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Abstract

Quantum information systems have different determining factors of
their performance. In particular, in the field of quantum error correc-
tion the accurate knowledge of the models of quantum physical pro-
cesses, the so-called quantum channels is required. It follows that the
ability to accurately identify the channels, together with the precise
characterization of error correction robustness properties against the
channel uncertainty is essential.

Therefore, the robustness of quantum error correction operations
against completely unstructured type of channel uncertainties is first
investigated in this thesis. We find that a channel-adapted optimal
error correction operation does not only give the best possible channel
fidelity but it is more robust against channel perturbations than any
other error correction operation. Our results are valid for Pauli chan-
nels and stabilizer codes. Numerical results indicate that very similar
conclusions can be drawn also in the general case.

In addition, a method of parameter estimation is proposed for
quantum channels of which we have a priori structural information.
In the case of channels with the Pauli channel structure, a special
parametrization turns the parameter estimation problem into a con-
vex optimization problem.

Furthermore, a novel experiment design method for the parameter
estimation of Pauli channels is developed both for the cases of known
and unknown channel structure. For qubit channels in the former case,
this leads to an optimal setting that includes pure input states and
projective measurements directed towards the channel directions. For
qubit Pauli channels with unknown structure, an iterative method of
estimating the channel directions is proposed, together with the study
and comparison of an adaptive estimation procedure with simple non-
adaptive methods.
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Kivonat

A kvantum információs rendszerek teljesítményének különféle meg-
határozó tényezői vannak. Különönen a kvantum hibajavítás terüle-
tén szükséges a kvantumfizikai folyamatok modelljeinek, az úgyneve-
zett kvantumcsatornáknak a pontos ismerete. Ebből következik, hogy
a csatornák pontos identifikációjának képessége, valamint a hibajaví-
tás csatornabizonytalansággal szembeni robusztussági tulajdonságai-
nak precíz jellemzése alapvető.

Tehát ebben a disszertációban elsőként a kvantum hibajavító ope-
rációk teljesen strukturálatlan típusú csatornabizonytalansággal szem-
beni robusztussága kerül vizsgálatra. Azt találjuk, hogy egy csator-
naadaptív optimális hibajavító operáció nem csak a lehető legjobb
csatornafidelity-t adja, de robusztusabb is a csatornaperturbációkkal
szemben, mint bármely más hibajavító operáció. Eredményeink Pauli
csatornákra és stabilizátor kódokra érvényesek. Numerikus eredmé-
nyek alapján nagyon hasonló következtetések vonhatók le az általános
esetben is.

Továbbá egy paraméterbecslő módszert javasolunk olyan kvantum-
csatornákhoz, melyek struktúrájáról a priori információnk van. A Pauli
struktúrával rendelkező csatornák esetében egy speciális paraméterezés
konvex optimalizációs problémává alakítja a paraméterbecslési felada-
tot.

Ezenkívül egy újfajta kísérlettervezési módszert fejlesztünk ki a
Pauli csatornák paraméterbecsléséhez, ismert és ismeretlen csatorna-
struktúra esetére is. Az előbbi esetben kubit csatornákra egy olyan
optimális elrendezést kapunk, melyben tiszta bemenő állapotok és pro-
jektív mérések állnak a csatornairányok mentén. Ismeretlen struktú-
rájú kubit Pauli csatornákra egy iteratív módszert javasolunk a csa-
tornairányok becslésére, valamint tanulmányozunk egy adaptív becslő
eljárást, melyet összevetünk egyszerű nemadaptív módszerekkel.
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Zusammenfassung

Quantum Informationssysteme haben unterschiedliche Faktoren in
ihrer Leistung. Insbesondere im Bereich der Quanten-Fehlerkorrektur
sind die genauen Kenntnisse von den Modellen des quantenphysikalis-
chen Prozesses, die sogenannten Quantenkanäle erforderlich. Daraus
folgt, dass die Fähigkeit die Kanäle genau zu identifizieren, zusammen
mit der genauen Charakterisierung der Robustheitseigenschaften von
der Fehlerkorrektur gegen den Kanal Unsicherheit wesentlich ist.

