate 

constant for the heaviest component and α is an adjustable parameter. In this case, 

ki determines the rate of decomposition of the ith component at a given temperature 

but does not provide any information about the yield distribution. According to 
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Laxminarasimhan et al. [34] the continuous lumping approach can be formulated 

as: 

𝑑𝑐(𝑘, 𝑡)

𝑑𝑡
=  − 𝑘 ∙ 𝑐(𝑘, 𝑡) +  ∫ 𝑝(𝑘, 𝐾) ∙ 𝐾 ∙ 𝑐(𝐾, 𝑡) ∙ 𝐷(𝐾) ∙ 𝑑𝐾

𝑘𝑚𝑎𝑥

𝑘

 2.2-4 

Where p(k,K) is the yield distribution function, describes the yield of 

components with reactivity k from cracking of species with reactivity K, D(K) is 

the species type distribution function, provides information about the 

concentrations of the chemical species. The yield and species type 

distribution functions are calculated according to Eq. 2.2-5 - Eq. 2.2-9. 

𝑝(𝑘, 𝐾) =  
1

𝑆0√2𝜋
∙ [𝑒−[{(𝑘 𝐾⁄ )𝛼0−0.5 𝛼1⁄ }]2

− 𝐴 + 𝐵] 

 

2.2-5 

𝑆0 = ∫ [
1

√2𝜋
∙ [𝑒−[{(𝑘 𝐾⁄ )𝛼0−0.5 𝛼1⁄ }]2

− 𝐴 + 𝐵]]
𝐾

0

∙ 𝐷(𝑘) ∙ 𝑑𝑘 

 

2.2-6 

𝐷(𝑘) =
𝑛 ∙ 𝛼

𝑘𝑚𝑎𝑥
𝛼

 ∙ 𝑘𝛼−1 2.2-7 

𝐵 =  𝛿 ∙ [1 − (
𝑘

𝐾
)] 2.2-8 

𝐴 =  𝑒−(0.5 𝛼1⁄ )2
 2.2-9 

Where, α0, α1, δ and S0 are parameters of the yield distribution function, n is the 

total number of the species represented in the reaction mixture. A detailed solution 

of the continuous kinetic lumping modelling can be found in [35]. 

 Different approaches have been used to further improve the continuous lumping 

method. Elizalde et al. applied the continuous lumping approach for modeling the 

hydrocracking of heavy crude at different severity levels and temperatures. They 
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found that four of the model parameters are the linear function of the temperature, 

and there is only one parameter that is almost independent from temperature 

changes [36]. The next development was not only considering the effect of LHSV 

and temperature but the partial pressure of hydrogen on hydrocracking kinetics. The 

parameters of the model were correlated with temperature and pressure using a 

modified Arrhenius type of equation [37]. The continuous lumping model of 

hydrocracking was successfully extended with hydrodesulfurization reactions and 

applied to experimental data. The number of parameters was increased by three, 

and the results showed a good agreement with both the product distillation and 

sulphur curves [38]. Modeling the catalyst deactivation was also implemented in a 

continuous lumping approach. The effect of temperature and time in the stream was 

studied. The assumed deactivation phenomena were the deactivation by coverage 

and pore mouth constrictions [39]. 

 

2.3 Concepts for computational qualitative analysis  

This section of the literature review offers an introduction to the computational 

methods applied in the qualitative analysis of multicomponent mixtures. It covers 

key concepts such as the Kovats retention index and various molecular similarity 

measures. In the upcoming chapters, these concepts will be integrated and utilized 

to develop a methodology aimed at improving the computation-based estimation of 

molecular composition.  

2.3.1 Kovats retention index 

The pyrolysis product contains a huge number of different components, which 

is usually characterized using gas-chromatography mass spectrometry (GC-MS). 

However, to identify the fractions in the product and to give a quick response about 

the performance of the reactor at the operating conditions usually only gas-

chromatography is applied. Kovats retention index is a concept introduced by E. 

Kovats in 1958. To eliminate most of the effect of the instrument (in gas 

chromatography), the retention index of a compound is calculated relatively to two 

standard compounds [40]. Kovats retention is calculated according to Eq. 2.3-1. 
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𝐾𝑅𝐼𝑖 = 100 [𝑛 + (𝑁 − 𝑛)
𝑙𝑜𝑔(𝑡𝑖 − 𝑡0) − 𝑙𝑜𝑔(𝑡𝑛 − 𝑡0)

𝑙𝑜𝑔(𝑡𝑁 − 𝑡0) − 𝑙𝑜𝑔(𝑡𝑛 − 𝑡0)
] 2.3-1 

Where:  

• KRIi is the Kovats retention index of peak i 

• n the carbon number of the heading n-alkane peak  

• ti is the retention time of the compound i 

• t0 is the void time (air peak) 

The Kovats retention index serves multiple purposes in gas chromatography. 

Analysts employ it for compound identification, where the experimental retention 

index of an unknown substance is compared with a reference database. 

Additionally, Kovats retention indices are widely used for characterizing and 

comparing stationary phases across various GC columns, aiding in the selection of 

the most suitable column for specific separations or analytical tasks. Moreover, in 

cheminformatics and computational chemistry, Kovats indexes are used to predict 

the gas chromatographic behaviour of compounds based on their molecular 

structures [41], [42]. Despite the improved precision and reproducibility offered by 

the Kovats retention index, achieving absolute system independence remains 

challenging. Fluctuations in an analyte's retention index on a particular column 

stationary phase can occur due to operational conditions such as gas flow rate, film 

thickness, and linear temperature programming. Consequently, variations in 

reported Kovats retention indexes may stem from inconsistencies in operational 

conditions across reporting laboratories [43]. 

The correction of misalignments is important in every field where samples are 

characterized with any kind of chromatographic data. For example, methods were 

developed and tested for correction of retention time shifts in case of HPLC analysis 

of herbal medicines [44], GC x GC data [45], diesel fuel GC profiles [46], drug 

metabolites LC/MS data [47], and metabonomic GC/MS data [48]. The most 

commonly used methods to eliminate the time drifts are the wrapping algorithms 

and principal component analysis (PCA). A clear summary of warping methods for 

chromatographic signal alignment available in [49]. PARAFAC2 is a generalization 
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of PCA, which is a powerful and popular tool for handling retention time shifts [50]. 

However, wrapping method requires the selection of a target chromatogram, which 

can be difficult or computationally expensive, and the segmentation during the 

application of PARAFAC2 method is influenced by user chosen parameters [51].  

2.3.2 Molecular similarity 

Polyethylene pyrolysis produces a variety of hydrocarbon compounds, and 

homologous series within the pyrolysis product can include alkanes, alkenes, 

aromatics, and hydrogen gas. The specific distribution of these compounds in the 

pyrolysis product can vary based on factors such as the temperature of pyrolysis, 

residence time, pressure, and the presence of catalysts. Additionally, secondary 

reactions and side reactions may lead to the formation of other compounds. [52] 

In organic chemistry, homologous series are groups of molecules that have the 

same basic structure. The similarity between molecules can be measured by several, 

molecular fingerprint-based similarity indexes. Some examples are collected in 

Table 2.3-1, where: Variable a represents the count of features where both 

molecules exhibit a value of 1 (indicating positive matches). Variables b and c 

represent the count of features where one molecule has a value of 0 while the other 

has a value of 1. Variable d represents the count of features where both molecules 

have a value of 0. Consequently, the sum of a and d signifies the total number of 

matches, while the sum of b and c indicates the total number of mismatches.  
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Table 2.3-1 Similarity indices used for investigation in this thesis. 

Similarity index Formula Description 

Tanimoto Similarity Index [53], 

[54] 

𝑎 + 𝑑

𝑎 + 2 ∙ (𝑏 + 𝑐) + 𝑑
 

Measures the similarity between 

two molecules by dividing the 

size of their intersection by the 

size of their union. 

Dice Similarity Coefficient [55], 

[56]: 

𝑎

2 ∙ 𝑎 + 𝑏 + 𝑐
 

It is like the Tanimoto coefficient 

but assigns greater significance 

to shared features. 

Cosine Similarity [57], [58]: 
𝑎

√(𝑎 + 𝑏) ∙ (𝑎 + 𝑐)
 

Measures the cosine of the angle 

between two binary vectors. 

Sokal Similarity Coefficient [56], 

[59]: 

𝑎

𝑎 + 2 ∙ (𝑏 + 𝑐)
 

It considers both matches and 

mismatches and is commonly 

used in biology to compare 

presence/absence data. 

Russell Similarity Index [60], 

[61]: 

𝑎

𝑎 + 𝑏 + 𝑐 + 𝑑
 

Russell similarity index, like 

Sokal, is used for binary data. It 

considers both concordant and 

discordant pairs of elements in 

the sets. 

Kulczynski Similarity Index [57], 

[62]: 

𝑎

𝑏 + 𝑐
 

Measures the similarity between 

two molecules based on the 

average of the proportions of 

shared elements in each 

molecule. 

McConnaughey Similarity 

Coefficient [54], [62]: 

𝑎2 − 𝑏 ∙ 𝑐

(𝑎 + 𝑏) ∙ (𝑎 + 𝑐)
 

Binary similarity measure that 

considers both matches and 

mismatches. It is commonly used 

in ecological and biological 

studies. 

Tversky Similarity Index [53], 

[63]: 

𝑎

𝑎 + 𝑏 + 𝑐
 

Generalization of the Tanimoto 

Dice coefficient. 
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As it was mentioned, these similarities are molecular fingerprint-based similarity 

indexes. The process of calculating molecular fingerprints involves rigorous steps 

aimed to encode structural information in a format conducive to various 

applications such as similarity analysis. Initially, the molecular structure undergoes 

conversion into a suitable 2D or 3D representation. Subsequently, specific types are 

assigned to atoms based on their chemical attributes (such as hydrogen, carbon, 

nitrogen, etc.), accompanied by the incorporation of information concerning the 

local environment of each atom. Identification of neighbouring atoms and their 

respective types follows, to capture details regarding to atomic connectivity within 

the molecule. This information is then utilized to generate a binary or integer vector, 

representing the presence or absence of specific substructures. Several algorithms 

are commonly employed for fingerprint generation, including the Extended 

Connectivity Fingerprint (ECFP) [64], MACCS keys, and Daylight algorithm [65]. 

Subsequently, a hashing function is applied to reduce the size of the fingerprint 

vector, which is a crucial step in managing its complexity for storage and 

comparison purposes. Finally, the fingerprint vector undergoes normalization to 

ensure comparability across different molecules, thereby addressing variations in 

molecular size and complexity. 
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3 Discrete Lumped Model Based Investigation of 

Hydrocracking of Sunflower Oil and Kerosene Mixture 

In this chapter, catalyst deactivation phenomena in the case of the special 

hydrocracking of a sunflower oil and kerosene mixture are analyzed based on 

experiments and models. Alternative (bio/waste-originated) fuels are becoming 

more important to reduce the full life-cycle environmental pollution of 

transportation. One of the production possibilities for these alternative fuels is co-

processing (i.e., catalytic quality improvement) of fossil and bio-based feedstocks. 

The huge number of individual chemical components in the system increases the 

complexity of the investigation. Moreover, from a chemical analysis viewpoint, 

only some of these can be followed during the experiments. Hence, the models to 

describe the processes in this system (hydrocracker) are usually based on lumps 

(i.e., component groups). Experimental data on the special catalytic hydrocracking 

of a sunflower oil and kerosene mixture for the production of high-quality aviation 

fuel (JET) were used for model development. Experiments were carried out in a 

fixed-bed tubular reactor over temperatures ranging from 533 to 613 K, pressures 

ranging from 30 to 70 bar, and LHSV of 1.0 h^-1 and 2.0 h^-1, employing a Pt/H-

mordenite catalyst. The objective of this chapter is to investigate the existing 

lumped models that are suitable for describing the experimental data; moreover, 

while maintaining the possible reaction pathways, model parameters were 

identified and validated against the measurements. As a result of the analysis of the 

measurement data, it has been established that in the case of lower liquid 

load/higher residence time, a deactivation phenomenon, the so-called catalyst 

fouling, takes place on the applied catalyst. Three catalyst deactivation models were 

developed and integrated into the kinetic model: Levenspiel Deactivation Kinetic 

Model, a simplified Eley-Rideal mechanism, and the last one based on competitive 

adsorption. 
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3.1 Introduction 

Based on our review of the literature, most of the models developed for 

estimating the behavior of the investigated system contain three, four, five, and six 

pseudo-components in the case of modeling vegetable oil hydrocracking, as shown 

in Table 3.1-1. 

Table 3.1-1 Possible pseudo-components 

3 pseudo-

components 

4 pseudo-

components 

5 pseudo-

components 

6 pseudo-

components 

Triglycerides (TG) Triglycerides  (TG) Triglycerides  (TG) Triglycerides  (TG) 

Organic liquid 

product (OLP) 

Organic liquid 

product (OLP) 

Light  

(C5-C8) 

Gas (G) 

Gas and Coke (GC) Gas (G) Middle (C9-C14) Gasoline (GO) 

 Coke (C) Heavy (C15-C18) Kerosene (K) 

  
Oligomerized 

(>C18) 
Diesel (D) 

   Coke (C) 

[66], [67], [68], 

[69],[70] 

[66], [67], [68], 

[70], [71], [72], 
[73], [74], [75] [66], [67], [68] 

 

A total of thirteen mechanisms were found in the literature. Ten out of these 

thirteen mechanisms involve the formation of coke or some oligomerized by-

product as a pseudo-component; two contain oligomerization reactions, while all 

mechanisms contain only first-order and non-reversible reactions. The models with 

3, 4 and 6 pseudo-components were applied to model the conversion of palm oil 

into biofuels. The model with 6 pseudo-components predicted the yield and 

conversion of gasoline fraction with an error of 10% [68]. The model with 4 pseudo-

components was able to predict the thermal cracking of waste cooking oil with a 

maximum error of 23% [71]. The hydrocracking process of triglycerides was 

described by models containing 5 pseudo-components (with different possible 
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reaction pathways) with an error of 23% and 43% [73]. Three models were 

developed to determine the kinetics of a continuous bio-oil catalytic reactor, 

concentrations calculated with the best model at 450 and 500 °C resulted in a 

difference of 6.71% and 6.18% compared to the experimental data [70]. 

The main goal of this chapter is to develop a mathematical model to establish 

the occurring physical (fouling) and chemical changes. To achieve this goal, four 

models were applied. The first is a simple lumped model without any deactivation 

mechanism. The second one is an empirical model called Levenspiel’s Deactivation 

Kinetic Model (LDKM); the parameters of this model do not have any physical 

meaning. The other two are based on catalyst fouling (deposits). The first one of 

these is a simple decomposition reaction model on the surface, while the second 

one is based on the strength of the adhesive bonds. The unknown parameters of all 

the proposed fouling models were identified based on measurements, and finally, 

the increase in model complexity is evaluated. 

Here, I would like to highlight that the experiments were not performed by the 

author, but the analysis of the measurements was. The experiments were published 

in [76]. 

3.2 Experimental Setup and Results 

A fixed-bed tubular reactor (diameter: 29 mm, length: 700 mm) was applied to 

perform the special hydrocracking reactions of the investigated oil mixture. The 

feedstock was the mixture of kerosene and sunflower oil in a mass ratio of 3:7. In 

the experimental system the temperature, the pressure and the LHSV can be 

controlled, so the hydrocracking experiments were performed at 533-613 K, 30-70 

bar, 1.0-2.0 h-1 employing Pt/H-mordenite catalyst (Pt content: 0.45%, specific 

area, BET: 451 m2/g, micropore volume: 0.18 ml/g, Si/Al ratio from XRF: 19 

mol/mol, acid sites by ammonia TPD: 0.82 mmol/g, particle diameter: 1.4 mm). 