Daher wird die Robustheit der Quanten-Fehlerkorrektions Opera-
tionen gegen völlig unstrukturierte Kanal Unsicherheits Typen erstens
in dieser Arbeit untersucht. Wir finden, dass eine optimale Kanal-
adaptive Fehlerkorrektur Operation nicht nur den bestmöglichen Kanal
Fidelity ergibt, aber es ist auch robuster gegen Kanal Störungen als
jede andere Fehlerkorrektur Operation. Unsere Ergebnisse gelten für
Pauli Kanäle und Stabilisator Codes. Numerische Ergebnisse zeigen,
dass sehr ähnlichen Schlussfolgerungen auch im allgemeinen Fall gezo-
gen werden können.

Darüber hinaus wird eine Methode zur Parameterschätzung für
Quanten-Kanäle, mit a priori Strukturinformationen vorgeschlagen. Im
Falle von Kanälen mit dem Pauli Kanalstruktur wird ein spezielles
Parametrisierung das Parameterschätzproblem in eine konvexe Opti-
mierungsproblem umwandeln.

Zudem wird ein neuartiges Versuchsplanungs-Methode für die Pa-
rameterschätzung von Pauli Kanäle sowohl für die Fälle von bekannten
und unbekannten Kanal-Strukturen entwickelt. Für Qubit Kanäle führt
dies zu einer optimalen Einstellung, die reine Eingangs-zustände und
Projektiv-messungen nach Kanal Richtung gerichtet beinhaltet. Für
Qubit Pauli Kanäle mit unbekannter Struktur wird eine iterative Meth-
ode zur Schätzung der Kanal Richtungen vorgeschlagen, zusammen mit
der Untersuchung und Vergleich eines adaptiven Schätzverfahren mit
einfachen, nicht-adaptiven Methoden.
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Chapter 1

Introduction

Atoms on a small scale behave like nothing on a large scale, for
they satisfy the laws of quantum mechanics. So, as we go down
and fiddle around with the atoms down there, we are working with
different laws, and we can expect to do different things.
– R. P. Feynman

According to Feynman, quantum mechanics offers special possibilities, how-
ever, it also puts special obstacles in front of these possibilities. For instance,
the building of quantum computers that can be used to solve realistic, large
scale problems – including the breaking of cryptographic codes and the simula-
tion of complex quantum systems – has two main difficulties from the theoret-
ical point of view. The first is decoherence, in other words the unwanted but
unavoidable coupling of quantum systems with their environment. This noise
effect can alter or even completely destroy the information content of the sys-
tem, causing errors in the calculation. The other main obstacle is the inability
to fully manipulate and extract full information from physical systems, i.e.,
the control and estimation of quantum states and processes. This is a hard
problem, because in quantum mechanics one has to face the difficulty of the
treatment of measurements. Namely, that no measurement can be carried out
on a quantum system without substantially disturbing the state of the system
itself.

1.1 Background and motivation

A common element of the above introduced problems is the quantum chan-
nel, i.e., the general model of physical processes transforming quantum states
to quantum states. Whether we would like to do quantum information pro-
cessing or solve system- and control theoretic problems, the characterization
of quantum channels, i.e., the modeling of quantum mechanical processes be-
comes essential.

Modeling is an important field in classical system- and control theory [1, 2].
Mathematical models are in general simplifictions of the physical reality, which
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1.2. Aims of the thesis

implies that all mathematical models of a physical system suffer from inaccu-
racies. These can result from non-exact measurements or from the inability to
capture all involved physical phenomena or just from the requirement to obtain
a simple model. The quality of a nominal model depends on how closely its be-
haviour matches that of the true system. In engineering context this mismatch
between the nominal model and the real system is called uncertainty [3], refer-
ring not to the uncertain nature of the physical system, but to our incomplete
knowledge. The degree of uncertainty can vary from incomplete knowledge
about the model structure to uncertainty only in certain parameters.

The design of more accurate nominal models is not necessarily satisfactory
in practice, mostly because the real system may not even be in the set of pos-
sible nominal models. Thus to have sufficient information about the usability
and accuracy of the identified model, robustness analysis of some application
specific property against the model uncertainty is also required [4, 3]. Robust-
ness in general means the ability to resist change in certain conditions without
adaptation. It means that robustness can only be analyzed after the precise
characterization of these conditions.