The measurements were performed after reaching a steady state condition. 
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The experimental results are shown in Figure 3.2-1 and. Figure 3.2-2. In general, 

it can be observed that the total product yield is directly proportional to the increase 

in temperature, meaning that the total product yield increases with temperature (in 

the case of 30 bar and LHSV 1.0 h-1, the total product yields are: 17.6% at 533 K, 

18% at 553 K, 20.8% at 573 K, 32.9% at 593 K, and 44.6% at 613 K). However, 

by increasing the pressure, mainly the proportions of gas and gasoline fractions 

increase, while the proportion of the diesel fraction decreases.  

 

 

Figure 3.2-1 Experimental data, LHSV = 1.0 h-1 
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Figure 3.2-2 Experimental data, LHSV = 2.0 h-1 

 The proportions of conversions measured in different residence times are shown 

in Figure 3.2-3. In this figure, every point represents a result of the following 

division and shows how the residence time affects the conversion (Eq. 3.2-1). 

 

𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛𝑝𝑟𝑜𝑝. =  
𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛𝐿𝐻𝑆𝑉=1 ℎ−1

𝑐𝑜𝑣𝑒𝑟𝑠𝑖𝑜𝑛𝐿𝐻𝑆𝑉=2 ℎ −1
 3.2-1 

It can be seen that the effect of residence time is not considerable. Despite our 

expectation that doubling the residence time should have a major effect on the 

conversion, the two times higher residence time only increases the conversion by 

1% to 14% (e.g., at 30 bar and 533 K, the conversion increased by 9.61%). Reaching 

chemical equilibrium could cause such an effect; however, in this case, this is not 

an adequate explanation. Here, the mass transfer of hydrogen from the gas phase, 

the mass transfer of all the other substances from the liquid phase, and the 

hydrocracking reactions on active sites of the catalyst take place in the system. 
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Among these, the hydrocracking reactions were considered as the rate-dependent 

steps in the overall process based on some corresponding works [77], [78].  The 

chemical equilibrium of these reactions is extremely shifted towards the production 

of smaller, but hydrogen-saturated molecules if the temperature and the hydrogen 

concentration are high enough. In addition, the maximal product yield is lower than 

55.8%, which means that chemical equilibrium in the case of these reactions cannot 

have a significant effect on the reaction rates. 

 

Figure 3.2-3 Proportion of conversions at LHSV = 1.0 h -1 divided with conversion at 

LHSV = 2.0 h-1 

The minor effect of the residence time on conversion is more likely the result of 

some catalyst deactivation process, in which the large oil molecules cover the 

macro-pores of the catalyst due to the low fluid velocity. The maximum total 

product yield is at 613 K, 70 bar, and LHSV = 1.0 h-1 (55.8%); the maximum 

kerosene yield is at 613 °C, 70 bar, and LHSV = 2.0 h-1 (53.5%). It should be taken 

into consideration that, as mentioned earlier, the feedstock contains a considerable 

amount of kerosene (30%). 
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3.3 The developed model 

3.3.1 Reaction kinetic model – M1 

Since the experimental data contain the same pseudo-components, the reaction 

mechanism based on 6 pseudo-components was investigated during the modeling 

of the system [66]. During the experiments, the rate of coke formation was not 

monitored (assuming that there was no coke formation), so in the model, the residue 

is the remaining triglycerides and the coke. The reaction mechanism shown in 

Figure 4, and the following differential equations describe changes in the 

concentration of pseudo-components along the reactor: 

𝑑𝐶𝑇𝐺

𝑑𝜏
= −𝑘0𝐶𝑇𝐺  

3.3-1 

𝑑𝐶𝐷

𝑑𝜏
= 𝑘1,1𝐶𝑇𝐺 − 𝑘5𝐶𝐷 

3.3-2 

𝑑𝐶𝐾

𝑑𝜏
= 𝑘1,2𝐶𝑇𝐺 + 𝑘5,1𝐶𝐷 − 𝑘6𝐶𝐾 

3.3-3 

𝑑𝐶𝐺𝑂

𝑑𝜏
= 𝑘1,3𝐶𝑇𝐺 + 𝑘5,2𝐶𝐷 + 𝑘6,1𝐶𝐾 − 𝑘7𝐶𝐺𝑂 

3.3-4 

𝑑𝐶𝐺

𝑑𝜏
= 𝑘2,1𝐶𝑇𝐺 + 𝑘5,3𝐶𝐷 + 𝑘6,2𝐶𝐾 + 𝑘7,1𝐶𝐺𝑂 − 𝑘4𝐶𝐺 

3.3-5 

𝑑𝐶𝐶

𝑑𝜏
= 𝑘2,2𝐶𝑇𝐺 + 𝑘5,4𝐶𝐷 + 𝑘6,3𝐶𝐾 + 𝑘7,2𝐶𝐺𝑂 + 𝑘4𝐶𝐺 

3.3-6 

𝑘0 = 𝑘1 + 𝑘2 3.3-7 

𝑘2 = 𝑘2,1 + 𝑘2,2 3.3-8 

𝑘1 = 𝑘1,1 + 𝑘1,2 + 𝑘1,3 3.3-9 

𝑘5 = 𝑘5,1 + 𝑘5,2 + 𝑘5,3 + 𝑘5,4 3.3-10 

𝑘6 = 𝑘6,1 + 𝑘6,2 + 𝑘6,3 3.3-11 

𝑘7 = 𝑘7,1 + 𝑘7,2 3.3-12 



Discrete Lumped Model Based Investigation of Hydrocracking of Sunflower 

Oil and Kerosene Mixture 

34 

 

The reactor model was defined as a plug flow reactor; the longitudinal changes 

were identified with the residence time. Although the experiments were carried out 

at varying residence times, temperatures, and pressures, the identification process 

resulted in a distinct set of unknown kinetic parameters being determined for each 

pressure level individually. The pressure dependence can only be investigated if 

hydrogen is also considered as a separate component in the kinetic model. The 

identified reaction rates are higher for lower liquid load and lower for higher liquid 

load, as can be expected.  

3.3.2 Deactivation models 

There are several reasons behind catalyst deactivation, which significantly 

impacts the efficiency of the production process. The physical and chemical 

mechanisms of deactivation can be divided into four groups: poisoning, coking or 

fouling, sintering, and phase transportation [79]. Catalyst fouling is a physical 

process in which certain species from the reaction mixture adsorbs onto the catalyst 

surface, blocking the active sites or pores reversibly [80].  

In fundamental studies, deactivation is approached with an empirical function of 

time [81]. In further studies, deactivation is assumed to be a function of kinetic 

variables such as temperature and concentration of reactants, for the same reason 

that the main reaction rate depends on these kinetic variables  [82], [83]. The 

relationship between the empirical and fundamental aspects has been established 

[81], [84]. Some authors developed models in which the analysis of fouling are 

restricted to power law model relations [85], [86], [87]. Expecting non-selective 

deactivation, a correlation for estimating the activity coefficients has been 

established [88]. Nonintegral order rate expression, the Langmuir-Hinshelwood 

mechanism was used to model the fouling process with typified rate expression 

[89], and this model was also extended with the case of combined series/parallel 

fouling [90]. 

As it was mentioned in Chapter 3.2, the minimal impact of residence time on 

conversion is likely due to a catalyst deactivation process known as fouling. In this 

phenomenon, large oil molecules, driven by low fluid velocity, accumulate and 
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block the catalyst's macro-pores, leading to a reduction in its effectiveness. In this 

thesis, three deactivation models are investigated, namely: Levenspiel’s 

Deactivation Kinetic Model (LDKM), and two based on the Eley-Rideal 

mechanism. 

3.3.2.1 Levenspiel’s Deactivation Kinetic Model (LDKM) 

LDKM is an empirical model (Eq. 3.3-13) originally developed to describe the 

long-term deactivation of the catalyst [91]. In Eq. 3.3-14 and Eq. 3.3-15, the elapsed 

time is considered as the residence time in the reactor. With this approach, the 

catalyst fouling can be estimated by the addition of the catalytic activity (a) to the 

kinetic model, increasing the number of unknown parameters by two (the 

deactivation function, Ψd* and residual activity, as), d is the deactivation order.  

 

−
𝑑𝑎

𝑑𝑡
= 𝛹𝑑 ∙ 𝑎𝑑 3.3-13 

𝑑(𝜏) = 1 + (𝑎𝑠 +  
1 − 𝑎𝑠

1 + (1 − 𝑎𝑠) ∙ 𝛹𝑑
∗ ∙ 𝜏

) ∙ [𝛹𝑑
∗ ∙ 𝜏 ∙ ( 

1 − 𝑎𝑠

1 + (1 − 𝑎𝑠) ∙ 𝛹𝑑
∗ ∙ 𝜏

)

2

]

−1

 3.3-14 

𝛹𝑑(𝜏) =  𝛹𝑑
∗ ∙ ( 

1 − 𝑎𝑠

1 + (1 − 𝑎𝑠) ∙ 𝛹𝑑
∗ ∙ 𝜏

)

2

∙ (𝑎𝑠 +  
1 − 𝑎𝑠

1 + (1 − 𝑎𝑠) ∙ 𝛹𝑑
∗ ∙ 𝜏

)

−𝑑(𝜏)

 

 

3.3-15 
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3.3.2.2 Eley-Rideal mechanism 

Eley-Rideal mechanism, a concept is used in surface-chemistry to describe 

reaction mechanisms where at least one reactant is absorbed on the surface, reacts 

with a gas-phase reactant [92].  

A typical Eley-Rideal mechanism can be formulated as: 

A(liquid) + s ↔ As 3.3-16 

As + B(gas) ↔ Product 3.3-17 

Where A is the reactant from the liquid phase which interacts with catalyst active 

site s, and B is the reactant from the gaseous phase. In the hydrocracking process, 

a gas-phase hydrogen molecule reacts with an adsorbed hydrocarbon molecule on 

the catalyst surface, leading to the breaking of carbon-carbon bonds and the 

formation of lighter hydrocarbon products. As catalyst fouling is a physical 

phenomenon in which a component blocks the catalyst's active sites, the Eley-

Rideal mechanism can be used to model this kind of catalyst deactivation. 

To describe the effect of catalyst fouling on the overall reaction rate, three 

models (M2 – M4) were developed and integrated into the kinetic model and all the 

unknown parameters of these models are identified based on the measurements. The 

deactivation phenomena, in every case, was considered through the catalyst activity 

a by extending the kinetic equations according to Eq. 3.3-18  which is the general 

form of Eq. 3.3-1 – Eq. 3.3-6. 

𝑑𝑐𝑖

𝑑𝜏
= 𝑎 ∙  ∑ 𝑘𝑙 ∙

𝑛

𝑙=1

∏ 𝑐𝑘,𝑙

𝑚

𝑘=𝑖

 3.3-18 

In M2 (Levenspiel’s Deactivation Kinetic Model), the catalyst activity was 

calculated according to Eq. 3.3-13- Eq. 3.3-15.  

The second deactivation model M3, (Simplified Eley-Rideal mechanism of 

catalyst deactivation) is based on the catalyst fouling caused by one of the 

considered pseudo-components, the TG (triglyceride) fraction. In this model, the 

catalyst is also considered as a chemical component and interacts with only this one 
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pseudo-component (i.e. the catalyst concentration influences all the reaction rates 

through the activity, but only one component can reduce it, according to Eq. 3.3-20). 

Therefore, the adhesively bonded component must be assumed as a pseudo-

component. The component-mass balance is defined with Eq. 3.3-18 and with the 

following equations: 

𝑎 =
𝑐𝑐𝑎𝑡.

𝑐𝑐𝑎𝑡
𝜏=0  3.3-19 

𝑑𝑐𝑐𝑎𝑡.

𝑑𝜏
=  −𝑘𝑇𝐺+𝑐𝑎𝑡. ∙ 𝑐𝑐𝑎𝑡. + 𝑘𝑇𝐺−𝑐𝑎𝑡. ∙ 𝑐𝑇𝐺&𝑐𝑎𝑡. 3.3-20 

𝑑𝑐𝑇𝐺&𝑐𝑎𝑡.

𝑑𝜏
= 𝑘𝑇𝐺+𝑐𝑎𝑡. ∙ 𝑐𝑐𝑎𝑡. − 𝑘𝑇𝐺−𝑐𝑎𝑡. ∙ 𝑐𝑇𝐺&𝑐𝑎𝑡. 

3.3-21 

In M4 (Fouling based on the strength of adhesive bonds and the number of active 

sites), all the components are able to bind to active sites of the catalyst at the same 

time. However, the extents of the adhesions of pseudo-components are different. 

The number of occupied active sites by each pseudo-component is based on the 

considered molecular size of components. The size of pseudo-components (Ai) is 

estimated with Eq. 3.3-22 - Eq. 3.3-24 - where V is the volume of a single molecule, 

M is the molar mass, NA is the Avogadro number, ρ is the density and r is the radius 

-, assuming that the molecules have (quasi) spherical shapes. Table 3.3-1 contains 

the material data at 298 K. The temperature dependence of the density is neglected 

in the developed models. 

 

𝑉𝑖 =
𝑀𝑖

𝜌𝑖 ∙ 𝑁𝐴 
 

3.3-22 

𝑟𝑖 = √
3 ∙ 𝑉𝑖

4 ∙ 𝜋

3

 

3.3-23 

𝐴𝑖 =
4 ∙ 𝑟𝑖

2 ∙ 𝜋

𝑀𝑖
∙ 𝑁𝐴  

3.3-24 
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Table 3.3-1 The density and the molecular weight of pseudo-components at 298 K. 

 TG D K GO G 

Mi  

[g/mol] 

839.1 222.7 178.1 106.1 33.48 

ρ 

[g/cm3] 

0.9182 0.8355 0.7934 0.7369 0.0814 

 

The strength of adhesive bonds and reaction rate constants are the unknown 

parameters in M4 that should be identified based on the experimental data. The 

catalyst activity in this model is proportional to the surface concentration and the 

size of the pseudo-components, so the higher the surface concentration and the 

bigger the size of the pseudo-component, the more active sites are occupied by the 

pseudo-component. The surface concentration (ci) and the activity (a) can be 

calculated based on Eq. 3.3-25 and Eq. 3.3-26. Where Ci denotes the concentration 

in the liquid phase and Ki values are the equilibrium constants for the distribution 

of adsorbates between the surface and the liquid phase. The component mass 

balance is the same as in the case of M2 (Eq. 3.3-18). The temperature dependence 

of Ki values was also approached with the van’t Hoff equation.  

𝑐𝑖 = 𝐾𝑖 ∙ 𝐶𝑖 3.3-25 

𝑎 = ∑
𝐴𝑐𝑎𝑡 − 𝐴𝑖 ∙ 𝑐𝑖

𝐴𝑐𝑎𝑡
𝑖

 
3.3-26 

 

All the introduced models were solved in MATLAB 2017b using the Runge-

Kutta method. The reaction rate constants were identified simultaneously at all 

temperatures (the temperature dependence was estimated with the Arrhenius 

equation). Thus, the objective function was the square error between the calculated 

and measurement data for different components, liquid loads at all temperatures: 
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𝑓(𝑥𝑛) = ∑ ∑ ∑ (
𝑦𝑒𝑥𝑝 − 𝑦𝑚𝑜𝑑𝑒𝑙

𝑦𝑒𝑥𝑝
𝑚𝑎𝑥 )

2

𝐿𝐻𝑆𝑉𝑐𝑜𝑚𝑝𝑇

  
3.3-27 

To determine the minimum of the objective functions in different cases NOMAD 

algorithm [93] and MATLAB was applied. 

3.4 Identification strategy 

If the temperature dependence of the reactions is estimated with the Arrhenius 

equation, the 15 reactions result in 30 unknown parameters. In general, the greater 

the number of unknown parameters, the more uncertain the model becomes. Hence, 

a straightforward identification strategy was developed. The algorithm consists of 

sequential fitting steps. The essence of the algorithm is that the reaction rate 

constants are identified separately at all temperatures. After the identification, the 

results are ranked by error; the result (meaning the ten identified reaction rate 

constants) with the smallest error is fixed. Then, except for the fixed result, the 

reaction rate constants are identified separately at all temperatures but considering 

the limitation of the fixed result. The limitation is that if the fixed result temperature 

is higher than the just identified temperature, the reaction rate constant must be 

smaller than the fixed one; and if the fixed result temperature is lower than the just 

identified temperature, the reaction rate constant must be higher than the fixed one. 