The same problem arises in connection with the processing and control of
quantum systems. The complexity of the environment does not allow us to
take interactions between the system and its environment into account with
perfect accuracy. Thus the quantum channel, too, will always remain just a
model, which though describes reality more or less precisely, but we can not
assume that it is fully accurate.

It is clear that each quantum information theoretic application has a spe-
cific threshold of performance. For instance, the error correction of quantum
systems requires accurate models of the channels representing noise processes.
This implies that accurate identification of quantum channels together with
the study of the constraints on their uncertainty under which robustness prop-
erties hold are of essential importance.

1.2 Aims of the thesis

One of the central problems of quantum information processing is to find
suitable error correcting procedures [5, 6]. Therefore, the development of the
theory of quantum error correction (QEC) was a very important step, giving
the possibility for quantum information theory to become a potentially appli-
cable science from an only theoretically interesting field. Nowadays, there are
two main approaches; the standard quantum error correcting method tries to
adapt the techniques of classical information theory, while the optimization
approach can be used – assuming some exact noise model – to find the best
error correcting method.

In this thesis, one of our aims is to perform robustness analysis on the con-
ventional and optimization based channel specific error correction procedures,
assuming uncertainty in the channel model. At first sight, we could think
that the conventional QEC – which makes very slight assumptions about the
properties of the channel – is more insensitive to the uncertainties than an

3



1. Introduction

error correction optimized for a specific channel. On the other hand, we can
also think that if a solution is optimal, then in general, in case of a very small
alteration of the conditions it decays only in second order, so it is robust in
some measure. These questions apparently have greater significance when the
channel is of general type, but because of the simplicity of the handling of
Pauli channels, here we concentrate mainly on this specific case.

Another undoubtedly fundamental problem of quantum information theory
is the task of the identification of quantum processes, commonly known as
quantum process tomography (QPT) [7]. It has considerable relevance not
only in quantum computers, but also in the field of quantum communication
and cryptography. For example, quantum communication channels usually
rely on a priori knowledge of the channel properties. This shows that the
performance of quantum information theoretic applications can depend greatly
on the accuracy of the estimated channel models.

Thus our second aim is to develop identification methods achieving high
accuracy with favorable computational properties. Our convex optimization
based approach uses the fact that often we have a priori knowledge of quantum
processes, which can be used to reduce the level of uncertainty in the model
and arrive at a parameter estimation problem significantly easier to solve with
a predefined accuracy.

The problem of classical system identification is related to experiment de-
sign, the general aim of which is to determine experimental conditions that
result in good or even optimal identification results. In the case of quantum
channel parameter estimation, the design variables are the quantum input to
the channel, and the measurements to be applied on the resulting quantum
output system. These are called the experiment configuration, together with
the number of measurements to be performed in the different experiment con-
figurations if one has a few of them.

Therefore, our third aim is to extend our results on parameter estimation,
and find optimal experiment configurations for the class of Pauli channels
having various levels of uncertainty present in the model.

1.3 Structure of the thesis

The rest of the thesis is organized as follows. The introduction is followed by
Chapter 2, which describes basic notions about quantum systems and quantum
channels.

Part I treats the topic of quantum error correction. In Chapter 3 the basic
theory of quantum error correcting methods is introduced. Then Chapter 4
presents our results on the robustness analysis of quantum error correcting
procedures against uncertainties of Pauli and non-pauli channels.

Part II treats the topic of quantum process tomography. Chapter 5 gives
an introduction on channel identification and the related experiment design
problem. Then Chapter 6 presents our results on the convex optimization-
based channel parameter estimation of Pauli channels with known structure.
Chapter 7 presents our proposed experiment design method for the estimation

4



1.4. Notations

of Pauli channels with known channel structure. Finally, in Chapter 8 our
two methods for the estimation of Pauli channels with unknown structure is
presented.

Lastly, in Chapter 9 the conclusions are drawn in the form of thesis state-
ments, the possible future research directions are discussed and the publication
list of the author is presented.

Appendix A describes all necessary concepts needed by the main thesis
chapters which are assumed beyond the level of an information technology
master degree. Appendix B presents additional examples and simulation re-
sults complementing those of Chapter 6.

Throughout the thesis, our main results are phrased in the form of state-
ments, while used known results are phrased as theorems.