The algorithm is shown in Figure 3.4-1. 
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Figure 3.4-1 The proposed identification strategy. 

In every optimization task, it is necessary to define the search space with the 

possible lowest and highest values of every unknown parameter. The range of each 

dimension of the search space affects the computing time and accuracy. Computing 

time can be reduced, and accuracy increased if the range of the search space is 

between 0 and 1. The parameters obtained during the searching process are 

converted according to the desired lower and upper limits, and then passed to the 

objective function (Eq. 3.4-1).  

𝑝 =  𝑝2 ∙ (𝑈𝐵 − 𝐿𝐵) + 𝐿𝐵 3.4-1 

Where p is the parameter set, p2 is the parameter set with range of 0 and 1, UB 

is the upper bounds and LB is the lower bounds. The first step of the identification 

is to create two n-by-m matrices, where n denotes the number of different 

temperatures, and m denotes the number of parameters to be determined. One of 

the two matrices contains ones, the other contains zeros, later refer to them as LB0 

and UB1. The rows of the matrices are replaced one by one during the operation of 

the algorithm, and the lower and upper bounds are selected from these matrices. 
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The algorithm consists of two embedded cycles, the internal cycle being responsible 

for simultaneous determination of parameters at different temperatures and for 

selection of the lower and upper limits, while the external cycle for comparing all 

the errors of the parameters identified at different temperatures and for fixing the 

parameters with smallest error to a suitable location in the LB0 and UB1 matrices. 

The steps of the algorithm: 

1. In the first step of the external cycle, the parameters are between the range of 

0 and 1. 

2. The internal cycle computing the parameter values at all temperature and 

records the model error. 

3. The external cycle compares the errors and record the parameters with the 

smallest error in the LB0 and UB1 matrices. 

4. The internal cycle adjusts the lower and upper limits at all temperature 

according to the new LB_0 and UB_1 matrices. Selection criteria: 

• Lower bound: The highest of the lower temperatures in LB0 

• Upper bound: The lowest of the higher temperatures in UB1 

5. The 3-4. steps repeated until all the elements of LB0 and UB1 have been 

replaced. 

6. Stop 

After the identification, with a simple linear regression the parameters of 

Arrhenius equation can be easily calculated. 
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3.5 Results 

In this section the obtained results are presented in case of all models. The results 

are mostly shown in a correlation charts. The essence of the correlation charts is 

that the experimental data are depicted as a function of calculated data that means 

the better the result is the closer the point to the 45° line. 

3.5.1 Reaction Kinetic model (M1) 

The reaction kinetic model with the published reaction rate constants was tested. 

The structure of the model is based on the cracking order. This means that the 

heavier fractions can be converted into lighter fractions, and coke formation is 

possible from all fractions and any other can be converted from triglycerides. 

In the first step, because not the parameters of the Arrhenius equation were 

published, it was necessary to calculate the pre-exponential factor and the activation 

energy from the published reaction rate constants. To determine the parameters of 

Arrhenius equation, a linear regression method, the linear least squares was used. 

The kinetic parameters (published in [66]) were identified in a completely different 

catalyst system. The results accordingly shows that these constants are not suitable 

for describing the processes that take place in the investigated system (Figure 

3.5-1). 



Discrete Lumped Model Based Investigation of Hydrocracking of Sunflower 

Oil and Kerosene Mixture 

43 

 

 

 

Figure 3.5-1 Correlation charts in case of published reaction rate constants 

Since the reaction rate constants in the literature are not suitable for the catalyst 

used in our system based on some preliminary simulations, the identification of the 

kinetic constants is necessary. In the first step - because no coke formation is 

assumed - the coking reaction steps were eliminated from the considered reaction 

mechanism, therefore the number of the possible reaction steps are decreased to 10. 

The comparison of the two reaction pathways and the reaction rate constants are 

shown in Figure 3.5-2. 
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Figure 3.5-2 The considered kinetic schemes with published and identified reaction rate 

constants (1/min) at 673 K 

With the new kinetic model, the objective function value has improved, and the 

fitting of the correlation charts are also much better. The results at 30 bar are shown 

in Figure 3.5-3. The objective function value at 30, 50 and 70 bar are 2.50, 2.27 and 

1.86 so it can be established that at higher pressure the model is more accurate.  
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Figure 3.5-3 Correlation charts in case of M1, at 30 bar 

The identified parameters are collected in Table 3. In case of all pressures the 

model is more inaccurate at higher temperatures. Hence, it worth to investigate, 

how the accuracy is changing with the integration of different catalyst deactivation 

models.  

 

Table 3.5-1 The identified kinetic parameters for M1 at different pressures 

 

To prove that optimal parameters were calculated, and to investigate the weights 

of each reaction pathways, a sensitivity analysis was performed. A small 

perturbation was made in identified the reaction rate constants; the results are 

 TG → D TG → K TG → GO TG → G D → K D → GO D → G K→ GO K→ G GO→ G 

30 bar 

A0 [1/min] 1.725∙103 9.336∙1011 2.604∙10-1 2.881 4.616∙105 7.732∙109 0 1.781∙10-1 0 0 

Ea [kJ/kg] 3.868∙104 1.461∙105 1.217∙104 1.827∙104 8.349∙104 1.210∙105 0 4.008∙103 0 0 

50 bar 

A0 [1/min] 1.106∙104 1.406∙1017 6.950∙102 1.400∙101 4.288∙102 2.511∙1025 0 1.511∙101 0 0 

Ea [kJ/kg] 4.683∙104 2.044∙105 4.836∙104 2.364∙104 3.303∙104 3.058∙105 0 2.110∙104 0 0 

70 bar 

A0 [1/min] 5.557∙103 1.013∙1015 3.627∙10-1 1.421∙102 1.014∙103 0 0 6.531∙106 0 0 

Ea [kJ/kg] 4.362∙104 1.743∙105 4.881∙103 3.189∙104 3.910∙104 0 0 8.477∙104 0 0 
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shown in Figure 3.5-4. The analysis indicates that optimal parameters were found, 

and it can be established that the greater the change in the value of the objective 

function as a result of the perturbation, the bigger the weight of the reaction 

pathway. For example, the TG to D and the K to G can be the most dominating 

reactions based on the reaction kinetic constants. 

 

Figure 3.5-4 Sensitivity analysis of identified parameters of M1 model 
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3.5.2 Deactivation modes (M2-M4) 

In the case of M2, the results appear to be in line with the assumption that 

deactivation is present on the catalyst. The value of the coefficient of determination 

(R2) increased at almost all temperature and pressure. The previously identified 

parameters were used to calculate the reaction rate constants and the temperature 

dependence of the parameters of LDKM model was also estimated with the 

Arrhenius equation. The deactivation model was used to identify the deactivation 

on the catalyst continuously at all times, but in the model, the catalyst activity 

changed only when the LHSV value changed from 1.0 h-1 to 2.0 h-1. That means the 

catalyst bed can be separated into two parts related to the activity and in each part, 

a constant activity was considered to characterize the effect of catalyst fouling. The 

identified parameters for M2 are summarized in Table 3.5-2. 

Table 3.5-2 he identified parameters of M2. 

 as Ψd* 

30 bar 

A0 [1/min] 8.746·10-2 6.144·101 

Ea [kJ/kg] 1.566·104 1.499·104 

50 bar 

A0 [1/min] 3.103·10-2 5.614·101 

Ea [kJ/kg] 1.102·104 1.444·104 

70 bar 

A0 [1/min] 4.417·10-2 2.206·101 

Ea [kJ/kg] 1.495·104 1.075·104 

 

 

As for M3 and M4, the initial activity can be more than 1. When the kinetics 

parameters were identified (M1), the best solution for both residence time was 

found (metaheuristic), so the activity above 1 can be expected as the correction of 

the pre-exponential factors (β) at higher liquid velocity. Thus Eq. 3.3-19 and  3.3-26 

have been changed as the following: 

𝑎 =
𝑐𝑐𝑎𝑡.

𝑐𝑐𝑎𝑡
𝜏=0 ∙ 𝛽  3.5-1 
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𝑎 = ∑
𝐴𝑘𝑎𝑡 − 𝐴𝑖 ∙ 𝑐𝑖

𝐴𝑘𝑎𝑡
𝑖

∙ 𝛽 
3.5-2 

The previously mentioned β parameter was added to the unknown parameters at 

30 bar, and the identified value was set as a constant at 50 and 70 bar. In case M3 

β = 3.16, as for M4 β = 1.27. The identified parameters for M3 and M4 are collected 

in Table 3.5-3 and in Table 3.5-4. The conclusion can be made from the parameters 

of  Table 3.5-4, that the temperature dependence of the K value is not significant at 

the investigated temperature and pressure range, and the dependency decreases at 

higher pressure. Moreover, the assumption made in M3 (the TG fraction can bind 

the active sites mostly) is proven since the maximum value of the equilibrium 

constants is at TG in case off all temperature and pressure. 

Table 3.5-3 The identified parameters for M3 

 kTG+cat. kTG-cat. 

30 bar 

A0 [1/min] 8.876·101 1.949·102 

Ea [kJ/kg] 3.161·104 4.475·104 

50 bar 

A0 [1/min] 4.009·101 4.812·101 

Ea [kJ/kg] 3.276·104 4.287·104 

70 bar 

A0 [1/min] 1.212·100 1.936·10-1 

Ea [kJ/kg] 3.338·104 9998·104 

 

Table 3.5-4 The identified parameters for M4 

 KTG KD KK KGO KG 

30 bar    

A0 [1/min] 9.990·10-1 9.274·10-1 9.993·10-1 1.000·100 1.061·10-1 

Ea [kJ/kg] 1.343·103 9.792·103 6.342·103 6.761·103 2.584·103 

50 bar    

A0 [1/min] 9.983·10-1 2.702·10-1 5.665·10-1 4.689·10-1 2.026·10-1 

Ea [kJ/kg] 1.713·103 1.028·103 2.492·103 2.049·103 -4.848·100 

70 bar    

A0 [1/min] 6.948·10-1 8.382·10-2 7.718·10-1 3.195·10-1 1.737·10-1 

Ea [kJ/kg] -4.975·10-1 7.126·100 3.832·103 -4.948·100 -4.907·100 
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3.5.3 Comparison of models 

Four models were tested in this chapter. The first one is a kinetic model without 

any deactivation phenomenon. The second one is an empirical model (LDKM) 

which was developed to determine the long-term catalyst deactivation. The third 

and fourth models are based on the catalyst fouling. The former one is a simplified 

Eley - Rideal mechanism where only one pseudo-component is able to interact with 

catalyst. The last model is based on the adhesive bonds. Each model has different 

number of parameters, which number is increasing in order of the models, 

numerically M1: 20; M2: 22; M3: 24; M4: 30. Since M2, M3 and M4 models using 

the parameters obtained in M1, these models carry the uncertainty of M1 which still 

increases with the number of parameters. In Figure 3.5-5 the coefficients of 

determination in the case of all models, temperatures and pressures are compared.  

 

Figure 3.5-5 Coefficients of determination (R2) in case of M1-M4 at all temperatures and 

pressures. 

The objective function values are shown in Figure 3.5-6. As can be seen, the 

accuracy of models is proportional to their complexity.  
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Figure 3.5-6 Objective values in case of M1-M4 

It can be established that the objective and R2 values are more dependent on 

temperature than the pressure. The estimates provided by M3 and M4 tend to be 

reliable, but the best result was achieved with M4 (Figure 3.5-7.). The results 

obtained with M2 are also remarkable, considering the lower level of complexity. 
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Figure 3.5-7 Correlation charts in case of M4, at 30 bar 

 

Figure 3.5-8 Correlation charts in case of M2, at 30 bar 

The concentration profiles along the reactor are shown in Figure 3.5-9. It can be 

established that the deactivation effect is much more intensive in case of M3 and 

M4. The concentrations change faster, and when the activity reaches a critical value, 

the changes suddenly slow down. 
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Figure 3.5-9 Concentration profiles in case of all models, at 70 bar and 613 K 
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3.6 Conclusion 

In this work, heterocatalytic reactor models were developed and tested to 

establish the occurring physical (fouling) and chemical changes. In the kinetic 

model, the components with similar nature were lumped into pseudo-components, 

and the process that leads to the chemical transformation was approached with first 

order non-reversible reactions. The performance of the (kinetic) model was further 

improved by integrating three different catalyst deactivation models. The first one 

is an empirical model (LDKM), where the catalyst activity is the function of the 

residence time. The second one is a simplified ER mechanism, where only one 

component can reduce the catalytic activity. The last model is based on the strength 

of the adhesive bonds and the number of active sites. The activity in this model 

means the number of the unblocked active sites which depends on the surface 

concentration and the size of the pseudo-components. It has been established that 

the accuracy of models is proportional to their complexity, so the best results were 

provided by M4. Besides, based on the improvement in the accuracy of the 

developed models it can be stated, that due to the low flow rate catalyst fouling has 

a significant effect on conversion. Moreover, it has been stated that the TG fraction 

can mostly bind the active sites, and the adsorption ability of the molecules in all 

fractions is not depending on temperature significant, and the dependency decreases 

at high pressure.  
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4 Distributed parameter model-based continuous lumping 

approach: an application to a pilot-plant hydrocracking 

reactor 

A novel modelling approach that captures the complex chemistry of the 

hydrocracking process and its detailed solution is described in this chapter. The 

fundamentals of the developed model are coming from the well-known continuous 

lumping approach. The further development of the continuous lumping approach is 

that yield of each component in the different cracking reactions were estimated with 

three different yield distribution functions, moreover the originally applied skewed-

Gaussian type yield distribution was reformulated and all three approaches were 

solved as partial differential equations. With the developed method not only the 

steady state but the dynamic behaviour can be investigated. The unknown 

parameters of the models were estimated, and the model predictions were validated 

using previously published experimental data. The experimental data is pilot-plant 

data of VGO-hydrocracking of Kuwait VGO at four severity levels. Based on the 

model error and predicted hydrocracking trends the skewed-Gaussian type yield 

distribution was the best for prediction. 
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4.1 Introduction 

The continuous and discrete kinetic lumping models provide a continuous 

description of the component concentrations as a function of the reaction time, but 

there is no information about the component concentrations in the reactor tube at 

any axial position.   

This work aims to develop a lumped model which can describe the changes in 

time and space, using the same data (pilot-plant data of VGO-hydrocracking of 

Kuwait VGO at four severity levels) [94] as Laxminarasimhan et al. [19], as it 

seems to be that there were no attempts to develop this approach. Three different 

model approaches were investigated:  

• The first one assumes that the cracking rate of every component is the same. 

• The second approach assumes that the C-C bond strengths are the highest 

for the centre C-C bond and decrease monotonically toward the end bonds. 

• The third approach assumes that the amount of the formed species in each 

cracking reaction is represented by the same skewed Gaussian-type 

distribution function. 

As per our knowledge, among these three approaches only the Gaussian-type 

distribution was applied in previous publications to describe the selectivity 

distribution in case of hydrocracking reactions. With the proposed model the reactor 

volume/residence time can be investigated and optimized. 
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4.2 Model 

In this chapter, the fundamentals which were taken over from the continuous-

lumping approach and the three different yield distribution functions are introduced.    

4.2.1 Fundamentals 

The mathematical description of the hydrocracker reactor is based on the material 

balance on a plug flow reactor, which takes into account the temporal and spatial 

changes (4.2-1). 

𝜕𝑐𝑖

𝜕𝑡
 = − 

𝜕

𝜕𝑥
(𝑣𝑥 ∙ 𝑤𝑖) + 𝑅𝑖 4.2-1 

Where wi is the weight fraction of the ith component, t is time, x is the axial 

position in the reactor tube, vx is flow velocity and R is the rate of generation. The 

hydrocracker is assumed to be a single-phase isothermal reactor and the effect of 

the density changes on space velocity is neglected in this study. The decomposition 

is assumed to be first-order chemical reactions based on beta-scission.   

The idea of using the normalised true boiling point (See in: Eq. 2.2-2 or θi = 

(TBPi – TBP(l)) /(TBP(h) – TBP(l))) as the key property to identify the components 

comes from the continuous lumping theory, moreover the idea that the  rate of 

hydrocracking is a monotonic function of the boiling point was also applied (See in 

Eq. 2.2-3 or ki = kmax ∙ θi
1/α) [19]. The effect of α on the distribution of reaction 

(cracking) rate constant is shown in Figure 4.2-1, where the rate of cracking of the 

heaviest component was set to one. 
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Figure 4.2-1 The effect of α on the reaction rate constant distribution 

4.2.2 Selectivity distribution 

This section provides three different approaches to estimate the distribution of 

the cracking rate constants, so the yield of each component in the different cracking 

reactions.  

The simplest approach is the equidistant division of the cracking rate constants. 

The rate constant of the cracking of lth component (kl) is divided by the number of 

the lighter components and the resulted number will be the rate of reaction for each 

lighter component (4.2-2). This means that the weight fraction of each lighter 

components would be increased in the same extent caused by a single cracking 

reaction.   
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𝑘𝑙,𝑖 =
𝑘𝑙

𝑙 − 1
 

4.2-2 

The second approach assumes of decreasing C-C bond strength. It means, that 

the C-C bond strengths are highest for the centre C-C bond and decrease 

monotonically toward the end bonds in the molecules. This means that the 

probability of formation of methane is the highest and the probability of breakdown 

the molecule into two equal parts is the lowest, this probability is denoted as al,i. 

The calculation of the reaction rate constant is divided into three steps:  

1. al,I can be calculated for chain length j from 
𝑙

2
  to 𝑙 − 1  with equation 6 

and can be  reflected over the centre (Eq. 4.2-3, Figure 4.2-2 (a)) . 

2. Because the reaction rates are calculated from the weight fractions (so 

the stoichiometric coefficient is not considered) the rate constants have 

to be normalised with the weights of the product molecules. The 

molecular weights are unknown (the products are pseudo components), 

so we assumed that the product with n=50 is fifty times heavier than the 

product with n = 1 (Eq. 4.2-4, Figure 4.2-2(b)).  

3. Equation 4.2-5 is to integrate the kl,i curve equal to kl  (Figure 4.2-2(c)) . 

𝑎𝑙,𝑖 = 𝑘𝑙 ∙ 𝜃𝑖

1
𝛼2  

4.2-3 

𝑏𝑙,𝑖 =
𝑎𝑙,𝑖

𝑛𝑚𝑎𝑥 − 𝑛𝑖
 4.2-4 

𝑘𝑙,𝑖 =
𝑏𝑙,𝑖

∑ 𝑏𝑙,𝑖
𝑙−1
𝑖=1

∙ 𝑘𝑙 4.2-5 

α2 has the same effect on the al,i distribution curve as α on k (Figure 4.2-1). 

However, the range of α2 is between 0 and 1000. If α2 =1000, the al,i curve is nearly 

linear (Figure 4.2-2),meaning the only difference between M1 and M2 is step 2 (Eq. 

4.2-4). 
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Figure 4.2-2 The effect of α2 on Equations 4.2-3 - 4.2-5 in the range of: 0.9 <α2 1000 

The third approach assumes that the amount of the formed species in each 

cracking reaction is represented by the same skewed Gaussian-type distribution 

function (4.2-6).  

𝑓𝛼3
(𝑥) =

𝜙(𝑥) ∙ Φ(𝛼3 ∙ 𝑥)

Φ(0)
  4.2-6 

Where 𝜙(𝑥) =
1

√2𝜋
∙ 𝑒−

1

2
𝑥2

 is the probability density function of normal 

distribution, Φ(𝑥) = ∫ 𝜙(𝑡)𝑑𝑡
𝑥

−∞
 is the corresponding cumulative distribution 

function and α3 determines the direction and measure of skewness. kl,i is normalized, 

so the integral of the function is equal to kl: 
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𝑘𝑙,𝑖 =

1
𝑠

𝑓𝛼3
(

𝑥𝑖−𝑢

𝑠
)

∑
1
𝑠

𝑓𝛼3
(

𝑥𝑖−𝑢

𝑠
)𝑙−1

𝑖=1

 ∙ 𝑘𝑙   {𝑥 ∈ 𝑅 | 𝑎 ≤ 𝑥 ≤ 𝑏} 4.2-7 

Where a=-3 and b=3 are the endpoints of the interval of x, u and s are for 

adjusting the mean and the variance of the distribution curve respectively. x is 

divided into the same number of point as θ, so the coherent points can be easily 

matched with each other (kl,i(xi) = kl,i(θ i)). Figure 4.2-3 shows the effect of 

parameters on kl,i (Eq. 4.2-7). As was mentioned, u is used to adjusting the mean of 

the distribution curve, which means that u determines the dominant pathways for 

product formation. Through the variance, s determines the ratio of different product 

formations. 

 

Figure 4.2-3 Effect of parameters on the skewed Gaussian distribution function. 
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4.3 Model Solution 

All the introduced models were successfully applied to experimental data 

previously published by Bennett and Bourne [94]. The experimental data contains 

product yields from the hydrocracking of Kuwait vacuum gas oil at four residence 

times: 0.383, 0.952, 1.724, and 2.5 h.  The models were implemented in MATLAB 

2019a and the partial different equations were solved using method-of-lines 

technique [95]. In the method of lines procedure, the partial differential equations 

are approximated by ordinary differential equations based on finite differences. In 

this case, it means, that the spatial changes are discretized in the way, that the output 

of one discrete part is the input of the next one. In this form, the spatial changes are 

calculated by the Euler method, and the changes in time can be calculated by for 

example Runge-Kutta method. 

 Due to the nonlinear nature of the identification task, the usage of a global 

nonlinear optimization algorithm is needed. In this case, the so-called NOMAD 

(Nonlinear Optimization by Mesh Adaptive Direct Search) algorithm was chosen 

which is intended to use for time-consuming black box simulations with a small 

number of variables. One of the main advantages of the algorithm is that 

independently of the starting point, it can globally converge to a point that satisfies 

local optimality conditions based on local properties of the functions defining the 

problem [96]. 

The unknown parameters of the models were estimated using experimental data, 

and the abovementioned NOMAD algorithm [96] was applied to determine the 

minimum of the objective function (4.3-1). where yexp is the experimental and ymodel 

is the predicted values. 

 

𝑞 = ∑ ∑ (𝑦𝑒𝑥𝑝 − 𝑦𝑚𝑜𝑑𝑒𝑙)
2

𝐿𝐻𝑆𝑉𝑖

 4.3-1 

Table 4.3-1 contains the unknown parameters for the different models. The 

number of points to discretize the reactor volume on was set to N = 10 and the 
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number of the components was set to n = 50. In this case the calculation time is not 

considerable, but the fluid velocity profile is nearly a plug flow. The simulation 

time was set a huge number (1000 hours), but the simulation was automatically 

terminated when the reactor reached the steady state operation (an event function 

was applied to detect steady state condition). The volume of the reactor is assumed 

to be 1 m3 so the volumetric flowrate is: vx = 1/τ. 

Table 4.3-1 Unknown parameters of the different models 

 M1 M2 M3 

kmax 
✓ ✓ ✓ 

α ✓ ✓ ✓ 

α2 
 ✓  

α3   ✓ 

u   ✓ 

s   ✓ 
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4.4 Results 

All the identified parameter values, the lower and upper bounds (LB and UB) of 

the searching domains and the model errors can be found in Table 4.4-1. The 

following criteria were followed to set the lower and upper limit for parameter 

optimization:  

• The identified value for kmax and α by Laxminaraasimhan et al. was 1.35 

(for both), so the boundaries for these two parameters were set near to 

this value with some tolerance due to the different selectivity distribution 

functions applied.  

• Based on Figure 4.2-2, the al,i curve is nearly linear if α2 = 1000, meaning 

there is no further effect on the result if the α2  value exceeds 1000. 

• α3, u and s are the parameters of the skewed normal distribution function. 

α3, u and s are the parameters of the skewed normal distribution function. 

The limits of these parameters were set to be able to estimate any kind of 

shape which can be achieved by a skewed normal distribution. 

Results show that the accuracy of models is proportional to their complexity: the 

prediction capability of M3 is the best, and M1, with the linear distribution of the 

rate constant, performs the worst. In case of M2, α2 reached the upper limit so the 

al,i curve is nearly linear (Figure 4.2-2). This means that by applying Eq. 4.2-4 on 

kl,I calculated by Eq. 4.2-2 and using kmax and α parameters of M2,  same results can 

be obtained with M1. 
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Table 4.4-1 Identified parameter values, calculated model errors and searching domains 

Model 
M1: Equidistant 

division 

M2: Decreasing C-C bond 

strength 

M3: Skewed 

Gaussian-type 

Error (q) 0.1156 0.0474 0.028 

Parameter Value LB UB Value LB UB Value LB UB 

kmax 2.2473 0 5 2.5165 0 5 1.429 0 5 

α 0.2584 0 2 0.5545 0 2 1.502 0 2 

α2 - - - 1000 0 1000 - - - 

α3 - - - - - - -2.938 -10 41 

u - - - - - - -3.925 -5 5 

s - - - - - - 8.4032 1e-5 15 

 

Figure 4.4-1 shows the sum of the identified reaction rates for all individual 

pseudo components. According to M1, this selectivity function is monotonic and 

decreases with the increased boiling point. This result fits to the assumption of 

equidistant division: the lighter the component, the more reactions it takes part in 

with the same reaction rate constant as the heavier ones, meaning that the resulted 

total rate of formation has to be larger for lighter components. M2 and M3 show a 

skewed Gaussian distribution for selectivity, but the direction and amount of 

skewness is different. M2 assumes that the formation of heavier components is 

more pronounced, but according to M3 the formation of lighter components are 

slightly faster reactions.  
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Figure 4.4-1 Selectivity function: sum of the identified reaction rate constants. 

Comparison of the model predictions with experimental data (where ω is the 

weight fractions) is shown in Figure 4.4-2. With M2 and M3, the normal 

hydrocracking trends are predicted well with respect to the residence time, but M1 

is not suitable to predict the hydrocracking process with tolerable precision, the 

distribution getting wider and more dominant toward lighter components. The 

prediction of M3 (dashed line) is the most accurate in the case of higher residence 

(red and magenta dashed lines) times and lighter components, but the error starts to 

increase at lower residence times (green dashed line) and heavier components. The 

figure also shows the calculated weight fractions obtained with continuous lumping 

approach from [97]. A comparison between M3 and the continuous lumping data 

reveals that M3 performs better at higher residence times and lower TBP. However, 

at higher TBP and lower residence times, the continuous lumping approach appears 

to deliver better results. 
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Figure 4.4-2 Comparison with experimental data from Bennett and 

Bourne [94] and modelled Continuous Lumping data from [97] 

In Figure 4.4-3 the concentration changes of the heaviest (θ=1) and the lightest 

(θ=0) components are shown in time and space (calculated with M3). As it was 

expected, the mass fraction of the lightest component is equal to 0 at t = 0 

everywhere in the reactor, and it is 0 during the whole experiment in the feed. 

Similar statement can be reported in case of the heaviest pseudo component: the 

mass fraction is not changing in the feed and the initial value is 0 everywhere in the 

reactor at the beginning of the simulation. By increasing the residence time at t = 

tend, the conversion of the heaviest component and the formation of the lightest 

component increases, since the bulk of the reaction mixture have spent more time 



Distributed parameter model-based continuous lumping approach: an 

application to a pilot-plant hydrocracking reactor 

67 

 

in the reactor. As it was mentioned, the simulation time is not equal to the residence 

time since the simulation was terminated only when the reactor reached the steady 

state condition. The equity of the residence and simulation time can only be 

expected when the hydrodynamic model is identical to the plug flow, which is not 

the case in this investigation. Moreover, the hydrodynamic model is slightly 

different in the case of every liquid velocity, since the convection part of the model 

is more pronounced if the fluid velocity is higher (residence time is lower) and at 

the same time the hydrodynamic model is more similar to the plug flow. This can 

be one possible root cause that model performance is getting worst with the 

increased residence time, since if the Reynold number is high, in a real reactor the 

CRTD (cumulative residence time distribution) is comparable to plug flow [97]. 

Aware of this limitation, one can optimize the residence time according to the target 

selectivity by applying finer discretization on the reactor volume to achieve the 

same hydrodynamic behavior in the simulation in case of lower space velocities.  

 

 

Figure 4.4-3 Transient behavior of the lightest (θ=0) and the heaviest (θ=1) pseudo 

components during the simulation in the case of different residence times. 
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4.5 Conclusion 

In this work, three different modelling approaches were investigated to predict 

the hydrocracking trends respect to four different residence times. The model 

performance were measured by comparing simulation results to measurements 

which were previously published in [94] and used to develop the original continues 

lumping approach applied on a hydrocracking reactor [34].  

The three approaches only differ in the applied selectivity function which is used 

to estimate the yield of each component in the different cracking reactions. The 

three different selectivity functions are based on the following assumptions: 

• First approach (M1): the rate of cracking for every component is the 

same. 

• Second approach (M2): the strengths of the C-C bond is the highest at 

the centre C-C and decreases monotonically toward the end bonds. 

• Third approach (M3): the amount of the formed species are represented 

by the same skewed Gaussian-type distribution function. 

With M2 and M3, the normal hydrocracking trends were predicted well, but the 

assumption of M1 is not in line with the beta-scission, so with this model a 

prediction cannot be made with a tolerable precision. The predictions are the most 

accurate in the case of higher residence times, which can be caused by the change 

in the hydrodynamic model due to the different space velocities. As conclusion, the 

developed approaches (M2 and M3) are suitable to optimize the residence time 

according to the target selectivity, and a more precise model can be developed if 

one takes into account the effect of liquid velocity on the cumulative residence time 

distribution. 
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5  Exploration of application domains for thermodynamic 

models through mixture of experts learning 

The proper selection of thermodynamic models (TM) is a starting point for an 

accurate process simulation. It can occur in a process simulation that the proper 

thermodynamic model changes with the operating conditions. Therefore, the 

application domains for all appropriate models have to be determined and the 

models have to be used respectively to the domains. In this work, six TMs are 

investigated in case of hydrogen solubility in several n-paraffin, olefins, and 

aromatic compounds. In petroleum industry, the most commonly used TMs are the 

Soave-Redlich-Kwong EOS, and the Peng-Robinson EOS. The Zudkevitch Joffee, 

Chao Seader and Grayson Streed models are recommended to use in case of high 

hydrogen content. As the first step to determine the application domains, several 

measurements were collected from literature, and the solubility of hydrogen was 

estimated with the abovementioned TMs. Based on the prediction error, a mixture 

of experts-based expectation maximization (EM) algorithm was used to explore the 

optimal combination of a set of TMs through the corresponding application 

domains. As multivariate Gaussian distributions with zero covariance represent the 

mixture-of experts, the resulted axis-parallel clusters can be easily visualized as a 

set of univariate normal distributions determining the suggested application 

regions. The results illustrate that the developed Gaussian mixture model not only 

significantly improves the prediction performance of the TMs, but the extracted 

information also supports the systematic development of the models. 
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5.1 Introduction 

To calculate the hydrogen solubility in different mixtures even in pure 

components is a challenging mission. However, in many processes (e.g. 

hydrocracking) the concentration of hydrogen in the liquid phase plays a very 

important role. The solubility of hydrogen is mainly depend on pressure and 

temperature, therefore with calculating the optimal amount of dissolved hydrogen 

and the softening operating conditions can help to reduce the operating cost of the 

process. 