1.4 Notations

Here in Table 1.1 we set a few notational conventions which we will use
throughout the thesis. If the meaning of some of these symbols were different
in exceptional cases, it will be apparent from the context.

5



1. Introduction

Symbol Meaning
H Hilbert space

B(H) set of (bounded) linear operators acting on H
B(H1,H2) set of (bounded) linear operators mapping H1 to H2

V vector space
d level of quantum system

| . 〉, 〈 . | state vector, dual of state vector
ρ density matrix

ρms, ρcs message, codeword
V matrix whose columns form a MUB
S qubit Pauli channel affine representation
λ Pauli channel depolarizing parameters

σx, σy, σz Pauli matrices
X, Y, Z Pauli matrices
Xi, Yi, Zi Pauli matrices acting on the ith qubit
X̄, Ȳ , Z̄ logical Pauli matrices
|ei〉, |−ei〉 eigenvectors of σi
|vi〉, |−vi〉 eigenvectors of vi · ~σ

1 identity matrix
θ Bloch vector

C, CS quantum code, stabilizer code
E quantum noise channel
R recovery operation
XE choi matrix of E
I identity map
∗ Hermitian adjoint
⋆ denotes optimality
∝ denotes proportionality
∇p gradient with respect to p
∂pi partial derivative with respect to pi
VLS least squares objective function

diag(a) matrix with vector a in its main diagonal
diag−1(A) vector obtained by taking out the main diagonal of matrix A

Table 1.1. Notations used in the thesis.
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Chapter 2

Basic notions

Here we give a short description of the basic notions of finite dimensional
quantum mechanical systems with emphasis on the concepts needed to un-
derstand the main chapters. The concepts discussed here can be found in
[5, 8]. The mathematical preliminaries needed for the basic notions are briefly
summarized in appendix A.

In section 2.1 the postulates of quantum mechanics are presented. Section
2.2 gives a detailed discussion on quantum channels in general. This is followed
by section 2.3 on Pauli channels. Then, in section 2.4 several metrics used in
quantum information are presented.

2.1 Postulates of quantum mechanics

Quantum mechanics is a mathematical framework used to develop physical
theories. It does not give us any laws of physics or tell us any facts about
specific physical systems, rather it can be used as a tool for formally describing
these laws.

In the next few sections we give an introduction on the basic postulates
of quantum mechanics. These postulates provide a connection between the
physical world and the mathematical formalism of quantum mechanics. The
derivation of the postulates was historically a long process of trial and error,
understanding their motivation and meaning can lead to philosophical ques-
tions. In this chapter we restrict ourselves only to an application oriented
discussion.

2.1.1 States of quantum systems

Two commonly used representations of finite dimensional quantum systems
will be presented here, the latter being the most general.

Postulate 1. The state space of any isolated physical system is a complex
Hilbert space H. The system can be completely described either by the state
vector in H or by the density matrix acting on H.

For finite dimensional quantum systems the dimension d of H is finite and
d is also the dimension (level number) of the quantum system.

7



2. Basic notions

Pure states

A quantum state providing maximal knowledge about the quantum system
is said to be a pure state. A pure state is most commonly represented as a
normalized state vector |ψ〉 ∈ H. The symbol |ψ〉 is the so-called Dirac “ket”
notation of vectors. By the Dirac notation, the scalar product of two vectors
is denoted by 〈ϕ|ψ〉, where the 〈ϕ| “bra” vector is the natural pair of |ϕ〉 in
the dual space.

The linear structure of H implies the superposition principle, namely that
the normalized linear combination of two state vectors is also a possible quan-
tum state. We can thus write any quantum state |ψ〉 ∈ H as a normalized
linear combination

∑

i αi|i〉 (αi ∈ C) of an arbitrary orthonormal basis {|i〉}
of H with the normalization condition

∑

i |αi|2 = 1.
Note that the description of the physical state by a state vector is unique

only apart from global phase, i.e., |ψ〉 and eiθ|ψ〉 describe the same physical
state. In case of two superposed states however, the phase difference between
the corresponding state vectors is relevant.