 One way to calculate the amount of dissolved hydrogen is the application of the 

appropriate thermodynamic model (TM), but the proper selection of TMs is a 

recurrent problem in process simulations. According to the Aspen HYSYS Property 

Package Selection Assistant, there are four possible packages to calculate the 

properties of hydrocarbons in case of non-vacuum conditions, these are: SRK, 

Peng-Robinson (PR), Chao-Seader (CS), and Grayson-Streed (GS).  

The conditions of applicability of the recommended and an extra (Zudkevitch-

Joffee (ZJ)) property packages are summarized in Table 5.1-1. Three of these 

models were developed to calculate the properties of systems with high hydrogen 

content, these are: ZJ [98] CS [99] and GS [100]. 
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Table 5.1-1 Conditions of applicability of the TMs recommended by Aspen HYSYS 

Property Package Selection Assistant 

  CS GS PR SRK ZJ 

T [K]  255 to 

533 

255 to 

698 

> 2 > 

130 

- 

p [bar]  <100 <200 <1,000 <350 >10 

For all 

hydrocarbons  

(except CH4) 

 0.5<Tri< 

1.3 

Pmixture 

<0.8 

0.5<Tri< 

1.3 

Pmixture 

<0.8 

- - - 

If CH4 or H2 is 

present: 

-molal average Tr  < 0.93  < 0.93 - - - 

CH4 mole fraction <0.3 <0.3 - - - 

-mole fraction dissolved 

gases 

<0.2 <0.2 - - - 

Predicting K 

values for: 

-Paraffinic or olefinic 

mixtures, liquid phase 

aromatic mole fraction: 

 < 0.5  < 0.5 - - - 

-Aromatic mixtures, 

liquid phase aromatic 

mole fraction: 

> 0.5 > 0.5 - -  

 

According to Table 5.1-1, different models are recommended to use based on 

the operating conditions. However, there are several domains where multiple 

models are suitable for modeling, and there is no pure measure to compare their 

goodness based on the “selection guideline”. For example, every model is suitable 

in temperature range between 255 and 533 K and pressure range between 10 and 

100 bar.  

In addition, not all models can be compared to each other, rather a pairwise 

analysis is possible (CS and GS, PR and SRK have similar characterization). Based 

on these considerations, one can conclude that the provided framework for the 

selection of proper TM is not straightforward (at least in case of predicting the 

hydrogen solubility), despite to the fact, that selecting the appropriate model is the 

first task for describing successfully the physical properties [101]. Moreover, the 

available decision trees for the selection of TMs lead to several cases, when multiple 

models can be used [102].  

The application of the proper model is not the only way to improve the 

prediction: if there are multiple candidates, one can take the advantage of all models 

and combine them into a mixture model. There are several techniques to combine 
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multiple models e.g.: simple weighted average of the predictions of individual 

models or the mixture of experts approach, where the weights are the function of 

the feature space [103].  

As we would like to explore the application domains of the TMs, we designed a 

Gaussian mixture of experts model that combines the TMs, in which the products 

of univariate Gaussian functions representing the optimal regions of the models.  

The proposed generative model can be easily visualized with the distribution of the 

planned applications, so the developed tool highlights how the available sets of TMs 

should be combined for a given set of applications. According to our knowledge, 

this is the first work discussing how the trained Gaussian mixture of expert 

approach can be utilized for the determination of application domains of TMs. 

In this chapter, we compared the aforementioned TMs calculation obtained by 

Aspen HYSYS to measurement data (634) from literature [104], [105]. The 

collected measurements consist of data on the solubility of H2 in paraffins, olefins 

and aromatic compounds. The results illustrate that the developed Gaussian mixture 

model gives excellent prediction performance, and the proposed visualization 

provides interpretable information about how TMs should be applied for specific 

applications. 

5.2 Gaussian mixture of thermodynamic models 

The key idea of the proposed approach is that the distribution of the validation 

data used to represent the planned prediction tasks is approximated by a Gaussian 

mixture of the available TMs. In the studied specific problem the N pairs of 

validation data is represented as {(𝒙𝑘, 𝑦𝑘)}𝑘=1
𝑁 , where yk is the measured hydrogen 

solubility and xk denotes the explanatory variables including molecular descriptors 

like the carbon number (Cn) and the number of the hydrogen atoms (Hn) and the 

operating conditions of the experiments (pressure and temperature). The set of the 

predictions of the available TMs are also represented as paired 

samples {(𝒙𝑘, ŷ𝑘,𝑗)
𝑗=1

𝑛
}

𝑘=1

𝑁

 where ŷk,j is the kth predicted hydrogen solubility by the 

jth thermodynamic model, hence the kth prediction error of the jth TM can be 
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calculated as 𝑒𝑘,𝑗 = (𝑦𝑘 − ŷ𝑘,𝑗)2. The identification of the model is formulated as 

a clustering problem in which the prediction error is used to measure the distance 

of the models and the validation data. The clustering is based on the Expectation 

Maximization algorithm that minimizes the sum of the weighted squared distances: 

𝐽 = ∑ ∑ (𝑢𝑗,𝑘)
𝑚

𝐷2(𝒙𝑘, 𝑦𝑘, 𝜂𝑗)𝑁
𝑘=1

𝑛
𝑗=1 , where 𝜂𝑗 represents the parameters of the jth 

cluster including the jth TM. The proposed clustering algorithm can be interpreted 

in a probabilistic framework, the distance is inversely proportional to the 

𝑝(𝒙𝑘, 𝑦𝑘|𝜂𝑗) probability that the 𝒙𝑘 data point belongs to the ith cluster: 

1

𝐷2(𝒙𝑘 , 𝑦𝑘 , 𝜂𝑗)
=  𝛼𝑗

1

√2𝜋𝜎𝑗,𝑙
2

𝑒
(−

𝑒𝑘,𝑗
2

2𝜎𝑗,𝑙
2   ) 

 
1

√2𝜋|𝛴𝑗|

𝑒
(−

1
2

 ∙ (𝒙𝑖 −𝒗𝑗)𝑇∙𝛴𝑗
−1(𝒙𝑖 −𝒗𝑗))  5.2-1 

 The first 𝛼𝑗  term represents the a priori probability of the cluster, while second 

is the distance between the kth data point and the jth model. The third term defines 

the distance between the cluster prototype and the data in the feature space of the 

variables describing the applicability domain of the models represented by the mean 

and the covariance matrices calculated as: 

𝒗𝑗 =
∑ (𝑢𝑗,𝑘)

𝑚
𝒙𝑖𝑖

∑ (𝑢𝑗,𝑘)
𝑚

𝑖

 , Σ𝑗 =  
∑ (𝑢𝑗,𝑘)

𝑚
 𝑖 (𝒙𝑖 − 𝒗𝑗)𝑇(𝒙𝑖 − 𝒗𝑗)

∑ (𝑢𝑗,𝑘)
𝑚

 𝑖

, 𝛼𝑗 =  
∑ (𝑢𝑗,𝑘)

𝑚
 𝑖

𝑁
 5.2-2 

The 𝑢𝑗,𝑘 weights are updated in every iteration:  

𝑢𝑗,𝑘 =
1

∑ (𝐷2(𝒙𝑘, 𝑦𝑘, 𝜂𝑗)/𝐷2(𝒙𝑘, 𝑦𝑘, 𝜂𝑙))
2/(𝑚−1)

𝑛
𝑙=1

, ∀𝑗, 𝑘  
5.2-3 

The Alternating Optimization (AO) of these clusters is identical to the 

Expectation Maximization (EM) (maximum likelihood estimation) identification of 

the mixture of these Gaussian models when the fuzzy weighting exponent m = 2.   

5.3 Application domains of thermodynamic models 

To investigate the goodness of the TMs, 634 solubility data from literature was 

collected. The data set contains of H2 solubility in paraffinic (458), olefinic (49), 
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and aromatic (127) compounds with carbon range between 1-16, 2-8 ,6-13, 

temperature range between 90.5-623 K, 123.15-436.15 K, 208.15-621.75 K and 

pressure range between 7.08-784.5 bar, 20.3-304 bar, and 20.3-507 bar 

respectively. In Figure 5.3-1 every data point is marked according to the smallest 

prediction error. 

 

Figure 5.3-1 Different markers represents the TMs which obtained with the smallest 

prediction error at each investigation condition. 

In paraffinic compounds all models are required to predict the H2 solubility, but 

it can be noted, that different models dominate different, but well specified 

domains. However, in case of olefinic and aromatic compounds the usage of ZJ 

model is not recommended at all, and the application domains distributed lightly. 

There are a few but coupled measurements for olefinic compounds, hence it is hard 

to make proper conclusions. The only thing is clear that the CS GS and PR are the 

dominant models and the application domains mainly distributed along the carbon 

number and the temperature. The PR is the best approach to reproduce the 

measurements in aromatic compounds, but in case of lower pressure and carbon 

number mainly the SRK performs better.  

The selection of the proper model is challenging based on Figure 5.3-1. To 

determine well defined application domains, Gaussian mixture model was used. As 

the TMs are treated like black box models, the application domains are investigated 
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along arbitrary chosen variables. The selection of pressure and temperature as 

variables is natural, but for identifying different molecule types and size, carbon 

number (Cn) and the number of the hydrogen atoms (Hn) in the molecules was 

applied.  

The mean square errors for 10-fold cross-validation based training are presented 

in Figure 5.3-2. Despite that the linear mixed model is not suitable to determine the 

application domains, it is a good benchmark to compare the prediction errors. The 

Gaussian mixed model has better performance than the individual models, but 

slightly worse than the linear combination. Based on the mean square errors, the 

developed mixed model is a reasonable choice to investigate the application 

domains of the TMs.  

 

Figure 5.3-2 The mean square error of individual TMs and mixture models. 

In Figure 5.3-3 the distribution of the data along the variables is presented as 

histograms, and the calculated application domains are presented as Gaussian 

distributions. The multivariate distribution used by the algorithm can be obtained 

with multiplying the individual distributions. The height of curves represents the 

“probability of being appropriate” for the TMs at a specified modeling condition, 

moreover this height is proportion to the weights of the TMs in the mixed model. 
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Figure 5.3-3 The proposed application domains of TMs and the distribution of the data 

set along the variables. 

The conclusions which can be made based on Figure 5.3-3 can be divided into 

two main groups:  

1) The ones which are confirm or at least not disprove the fluid package 

selection guideline: 

a. PR has the widest application domain and dominates most of the 

domains of investigated variables. 

b. ZJ is recommended only in case of light hydrocarbons and extremely 

low temperature, but as the solubility exists in liquid phase and the 

light hydrocarbons have low dew point, these statements can be 

coupled. 

c. The performance of CS and GS are nearly the same, but in higher 

temperatures GS predicts better.  

2) The others which are disprove some of the statements of Table 5.1-1: 

a. From those models which were developed for calculate properties in 

high H2 content, only the ZJ dominates a wide range of domain.  
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b. The CS performs best at extremely high pressure outside the 

recommended application range, but it can be the result of the lack 

of data in extremely high pressures. 

c. The performance of SRK is far worst then the performance of PR. 

5.4 Conclusion 

A tool was developed to explore the optimal combination of a set of 

thermodynamic models for a set of planned applications or validation data, but it 

should be mentioned, that the well distributed the data is in the planned application 

domain, the better the exploration is. The visualization of the proposed Gaussian 

mixture of expert model with the distribution of the data along the variables 

determines the suggested application domains of the models. The application 

domains of five TMs were investigated based on the hydrogen solubility in 

paraffinic, olefinic, and aromatic compounds. The results illustrate that the 

developed method not only explores how the models should be combined, but it 

significantly improves the prediction performance of the TMs. 
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6 Retention time alignment of gas chromatographic data 

Gas chromatography (GC) is an effective tool for the analysis of complex 

mixtures with a huge number of components. To keep tracking the chemical 

changes during the processes like plastic waste pyrolysis usually different sample 

states are profiled, but retention time drifts between the chromatograms make the 

comparability difficult. The aim of this study is to develop a fast and simple method 

to eliminate the time drifts between the chromatograms using easily accessible 

priori information. The proposed method is tested on GC chromatograms obtained 

by analysis of pyrolysis product (Mg/Y catalyst) of shredded real waste 

HDPE/PP/LDPE mixture. A modified k-means algorithm was developed to account 

the retention time drifts between samples (different sample states). The outcome of 

the retention time alignment is an averaged retention time for each peak from all 

the chromatograms which makes the comparison and further analysis (such as 

“fingerprinting”) easier or possible.  
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6.1 Introduction 

Pyrolysis is one of the most investigated routes used to minimize plastic waste 

and convert it into a valuable product. A huge number of components (about 300-

400 peaks on chromatogram) can be found in the pyrolysis product which can be 

characterized by using GC. When multiple samples are profiled, retention time shift 

occurs between the chromatograms due to some instrument-related phenomena 

(e.g. injection-timing problem, varying flow rate, temperature 

disturbances/gradient) or due to the chemical interaction between the samples and 

the instrument (selectivity changes over time). Despite that the instrument-induced 

retention time shifts have been lessened through the advanced electronic control 

systems; an appreciable amount of time drift remains in the chromatographic data 

[46]. 

 One of the reasons to keep tracking the chemical changes during processes with 

profiling different sample states is to assist the development of a reliable kinetic 

model. In this case, the determination of the target chromatogram is not possible, 

and the uncertainty can be increased with user chosen parameters of chromatogram 

analysis. Thus, the abovementioned methods are not suitable for retention time 

alignment (in this special case) and the development of a method is required in 

which these disadvantages are eliminated. The fact that k-means algorithm was 

originally designed for minimizing variance and not the arbitrary distances, makes 

the method unpopular to use for time series.  However, this paper shows that with 

some modification and with the appropriate preprocess of data, it is also a powerful 

tool for handling time shifts in chromatograms. The experiments analysed in this 

chapter were performed at different temperature levels using different zeolite based 

catalysts, additional details can be found in [106]. Based on these experiments a 

lumped kinetic model was developed and published in [28], and the uncertainty of 

the model was diminished by reducing the size of the reaction network in [107]. 

  The starting point for a traditional lumping model is in macroscopic level (e.g. 

boiling point), so the amount of information that can obtained is quite limited [108]. 

One possible way to allow more obtainable information from the model is to define 

the pseudo components more properly, e.g based on molecular rather than physical 
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properties. The molecular properties of the experimental products can be obtained 

directly from chromatographic data. Our aim is to develop an algorithm to perform 

the alignment of peaks from different chromatograms (so eliminate the time drifts) 

which characterized the product of a complex reaction system in time, which makes 

easier to define the proper pseudo-components. 

 

6.2 Preprocessing the data 

Suppose that X = {x1,1,x1,2,...x1,m, x2,1, x2,2,…x2,m,…xn,m} is a given data set of n 

retention times of chromatographic peaks from m measurements. The object of a 

clustering algorithm without any constraints is to grouping a set of objects (peaks) 

into k clusters (c = {c1, c2,… ck}), in such way that objects in the same group are 

more similar to each other than to those in other groups. In this section we present 

a method that allows the proper alignment of peaks from different chromatograms 

obtained by analyzing different sample states. 

First of all we would like to highlight the most important properties of the 

investigated dataset: 

• obtained by the GC based product analysis of waste plastic pyrolysis 

carried out in a two-stage laboratory scale reactor system. The 50 g solid 

plastic waste was measured into the reactor at the start of all experiments 

and 15 dm3 h−1 nitrogen flow was maintained that drove volatiles through 

the second. The experiments in which the investigated chromatograms 

were performed at 425 °C using Mg/Y catalyst, additional details can be 

found in [28], [105]. 

• data contains 7 chromatograms in different sample states (sampled as the 

experiment progressed, at: 10, 20, 30, 40, 50, 60 and 70 min); 

• paraffinic peaks were identified in advance. 

As it was stated in a previous study of this system, only a small changes can be 

noticed in the chromatograms of pyrolysis product samples taken at different time 

steps [109]. Hence, the collected data can be applied to test the proposed clustering 
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algorithm, since the primary aim of this algorithm to find peaks in every 

chromatogram which can be the same molecule. 

The identification of the paraffinic peaks is an easy but essential task, as these 

peaks serve as points of reference during the peak alignment process. The 

chromatograms are divided into segments by these reference points. Moreover, the 

alignment of the reference points is unequivocal, hence through the segments the 

task of retention time alignment can be divided into subtasks. The dataset is plotted 

in Figure 6.2-1, where the dashed lines are reference points (i.e. paraffinic peaks) 

and the sections between them are the same segments in all chromatograms (the 

highlighted segments are the C10 fractions). These segments are coherent so they 

can be grouped, and the retention time alignment within these segment groups are 

the subtasks. 

 

 

Figure 6.2-1 The chromatographic data. The segments between the dashed lines denote 

the C10 fractions. 

 

In Figure 6.2-2 (a), the retention times of data from C10 fractions from all 

chromatograms is illustrated. The size of the circles denotes the origins of the data 

points, for example the smallest circles are from 1st measurement, and the largest 

ones are from the 7th sample. Figure 6.2-2 (b) shows the data from Figure 6.2-2 (a) 
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when it is normalised to 0 - 1 range for each segment in the segment group 

separately according to Eq. 6.2-1 (the retention time of paraffinic peak heading is 0 

and the retention time of paraffinic peak trailing is 1, but the latter is not shown).  

 

𝑥̂𝑛,𝑚 =  
𝑥𝑛,𝑚 − 𝑥𝑝𝑎,ℎ

𝑥𝑝𝑎,𝑡 − 𝑥𝑝𝑎,ℎ
 

6.2-1 

Where xpa,h is the retention time of paraffinic peak heading and xpa,t is the 

retention time of paraffinic peak trailing xn,m. 

The normalisation balanced the retention time drifts to such extent that some of 

the coherent data points can be grouped manually without any further ado. The 

transformed data set is only one dimensional, there is no clear pattern in time shifts, 

and coherent data points seem to be similar to clusters where the variance need to 

be minimized. All the above-mentioned facts led us to use k-means for the retention 

time alignment. 

 

Figure 6.2-2 The retention times of C10 fractions from all chromatograms before (a) and 

after (b) the normalisation. 



Retention time alignment of gas chromatographic data 

83 

 

 

6.3 Modified K-means algorithm for retention time alignment 

K-means is a well-known clustering algorithm which partitions data into clusters 

based on the distance from each data point to different centroids. The algorithm 

requires the number of maximum iterations, the initial centroids, and the number of 

clusters. The standard algorithm can be described in three steps [110]: 

 

1. Initialization: initialization of the centroids (μj) (usually random data points 

from the data set) according to Eq. 6.3-1 

𝜇𝑗
1 =  {𝑥𝑝 :  𝑥𝑝 ∈ 𝑿 , 𝜇𝑖

1 ≠ 𝑥𝑝, 1 ≤ 𝑖 ≤ 𝑘, 𝑖 ≠ 𝑗} 6.3-1 

2. Assignment: each data point is assigned to the nearest cluster according to 

squared Euclidean distances (t denotes the iteration step): 

𝑐𝑗
𝑡 =  {𝑥𝑝 :  ‖𝑥𝑝 −  𝜇𝑗

𝑡‖
2

≤ ‖𝑥𝑝 −  𝜇𝑖
𝑡‖

2
, 1 ≤ 𝑖 ≤ 𝑘} 6.3-2 

3. Update: calculating the centroids for the next iteration based on the data 

assigned to each cluster: 

𝜇𝑗
𝑡+1 =

1

|𝑐𝑗
𝑡|

 ∑ 𝑥𝑖

∀𝑥𝑖∈𝑐𝑗
𝑡

 
6.3-3 

The algorithm terminates when the number of maximum iterations is reached (or 

the cluster centres do not change significantly), otherwise it iterates back to step 2. 

In real world applications the maximum size of the clusters, or must-link/cannot-

link constraints (data points that should or should not be grouped together) are 

available as background knowledge. A modified k-means algorithm which can 

handle the maximum cluster size problem is published in [111]. However, if data 

points were to be eliminated from clusters to satisfy the constraint, an iteration will 

be used constructed in which the algorithm rather finds the nearest centre to the 

points, than assign the nearest points to the centre. This way a point could be 
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assigned to a wrong cluster and the size of the cluster could reach the maximum, so 

another point which is closer to the cluster centre will be forced to be assigned to 

another cluster. A modified k-means algorithm with must-link/cannot-link 

constraint is published in [111], however in this study we provide a detailed 

approach from an engineering point of view. 

In the proposed algorithm the assignment step is complemented (Figure 6.3-1), 

so it can handle both constraints in an inner iteration. If there is a maximum cluster 

size constraint and |cj| denotes the size of the jth cluster and ζj denotes the maximum 

size of the jth cluster, than an extra constraint is has to be satisfied: |cj| ≤ ζj. The 

maximum cluster size is guaranteed as follows: 

1. each data points are assigned to the nearest cluster according to squared 

Euclidean distances; 

2. sort the assigned points for each cluster in ascending order according to 

the distances; 

3. from 1 to maximum cluster size the assigned points remain in the clusters 

(or less if there are not as many assigned points), the others are saved for 

the next iteration; 

4. the clusters that reached their capacity do not take part in the next 

iteration;  

5. back to step 1 until all the data points are assigned to a cluster. 

The fulfilment of cannot-link constraint is divided into two parts. The first one: 

in every (inner) iteration step the currently assigned points (for each cluster) do not 

violate the constraint. If there is a constraint violation, only the nearest data point 

to the cluster centre remains in the cluster from those that should not be linked, the 

others are saved for the next iteration.  Hence, it is needed to be executed after 

sorting the points according to distances. In practice, the constraint violations are 

detected through an additional property. This means that a number is assigned to 

each data point (based on their original chromatogram) as a property, and two points 

cannot be linked if the same number is assigned to them. The second part of the 

cannot-link constraint fulfilment is the inspection of clusters created in the previous 

iterations. Those clusters need to be identified to which the current individual data 
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points should not be assigned, and to ensure that such data points will stay out of 

the clusters.  The constraint violations are detected in the same way as previously 

based on the additional property. To ensure to avoid the violation, if a data point 

should not be assigned to a cluster, the number which represents its distance from 

the cluster centre will be replaced by an infinite number. Hence, it is needed to be 

executed from the second iteration step before sorting the points according to 

distances. A simplified flow chart of the algorithm is shown in Figure 6.3-1.   

 

 

Figure 6.3-1 Simplified flow chart of modified k-means algorithm 

 

6.4 Determining the optimal number of clusters and initial cluster 

centroids 

The determination of the number of the clusters is essential but the appropriate 

method varies from task to task. In this section a proper method is provided when 

the algorithm is applied to processing GC data obtained by analysis of hydrocarbon 
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products. The number of the clusters is determined by the investigation of segments 

from the current segment group (subtask), and it is equal to the maximum number 

of peaks in one segment (this segment is denoted as S0). This is the minimum 

number of the clusters, but later it can be increased based on the cluster variances 

to avoid that different chemical substances are grouped together. The initial 

centroids are the normalized retention times from S0. The reason why the number 

of clusters should be increased is that any segment from the current segment group 

could contain a data point, which is not equivalent to any data points from S0 (this 

data point is a chemical substance which is not present in S0). After the clustering, 

the outlier clusters are determined according to their variances (Grubbs’s test was 

utilized [112]). If there is at least one outlier cluster, the clustering has to be 

performed again with an additional cluster. In this case the initial centroids are the 

centroids which were determined in the previous clustering iteration and an 

additional random data point from the outlier cluster or clusters. The clustering is 

repeated until no outlier cluster is detected. 

6.5 Results 

In this section the method is tested on chromatograms obtained by the analysis 

of pyrolysis products of real waste plastics in different sample states. In our case, 

the maximum size of the clusters is 7 as the data set contains 7 different 

chromatograms. Additionally, we defined a cannot-link constraint because the data 

points (chromatographic peaks) from the same chromatogram cannot be in one 

cluster. Figure 6.5-1 is similar to Figure 6.2-2 (b), but normalization was performed 

for all subtasks (segment groups). Figure 6.5-1 confirms the statement that the 

normalization balanced the retention time-drifts such an extent that the modified k-

means algorithm can be applied. 
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Figure 6.5-1 The normalised retention times for all chromatographic data, y coordinate 

denotes the fractions. 

As the chromatograms are divided by the reference points (as described in 

Section 4), clustering was performed for each segment group separately along the 

normalized retention time. Hence, data points with the same y coordinate from 

Figure 4 (except data points with x = 0 coordinate) can take part in the clustering at 

the same time. 

The results are shown in Figure 6.5-2, the clusters are circled and marked with 

colours as well, and the width of the cluster is proportional to the cluster variance. 

Higher variance clusters were formed in fractions with fewer peaks i.e.: in C7 - C8 

and C35+ fractions. Figure 6.5-2 shows that the developed algorithm partitioned the 

data points effectively and can handle the overlapping. 
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Figure 6.5-2 The resulted clusters, i.e. the components in the pyrolysis product. The 

individual clusters are circled and marked with different colors as well 

 

In Figure 6.5-3 the alignment of the C10 fractions is shown. Hence the clustering 

was performed in one dimension (normalized retention time), the height of the 

peaks is not important so their value in the figure is one. In this subtask, 107 

chromatographic peaks were grouped into 22 clusters, meaning there are 22 

different chemical substances within the C10 fraction were formed during the 

experiment. In total, 382 clusters were determined, i.e. 382 individual components 

are detected. 49% of the clusters contain seven peaks, which means that the 

presence of almost half of the components continuously presented in the product 

mixture during the experiment. 

As it is shown in Figure 6.5-4 (a), 11% have one, 8% have two and 8% of the 

clusters have three elements. Hence, the presence of 27% of the components is 
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temporary in terms of the sample states, the presence of the rest of the components 

(24%) is permanent. The pie charts in Figure 6.5-4 (b) shows the distribution of 

cluster sizes along the measurements. Since the height of the peaks were not 

constrained, every cluster took part in the investigation. Through this analysis the 

noisiest chromatograms can be detected and marked as outliers. 

 

 

Figure 6.5-3 The alignment of peaks in C10 fraction from seven different chromatograms 

(different sample states) 

 

The outliers are the first, fourth and fifth chromatograms as the proportion of 

small sized clusters is the highest in these chromatograms. The proportion of 

clusters with one or two elements is 52 % in the fourth chromatogram, and this 

proportion is significant in case of the first (37 %) and fifth (30 %) chromatogram. 

Based on the above-mentioned facts, the proposed method is suitable for analysing 
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the chromatograms and determines the outliers, hence the experiments can be 

repeated considering the results to avoid the outlier samples. 

 

 

Figure 6.5-4 (a) The distribution of cluster sizes along the overall data (b) The 

distribution of the individual cluster sizes along the measurements. 

The corrected retention times belonging to the elements of the individual clusters 

are equal to the cluster centroids. In this case the connection between the peaks in 

the chromatograms is a clear bijective function. Therefore, the retention time drifts 

have been eliminated and the chromatograms have become comparable as it is 

shown in Figure 6.5-5. The retention time is a characteristic parameter in qualitative 

analysis. Ideally, peaks with the same retention time denote the same molecule. 

However, the peak area under the curve is proportional to the concentration. Figure 

6.5-5 is an example for the visualisation of chemical changes during the pyrolysis 
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process. Points with the same coordinates denote the same molecules and their 

colours are applied to mark their concentration in the sample. 

 

 

Figure 6.5-5 Visualisation of the chemical changes during the pyrolysis process. Points 

with the same coordinates denote the same molecules and their colour is proportional to the 

concentration. 

6.6 Conclusion 

In special cases such as chromatograms, the developed algorithm is appropriate 

for the alignment of time series. The main criterion for the application is that the 

time series have reference points. Based on the properties of segments between 

these reference points, the number of clusters can be determined and, in an iteration, 

can be corrected based on the cluster variances. The main advantages of the 

developed algorithm compared to other methods are that no target chromatogram 

is needed, and the result is not influenced by any user chosen parameters. The 

method was tested in the analysis of the chromatographic data coming from thermo-

catalytic pyrolysis of waste plastics. The results showed that with proper pre-
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processing of the data the developed algorithm is appropriate for handling the 

retention time drifts and can assign to each other to become traceable how the 

component concentrations changing in time.  
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7 Improving Molecular Composition Estimates using 

Kovats Retention Index and Molecular Similarities 

Catalytic pyrolysis presents a promising avenue for mitigating plastic waste 

accumulation by converting it into valuable products. In this study, we investigate 

the application of computational methods integrating molecular similarities and 

Kovats retention index to enhance the accuracy of qualitative analysis in catalytic 

pyrolysis processes. Utilizing gas chromatography data and high-level 

measurement results, we evaluate the determined molecular compositions and 

assess their consistency across various measurement conditions. Despite 

encountering challenges such as algorithm failures due to high computational costs, 

our analysis reveals significant insights into the molecular composition of pyrolysis 

products. Through the application of molecular similarity methods, we demonstrate 

the potential to refine the estimation of molecular compositions, particularly in 

scenarios where retention index database accuracy is uncertain. Our findings 

underscore the importance of further refining computational methods and 

formulating additional constraints based on high-level measurements to enhance 

the accuracy of molecular composition estimates. 
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7.1 Introduction 

Catalytic pyrolysis represents an efficient approach to reduce plastic waste and 

transform it into valuable products. When polyethylene undergoes pyrolysis, it 

yields a range of hydrocarbon compounds including alkanes, alkenes, aromatics, 

and hydrogen gas. The composition of these compounds in the pyrolysis product 

varies depending on factors like pyrolysis temperature, residence time, pressure, 

and catalyst presence. Furthermore, secondary and side reactions during the process 

can result in the formation of additional compounds. [52] In organic chemistry, 

homologous series refer to groups of molecules sharing the same fundamental 

structure, with their similarity quantified by various molecular fingerprint-based 

similarity indexes. 

 In this chapter, we aim to develop a computational method based on molecular 

similarities and the Kovats retention index to improve the accuracy of qualitative 

analysis relying on GC data. The idea is that, during the determination of the 

composition of the pyrolysis product, the uncertainty arising from inaccuracies in 

retention indices found in databases can be reduced by utilizing similarity indices. 

The goal is to ensure that the identified molecules are as similar to each other as 

possible. The method assumes that, during the pyrolysis of plastic waste, which is 

mainly consists of polyethylene and polypropylene, the dominant reactions lead to 

the formation of homologous series of components and no significant amount of 

heteroatoms are presented in the liquid pyrolysis product. 

The resulted task is a large-scale, constrained optimization problem.  Population-

based algorithms, such as genetic algorithms, which can solve constrained 

nonlinear optimization problems, have restricted capability in finding feasible 

solutions. Therefore, the task is formulated as an integer linear programming (ILP) 

problem, and the feasibility of the solution is assured by the established constraints. 
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7.2 Data 

Data collection is an essential part of the developed method to identify the 

molecular composition of a given mixture. As the calculation can be divided into 

two parts, the necessary data can be classified into two categories as well:  

• Raw GC chromatograms. 

• Kovats retention indexes from online database and molecular similarities 

of multiple molecule pairs. 

At this point I would like to highlight that the used plastic waste experimental 

data were measured and previously published by Sója et. al. [113]. 

7.2.1 Measurement data 

The experimental setup of the plastic waste pyrolysis process is described in 

detail by Miskolczi et al. [106], only a brief summarization of the conditions is 

presented in Table 7.2-1. The experiments were performed in a two-stage laboratory 

scale reactor system using 50 g of raw material, with the presence of 2.5 g catalyst 

in the first and 20 g catalyst in second reactor. The reactors had separate temperature 

control system: while the temperature of the second reactor was set to 380 °C in all 

experiments. The measured temperature of the first reactor corresponds to the 

melted polymer due to that thermocouple in the vessel was in contact with the 

melted polymer. The product was cooled down to 50 °C with a tube-intube water-

cooled heat exchanger and the condensed outflow were sampled in specific reaction 

times and analysed by gas chromatography. In total 150 samples from 27 

experiments were analysed. The timing of each sample depended on the 

temperature, and the last sample was taken once the reactor reached the steady state 

condition. Sampling intervals occurred at 8, 4, and 2-minute intervals 

corresponding to temperatures of 425, 455, and 485°C, respectively. 
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Table 7.2-1 Experimental conditions 

Raw material 
Composition of 

the raw material 

Temperature of 

the first reactor 
Applied catalyst 

Shredded and then 

crashed plastic 

waste with average 

particle size of 3 

mm. 

41% HDPE, 42% 

PP and 17% 

LDPE 

 425/455/485 °C Mg/Y; Sn/Y; Ce/Y; 

Zn/Y; Fe(II)/Y; H/Y; 

Ni/Y; Cu/Y, Fe(II)/Y 

 

7.2.2 Kovats retention indexes and similarities 

A large number of Kovats retention indexes have been determined 

experimentally and published in different databases. In the current analysis, the data 

which contains 83462 Kovats indexes of 26102 hydrocarbons measured with 

Standard non-polar column was collected from https://pubchem.ncbi.nlm.nih.gov/. 

We assumed that during pyrolysis most of the heteroatoms are converted into 

gaseous product: compounds containing heteroatoms were filtered out, hence the 

final data set contains 23940 Kovats indexes and SMILES (simplified molecular-

input line-entry system) of 3495 hydrocarbons. We considered that all that 

unknown molecules in the analysed chromatograms can be found in this database.  

The similarity of the collected hydrocarbons was calculated using the implemented 

fingerprint-based approaches in RDKit toolbox [114]: Tanimoto, Dice, Cosine, 

Sokal, Russel, Kulczynski, McConnaughey, and Tversky similarity indices. The 

RDKit-specific fingerprinting algorithm was inspired by the Daylight fingerprint 

[115]. 

7.2.3 Preprocessing the data 

In Chapter VI. an algorithm was introduced with which the time drifts between 

chromatograms can be eliminated using easily accessible priori information 

https://pubchem.ncbi.nlm.nih.gov/
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(paraffinic peaks  are determined in advance) [116]. The essence of the algorithm 

is that under the same conditions, multiple GC analysis is performed on the liquid 

product (in different times), allowing the traceability of the temporal impact of the 

reactions: the number of chromatographic peaks did not change significantly in the 

individual samples; however, there was a slight drift in their retention times. 

Therefore, this drift needed to be corrected to allow the traceability of the 

concentration change of a same molecule in the mixture over time. This algorithm 

was used to calculate an average Kovats retention index for every gas 

chromatographic peak considering every associated sample from each experiment. 

The calculation resulted in a list of retention indexes for every (27) experiment.  

The alignment of molecules and retention indexes in the collected database is 

not a bijective function, meaning that one molecule can have several retention 

indexes, and several molecules can have the same retention index. Therefore, the 

second step of data preprocessing - in case of every experiment - is to select 5 

candidate molecules for every peak based on the absolute deviation in the retention 

index. An example of the result of the first two steps of data preparation in case one 

experiment is shown in Table 7.2-2.  
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Table 7.2-2 Resulted table of the first two steps of data preprocessing 

Nr. Of peak SMILE Deviation in KRI 

1. 

CC(C)CC(C)C' 

'CCCC(C)(C)C' 

'CCC(C)(C)C=C' 

'CC=CC(C)(C)C' 

'CC(C)C(C)(C)C' 

0.1022 

0.2321 

0.2678 

0.2678 

0.4678 

2. 

CCCC(C)(C)C' 

'CC(C)CC(C)C' 

'CC(C)C(C)(C)C' 

'CC(=C)C(C)(C)C' 

'CCC(C)(C)C=C' 

0.1878 

0.2878 

0.3121 

0.6878 

0.6878 

3. 

‘CC(C)C(C)(C)C' 

'CC(=C)C(C)(C)C' 

'CC(C)CC(=C)C' 

'CC(CC=C)C=C' 

'CC=CC(C)(C)C' 

0.3958 

0.3958 

0.3958 

0.3958 

0.5958 

…
 

…
 

…
 

 

The third step is to calculate the similarity of every candidate molecule in the list 

to each other as it is shown in Table 7.2-3 (implemented in Python), where the value 

of similarity is equal to 1 if two molecules are identical and equal to 0 if the 

molecules are completely different. Here, we would like to highlight that one 

molecule can appear in several rows and columns in the table since one molecule 

can be a candidate for multiple peaks. In the next steps of the method, we address 

this issue by formulating constraints on both the occurrence frequency of molecules 

and the number of molecules associated with individual peaks. 
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Table 7.2-3 Example of calculated molecular similarities in case of one experiment 

 

CC(C)CC(C)C CCCC(C)(C)C CCC(C)(C)C=C … 

CC(C)CC(C)C 1.000 0.636 0.278 … 

CCCC(C)(C)C 0.636 1.000 0.389 … 

CCC(C)(C)C=C 0.278 0.389 1.000 … 

…
 

…
 

…
 

…
 … 

 

7.3 Proposed methodology 

This chapter describes a possible solution to estimate the molecular composition 

of a given mixture of hydrocarbons, produced during a pyrolysis process. 

 For better understanding, a brief summarization of the essential inputs and the 

calculation chain is shown in Figure 7.3-1, where: GC CG – gas chromatographic 

chromatograms; KRI -Kovats retention index, SMILES - simplified molecular-

input line-entry system. 

• Data collection: The raw data consists of SMILES and corresponding 

Kovats retention indices from an external database and GC 

chromatograms (multiple analysis of the product at different times) in 

which the paraffinic peaks were determined in advance. 

• Data preprocessing:  

1. Align the peaks from individual chromatograms and compute 

the average Kovats retention index for all corresponding 

peaks. 

2.  Using this calculated average Kovats index along with the 

collected database, choose five potential molecules for each 

chromatographic peak. 

3. Calculate the similarities between the candidate molecules.  
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• Solution: Formulate the task as an integer linear programming (ILP) 

problem and assure the feasibility of the solution by the established 

constraints. 

• The dark grey colour indicates the steps which were published elsewhere. 

 

 

Figure 7.3-1 Single flow chart of the proposed methodology 

To determine which candidates are presented in the mixture, an ILP problem was 

formulated that generally formulated as: 
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min
𝑥

𝑓𝑇𝑥 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜  {
𝐴 ∙ 𝑥 ≤ 𝑏

𝐴𝑒𝑞 ∙ 𝑥 ≤ 𝑏𝑒𝑞
𝐿𝐵 ≤ 𝑥 ≤ 𝑈𝐵

 
7.3-1 

In this problem, the values of x can only be 0 and 1 indicating the absence or 

presence of the candidates respectively. Ideally, the value of the coefficients 

contained in f would consist of the absolute deviation of Kovats retention indexes 

(to be minimized, shown in Table 7.2-2) and the molecular similarities (to be 

maximized).  

Since the problem can be best explained by example, let's assume a much simpler 

problem: there are only three peaks with three candidate molecules in case of all 

peaks, as it is shown in Table 7.3-1. In Table 7.3-1 - Table 7.3-4, S abbreviation 

indicates similarity, MOL indicates molecule and D indicates deviation in Kovats 

index. Subscripted letters denote the candidates, numbers denote the corresponding 

peaks. As it was highlighted previously, one molecule can be a candidate for 

multiple peaks. For example, MOLC is candidate for Peak1 and Peak2 as well as 

MOLD and MOLE are candidates for Peak2 and Peak3. The task here is to select one 

candidate for each peak in a way that one candidate can only be selected once. 
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Table 7.3-1 Simplified example of the problem 

Problem 

  Candidates Deviations 

Peak1 

MOLA 

MOLB 

MOLC 

DA,1 

DB,1             
DC,1 

Peak2 

MOLC 

MOLD 

MOLE 

DC,2 

DD,2              
DE,2 

Peak3 

MOLD 

MOLE  

MOLF 

DD,3 

DE,3                    
DF,3 

 

Since the methodology combines different types of information, besides the 

deviation in KRI, the calculated molecular similarities are also needed.  In Table 

7.3-3. and Table 7.3-4. the structure of the deviation in KRI and the structure of the 

calculated molecular similarities are shown respectively. Table 7.3-2 shows the 

corresponding existence variables, which values can only be 0 or 1. The presence 

of a molecule in the mixture is determined by the main diagonal. Therefore, the 

value of the elements of the smaller matrixes containing elements of the main 

diagonal cannot be 1 (e.g. e2, e3, e10, e12, e19, e21), and the smaller matrixes without 

diagonal elements are determines the similarity between the peaks (e.g. e4, e5, e6, 

e13, e14, e15, e22, e23, e24).  
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Table 7.3-2 Corresponding existence variables. The value of ei can only be 0 or 1. 

  Peak1 Peak2 Peak3 

  MOLA MOLB MOLC MOLC MOLD MOLE MOLD MOLE MOLF 

Peak1 

MOLA e1 e2 e3 e4 e5 e6 e7 e8 e9 

MOLB e10 e11 e12 e13 e14 e15 e16 e17 e18 

MOLC e19 e20 e21 e22 e23 e24 e25 e26 e27 

Peak2 

MOLC e28 e29 e30 e31 e32 e33 e34 e35 e36 

MOLD e37 e38 e39 e40 e41 e42 e43 e44 e45 

MOLE e46 e47 e48 e49 e50 e51 e52 e53 e54 

Peak3 

MOLD e55 e56 e57 e58 e59 e60 e61 e62 e63 

MOLE e64 e65 e66 e67 e68 e69 e70 e71 e72 

MOLF e73 e74 e75 e76 e77 e78 e79 e80 e81 

 

  

In Table 7.3-3. the values are changing row wise, meaning that the deviation in 

KRI is independent from the molecular composition of the mixture. The value of 

the molecular similarity is between 0 and 1, but the value of the deviation can be 

much larger. In this case, the effect of the deviation in KRI would be the dominant 

on the objective function, so these values must be normalized between 0 and 1 as 

well.  
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Table 7.3-3 Corresponding deviations in KRI 

Peak1 

MOLA DA,1 DA,1 DA,1 DA,1 DA,1 DA,1 DA,1 DA,1 DA,1 

MOLB DB,1 DB,1 DB,1 DB,1 DB,1 DB,1 DB,1 DB,1 DB,1 

MOLC DC,1 DC,1 DC,1 DC,1 DC,1 DC,1 DC,1 DC,1 DC,1 

Peak2 

MOLC DC,2 DC,2 DC,2 DC,2 DC,2 DC,2 DC,2 DC,2 DC,2 

MOLD DD,2 DD,2 DD,2 DD,2 DD,2 DD,2 DD,2 DD,2 DD,2 

MOLE DE,2 DE,2 DE,2 DE,2 DE,2 DE,2 DE,2 DE,2 DE,2 

Peak3 

MOLD DD,3 DD,3 DD,3 DD,3 DD,3 DD,3 DD,3 DD,3 DD,3 

MOLE DE,3 DE,3 DE,3 DE,3 DE,3 DE,3 DE,3 DE,3 DE,3 

MOLF DF,3 DF,3 DF,3 DF,3 DF,3 DF,3 DF,3 DF,3 DF,3 

 

 In Table 7.3-4. the values of the elements of the main diagonal are equal to 1 

since the row and the column determines the same molecule and the other 

similarities are symmetric to the main diagonal.  
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Table 7.3-4 Corresponding molecular similarities 

  Peak1 Peak2 Peak3 

  MOLA MOLB MOLC MOLC MOLD MOLE MOLD MOLE MOLF 

Peak1 

MOLA 1 SAB SAC SAC SAD SAE SAD SAE SAF 

MOLB SAB 1 SBC SBC SBD SBE SBD SBE SBF 

MOLC SAC SBC 1 1 SCD SCE SCD SCE SCF 

Peak2 

MOLC SAC SBC 1 1 SCD SCE SCD SCE SCF 

MOLD SAD SBD SCD SCD 1 SED 1 SDE SDF 

MOLE SAE SBE SCE SCE SDE 1 SDE 1 SEF 

Peak3 

MOLD SAD SBD SCD SCD 1 SDE 1 SDE SDF 

MOLE SAE SBE SCE SCE SDE 1 SDE 1 SEF 

MOLF SAF SBF SCF SCF SDF SEF SDF SEF 1 

 

During the solution, the ei (Table 7.3-2.) variables must be determined in such a 

way, that their value can be 0 (absence) or 1 (presence). The value of the coefficient 

(in the objective function) associated with the existence variable is the sum of the 

elements which in Table 7.3-3 and in Table 7.3-4 are located in the identical 

position.  

If the problem is solved with a non-linear objective function, only the values of 

the variables in the main diagonal must be determined. In this case, the position of 

the true values (1) determines the value of the coefficients. However, the 

population-based algorithms which are suitable to solve a constrained nonlinear 

optimization problem (e.g. genetic algorithms) have limited capability to find 

feasible solutions. At the same time, the linear problem requires much more 

constraints to be specified. The constraints of the ILP problem determined by the 

task are consists of both linear inequality and linear equality constraints. The 

equality constraints ensure that: 



Improving Molecular Composition Estimates using Kovats Retention Index 

and Molecular Similarities 

106 

 

• A candidate must be selected for each peak: the sum of the existence 

variables correspond to one peak must be equal to one. For example: 

𝑒1 + 𝑒2 + 𝑒3 + 𝑒10 + 𝑒11 + 𝑒12 + 𝑒19 + 𝑒20 + 𝑒21 = 1 7.3-2 

• The main diagonal determines the composition: the sum of the elements 

of the main diagonal is equal to the number of peaks.  

𝑒1 + 𝑒11 + 𝑒21 + 𝑒31 + 𝑒41 + 𝑒51 + 𝑒61 + 𝑒71 + 𝑒81 = 3 7.3-3 

• The corresponding similarities are selected - the row sums equal to the 

corresponding column sums e.g.: 

𝑒1 + 𝑒10 + 𝑒19 + 𝑒28 + 𝑒37 + 𝑒46 + 𝑒55 + 𝑒64 + 𝑒73 

−𝑒1 − 𝑒2 − 𝑒3 − 𝑒4 − 𝑒5 − 𝑒6 − 𝑒7 − 𝑒8 − 𝑒9 = 0 

7.3-4 

The inequality constraints ensure that a candidate is selected only once, so the sum 

of variables representing the same molecules must be smaller or equal to one e.g.:  

𝑒21 + 𝑒31 ≤ 1 7.3-5 

The final problem can be formulated as: 

min
𝑒

(𝑆 + 𝐷)𝑇𝑒 𝑠𝑢𝑏𝑗𝑒𝑡 𝑡𝑜  {
𝐴 ∙ 𝑒 ≤ 𝑏

𝐴𝑒𝑞 ∙ 𝑒 ≤ 𝑏𝑒𝑞
0 ≤ 𝑒 ≤ 1

 
7.3-6 

Where the elements of e are integers. 

The original problem was formulated in the same way for each 27 experiments 

using all eight variations of molecular similarities. To avoid formulating a problem 

without feasible solutions, the candidates of each peak were analysed. If one set of 

candidates were identical to another, a “dummy candidate” was added to both sets. 

In the resulted optimisation problems, the number of the variables were around 3 

million (350 peaks, 5 candidates for each peak. That will result an existence variable 

matrix with 1750 rows and 1750 columns.). The integer linear programming 

problem were implemented and solved in MATLAB 2023b, using the implemented 

intlinprog function. Due to the large number of the variables, the average RAM 

consumption was between 60-80 GB.  
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7.4 Results 

The determined molecular compositions are evaluated using two types of 

evaluation criteria: 

• Comparison of computed results with high-level measurement results, 

such as total aromatic and olefin content. 

• Comparison of computed results with each other to assess the 

consistency of the developed method: during the experiments, multiple 

catalysts were tested at different temperatures. The optimization problem 

was formulated and solved for all measurements, and the plausibility of 

the determined molecular composition was checked through the 

consistency of the results, meaning that how similar the determined 

composition is in case of the same applied catalyst at different 

temperatures. 

Before proceeding with the evaluation, it's important to note that in three out of 

27 experimental data sets (Zn - 425°C, H – 455 °C, Ni – 455 °C), the algorithm 

failed due to excessively high computational costs, specifically, high RAM 

consumption. 

Figure 7.4-1 presents a pairwise comparison of the results obtained using 

different molecular similarity methods across all measurements. The colorbar 

indicates the degree of similarity in molecular composition determined by the 

various methods. The similarity value is a continuous variable ranging from 0 to 1, 

where 0 indicates completely different compositions and 1 signifies identical 

compositions. This value is calculated as follows: the number of identical molecules 

in two calculated compositions divided by the total number of molecules. 

Upon initial observation, the prominent emergence of blue lines is noticeable. 

These blue lines indicate that the Russel similarity method differs the most from all 

other methods, although the lowest match between two compositions is above 0.90, 

the average best match is 97.45%, observed between the Dice and Kulczynski 

similarities. By employing various similarity indices, the most similar composition, 

with a match of 96.52%, was determined in the 16th measurement (H – 485°C), 
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while the poorest match, achieving 94.53%, was observed in the 15th measurement 

(Ce(IV) – 455°C).  

 

 

Figure 7.4-1 Similarity between compositions determined using different similarity 

indices. 

The molecules under investigation were categorized according to four 

fundamental structural properties: containing a double bond, forming a ring, being 

aromatic, or existing as an isomer. Here, 'isomer' refers to branched-chain 

hydrocarbons. Figure 7.4-2 presents a Venn diagram-based comparison of the 

molecular compositions determined using different similarity indices. The 

diagrams depict the categorized representation of the identified molecules across 

all measurements. The intersection of all sets in every case—except for Russel 

similarity—consists of 25 molecules. This intersection contains aromatic 

hydrocarbons with branched hains and double bonds. The most populous set is the 

alkyls, where one-third of the molecules are solely ismers, and another third of the 

molecules not only contain branched chains but also have double bonds. In total, 

approximately 91% of the identified molecules are isomers. Additionally, around 

5% of the molecules are straight-chained olefins, and some cycloalkanes and 

cycloalkenes were also found. The most significant conclusion drawn from the 
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figure is that the compositions determined by the individual methods exhibit very 

similar molecular structures. 

 

 

Figure 7.4-2 Venn diagram-based comparison of the molecular compositions 

Figure 7.4-3 and Figure 7.4-4 illustrates the comparison of computed 

compositions with high-level measurement results. The three empty subplots 

represent measurements where the algorithm failed. From the figures, it is evident 

that the estimated olefin concentration is much more accurate than the estimation 

of the aromatic content, and the accuracy in both cases decreases with increasing 

temperature. The mean errors compared to the measured olefin concentration are: 

Cosine – 4.7 m/m%; Dice – 4.8 m/m%; Kulczynski – 5 m/m%;  McConnaughey – 

4.6 m/m%; Russel – 4.7 m/m% ; Sokal – 4.7 m/m%; Tversky – 4.8 m/m %; 

Tanimoto – 4.9 m/m %. The maximum errors are between 10.1 – 11.33 m/m % 

while the minimum errors are between 0.17 – 0.5 m/m%. 
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Figure 7.4-3 Comparison of the measured and calculated total olefin content. Where, 

Meas – Measurement; Cos-Cosine; Dice-Dice; Kulcz – Kulczynski; McCon – 

McConnaughey; Rus – Russel; Sokal – Sokal; Tver -Tversky; Tani – Tanimoto similarity 

The inaccuracy in prediction of aromatic content may be attributed to multiple 

reasons, but two are particularly probable. Firstly, the assumption that all molecules 

present in the pyrolysis product are included in the collected database may not hold 

true, leading to the selection of false molecules. Secondly, the similarity between 

aromatic molecules may be higher than that between other types of molecules. 

Supporting this hypothesis: 56% of the similarities between candidate aromatic 

molecules are above 0.5, whereas only 38% of the similarities between olefinic 

candidates are above 0.5. 

The results obtained with different molecular similarity measures show good 

accordance regarding both molecular structures and predicted concentrations. The 

best average match (75%) in the determined composition, using the same catalyst 

at different temperatures, was achieved with the Cu catalyst, while the overall 

average was 71%. 



Improving Molecular Composition Estimates using Kovats Retention Index 

and Molecular Similarities 

111 

 

 

 

 

Figure 7.4-4 Comparison of the measured and calculated total aromatic content. Where, 

Meas – Measurement; Cos-Cosine; Dice-Dice; Kulcz – Kulczynski; McCon – 

McConnaughey; Rus – Russel; Sokal – Sokal; Tver -Tversky; Tani – Tanimoto similarity. 

7.5 Conclusion 

In this chapter, we have explored the application of computational methods 

based on molecular similarities and Kovats retention index to enhance the accuracy 

of qualitative analysis relying on gas chromatography data, particularly in catalytic 

pyrolysis of plastic waste. Through comparison with high-level measurement 

results and amongst each other, we have evaluated the determined molecular 

compositions. Notably, despite encountering challenges such as algorithm failures 

due to high computational costs in certain measurements, our analysis revealed 

significant insights. 

Our findings underscore the importance of molecular similarity methods in 

refining the estimation of molecular compositions, especially in scenarios where 
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the accuracy of retention indices in databases is uncertain. By leveraging various 

similarity indices, we have demonstrated that the identified molecules exhibit 

highly similar molecular structures, with some variations observed based on 

different measurement conditions. Additionally, we have identified potential 

reasons contributing to inaccuracies, such as limitations in the database coverage 

and variations in similarity between aromatic and other types of molecules. 

There is a clear opportunity for further development by formulating additional 

constraints based on high-level measured concentrations to refine the accuracy of 

molecular composition estimates. Such advancements will not only enhance our 

understanding of catalytic pyrolysis processes but also contribute to the 

optimization of waste-to-value conversion strategies. 

Overall, our study highlights the potential of computational methods in 

facilitating more precise qualitative analysis of complex chemical mixtures, paving 

the way for sustainable waste management practices and the valorization of plastic 

waste into valuable products. 
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8 Summary and future work 

The thesis includes chemical process analysis and modeling, with a primary 

focus on sustainable energy production and waste management. It encompasses 

several key areas of investigation across multiple chapters. 

In the third chapter, catalyst deactivation phenomena during hydrocracking of a 

sunflower oil and kerosene mixture are analyzed. The aim is to develop lumped 

models capable of describing complex chemical systems, particularly in the context 

of aviation fuel production. Experimental data is utilized to identify and integrate 

catalyst deactivation models into kinetic modeling, providing insights into process 

optimization and catalyst performance. 

In the fourth chapter, the research delves into continuous lumping approaches to 

model intricate hydrocracking chemistry. The emphasis is on developing models 

that can capture changes over time and space, optimizing residence time and 

selectivity for improved process efficiency. 

The fifth chapter investigates the selection of thermodynamic models for 

accurate process simulations, particularly in hydrogen solubility studies. A 

Gaussian mixture model is developed to optimize model selection based on varying 

operating conditions, enhancing the reliability and accuracy of thermodynamic 

predictions. 

In the sixth chapter, a novel method is introduced to eliminate retention time 

drifts in gas chromatography analysis of pyrolysis products. By applying a modified 

k-means algorithm, chromatographic data alignment is achieved, facilitating more 

straightforward qualitative analysis and process understanding. 

Finally, the seventh chapter explores computational methods integrating 

molecular similarities and retention indices to enhance qualitative analysis in 

catalytic pyrolysis. This approach aims to refine the estimation of molecular 

compositions under diverse process conditions, contributing to more precise and 

efficient waste valorization strategies. 
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Overall, the thesis underscores the importance of advanced computational 

techniques, and innovative modeling approaches in advancing sustainable energy 

production and waste management practices within the chemical engineering 

domain. Each chapter contributes unique insights and methodologies towards 

optimizing chemical processes for environmental and economic sustainability. 

Further steps may include the introduction of a novel model, based on the 

extended continuous lumping approach and the developed approach for hydrogen 

solubility estimation. The combination of those two approaches would be resulted 

in an accurate model which can estimates the pressure dependency as well. 

Moreover, the developed molecular composition estimation can be the cornerstone 

for a new, single-event type modelling approach, in which the estimated 

composition would be the basis of reaction pathway identification. 
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9 Theses 

Thesis #1. I extended the discrete-lumped modeling approach by 

incorporating catalyst deactivation models to provide a more complex 

description of catalyst fouling.  

I have investigated catalyst deactivation phenomena in case of hydrocracking of 

sunflower oil and kerosene mixture. The investigation includes development of 

lumped models to describe the chemical system, moreover catalyst deactivation 

models were integrated into the kinetic model to improve estimation performance. 

Related publications: 1. 

Thesis #2. I revised the continuous-lumped modeling approach to better 

describe the spatial and temporal changes in a hydrocracker reactor.  

I have developed a novel continuous lumping approach to model hydrocracking 

chemistry, enabling to analyze changes over time and space to optimize residence 

time and selectivity for enhanced process efficiency. Furthermore, I have developed 

a Gaussian mixture model to optimize the model selection for solubility estimation 

of hydrogen under varying operating conditions. 

Related publications: 3,5. 

Thesis #3 I developed new computational methods for qualitative analysis 

in catalytic pyrolysis by integrating molecular similarity measures and 

retention indices to refine the estimation of molecular compositions. 

I have developed computational methods integrating molecular similarities and 

retention indices to refine the estimation of molecular compositions in catalytic 

pyrolysis. The first part of this development involved a fast and simple clustering 

algorithm to eliminate time drifts between chromatograms using easily accessible 

prior information. The second part consisted of formulating and solving a linear 

programming problem that applies molecular similarity measures to further refine 

the estimation of molecular compositions. 

Related publications: 2, 4. 
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10 Publications related to this thesis 

Articles in international journals 

1. Hamadi, Omar & Varga, Tamás & Till, Zoltán & Eller, Zoltán & Hancsók, 

Jenő. (2019). Model based investigation of catalyst fouling in case of special 

hydrocracking of sunflower oil and kerosene mixture. Energy & Fuels. 33. 

10.1021/acs.energyfuels.8b04085. 

 

2. Hamadi, Omar & Varga, Tamás. (2022). Semi-supervised Clustering 

Algorithm for Retention Time Alignment of Gas Chromatographic Data. Periodica 

Polytechnica Chemical Engineering. 66. 10.3311/PPch.18834. 

 

3. Hamadi, Omar & Varga, Tamás. (2023). Novel distributed parameter 

model-based continuous lumping approach: An application to a pilot-plant 

hydrocracking reactor. Chemical Engineering Science. 271. 118572. 
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4. Hamadi, Omar & Varga, Tamás. (2024). Computational Insights into 

Catalytic Pyrolysis: Refining Molecular Composition Estimates using Kovats 

Retention Index and Molecular Similarities. Industrial & Engineering Chemistry 

Research. 10.1021/acs.iecr.4c03040 

 

Articles in conference publications 

5. Hamadi, Omar & Varga, Tamás & Abonyi, János. (2020). Application 

Domain Discovery of Thermodynamic Models by Mixture of Experts Learning. 
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The Nomenclature is grouped based on to the topics: 

Discrete lumping 

TG concentration of  Triglycerides  [g/g] 

CD concentration of  Diesel          [g/g] 

CK concentration of Kerosene  [g/g] 

CGO concentration of Gasoline  [g/g] 

CG concentration of Gas  [g/g] 

ki reaction rate constant  [1/min] 

a activity [ - ] 

Ψd deactivation function [ - ] 

Ψ*d deactivation function* [ - ] 

d deactivation order [ - ] 

as residual activity [ - ] 

t time [min] 

Ccat catalyst concentration [g/g] 

CTG&cat. catalyst+ Triglycerides (adsorbed TG) [g/g] 

kTG+cat. reaction rate constant for adsorbing [1/min] 

kTG-cat. reaction rate constant for desorbing [1/min] 

Vi volume of pseudo-components [cm3] 

ρi density of pseudo-components [g/cm3] 

Mi Average molar mass of pseudo-components [g/mol] 

NA Avogadro number [1/mol] 

ri radius of pseudo-components cm 

Ai surface of pseudo-components cm2/g 
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Acat. surface of the catalyst cm2/g 

Ki Extent of the adhesion of pseudo-components [-] 

ci surface concentration of pseudo-components [g/g] 

yexp measurement concentrations  [g/g] 

ymodel calculated concentrations [g/g] 

ymax
exp maximum of the measurement concentrations [g/g] 

A0 Pre-exponential factor [1/min] 

Ea Activation Energy [kJ/kg] 

T Temperature [K] 

β Correction of pre-exponential factor [-] 

Continuous lumping 

wi Weight fraction [g/100g] 

t Time          [s] 

vx Flow velocity [m/s] 

x Axial position [m] 

TBP (θ) True boiling point  [°C] 

TBP(l) The lowest true boiling point  [°C] 

TBP(h) The highest true boiling point  [°C] 

kmax Reaction rate constant for the heaviest component [1/min] 

k Reaction rate constant [1/min] 

α, α2, α3, u, 

s 

Parameters of the selectivity-distribution. [ - ] 

P(k,K) The yield of a species with reactivity 𝑘 resulting from the 

hydrocracking of components with reactivity 𝐾. 

[ - ] 

D(k) Species-type distribution fcn. [-] 
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σ Model parameter of P(k,K) [-] 

l Number of the pseudo components [-] 

n Nominal molecular weight [-] 

yexp , ymodel the experimental and the predicted weight fractions. [g/100g] 

Exploration of application domains for thermodynamic 

models 

N Number of pairs of validation data [-] 

x Explanatory variables (carbon number, number of H      atoms) [-] 

Cn Carbon number [-] 

Hn Number of hydrogen atoms [-] 

ŷk,j kth Predicted hydrogen solubility by the jth thermodynamic 

model 

[Mole 

fraction (-)] 

yk kth predicted hydrogen solubility [-] 

ek,j prediction error of the jth TM [-] 

ηj parameters of the jth cluster [-] 

D2(𝐱k, yk, ηj) Squared distance between the validation data point and the jth 

cluster.  

[-] 

αj Weighting factor for the jth cluster. It accounts for the relative 

importance or contribution of each TM to the overall 

distribution. 

[-] 

σ2
j,l Variance of the prediction error of the jth TM. [-] 

Σj Covariance matrix of the jth cluster, defines the spread of the 

data in the space of explanatory variables. 

[-] 

MSE Mean square error [-] 

Retention time alignment of gas chromatographic data 

x Data point [-] 

X Data set [-] 
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k Number of clusters [-] 

c Cluster [-] 

n Number of peaks [-] 

m Number of measurements [-] 

xn,m nth peak from mth measurement [min] 

xpa,t Retention time of paraffinic peak trailing xn,m [min] 

xpa,h Retention time of paraffinic peak heading xn,m [min] 

𝑥 Normalised retention time [-] 

μj Centroid of cluster j. [-] 

Cn Carbon number [-] 

Kovats Retention Index and Molecular Similarities 

KRI Kovats retention index [-] 

LB Lower boundaries [-] 

UB Upper boundaries [-] 

A Coefficients for non-equity constarints [-] 

Aeq Coefficients for equity constraints [-] 

x variables [-] 

MOL Molecule [-] 

e Existence variable [-] 

D Deviation [-] 

S Molecular similarity [-] 
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