Mixed states

If the state is not pure, then it is said to be a mixed state. A mixed state is
represented as a positive semidefinite matrix ρ with unit trace, called density
matrix :

ρ ≥ 0, Tr(ρ) = 1

Such states are mixtures of pure states taken from the ensemble {pi, |ψi〉}di=1.
This means that the system may be in the pure state |ψi〉 with probability pi.
Because of this uncertainty, a mixed state does not provide maximal knowledge
about the system. The density matrix corresponding to the ensemble is ρ =
∑

i pi|ψi〉〈ψi|.1 It follows that the density matrix of pure states are rank-1
orthogonal projections ρ = |ψ〉〈ψ|.

The level of mixedness can be measured with the quantity Tr(ρ2) called
purity. The value goes from 1 indicating a pure state to 1

d
indicating the

completely mixed state ρ = 1
d
1 corresponding to the ensemble {1

d
, |ψi〉}di=1 for

a d level system.

Physical content of the density matrix

Regarding the physical content of a density matrix [9], let ρ be the pure
state |ψ〉〈ψ|. In a given basis |i〉, the diagonal elements 〈i|ρ|i〉 are referred to as
populations, these give the weight |αi|2 of the basis state |i〉 in the superposition
|ψ〉 =

∑

i αi|i〉.2 The off-diagonal elements 〈i|ρ|j〉 (with i 6= j) are called
coherences, they give information about the relative phase between components
of the superposition |ψ〉. For an ensemble {pk, |ψk〉}dk=1, these relative phases

1This correspondence is not one-to-one, there is a unitary freedom in the ensembles giving
the same density matrix.

2Precisely, these are the probabilities |〈i|ψ〉|2 of jumping into the state |i〉 after measuring
in the basis {|i〉} (see later in section 2.1.3).
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2.1. Postulates of quantum mechanics

may be different for different pure states |ψk〉, thus in a mixed density matrix
the coherences may get averaged out.

The qubit

The most basic data unit of quantum information theory is the two-state
(two-level) quantum system. This is called “quantum bit”, or qubit for short.3

The possible pure states of a qubit are the elements of the two dimensional
Hilbert space. After choosing e.g. the orthonormal basis {|0〉, |1〉} – the so-
called computational basis – the states can be written as |ψ〉 = α0|0〉 + α1|1〉,
where |α0|2 + |α1|2 = 1. Thus in contrast to the classical bit, which can only
be 0 or 1, the qubit can also take the arbitrary complex superposition of the
states |0〉 and |1〉.

Let |ψ0〉 = α0|0〉+ α1|1〉 and |ψ1〉 = β0|0〉+ β1|1〉 be pure states. Then all
(including mixed) states of a qubit corresponding to the ensemble {pi, |ψi〉}i=1,2

can be written as the density matrix:

ρ =
1∑

k=0

pk|ψk〉〈ψk| =
∑

i,j∈{0,1}
ci,j|i〉〈j|, ci,j = p0αiα

∗
j + p1βiβ

∗
j (2.1)

In effect, the rank-1 matrices {|i〉〈j|} (i, j ∈ {0, 1}) form the computational
basis in the complex Hilbert space of all 2× 2 matrices.

The Bloch picture

The density matrix of a qubit can be described in any basis similarly to
(2.1), however, the most convenient basis is the Pauli basis. It consists of
the identity matrix 1 (also denoted σ0 for convenience) and the three Pauli
matrices σx (σ1), σy (σ2), and σz (σ3), or simply X, Y , and Z. Their matrices
in the computational basis are:

σx =

(
0 1
1 0

)

, σy =

(
0 −i
i 0

)

, σz =

(
1 0
0 −1

)

. (2.2)

The Pauli matrices are self-adjoint and they obey the commutation relations
σaσb = δab1 + iεabcσc where εabc is the Levi-Civita symbol.4 The symbol ~σ
commonly denotes the formal vector [σx, σy, σz]. A formal dot product with
v ∈ R

3 is then v · ~σ :=
∑3

i=1 viσi.

The convenience in using the basis {1, σx, σy, σz} arises from the fact that it
forms an orthogonal basis (with respect to the Hilbert–Schmidt inner product
(A.1)) also in the real Hilbert space of 2 × 2 Hermitian matrices. The qubit

3Considering its specific physical realization, the qubit can be the spin of any half-integer
spin particle (for example the spin of an electron), or the two different polarization states
of a photon.

4If (a, b, c) is an even permutation of (x, y, z), then εabc = 1, in case of odd permutation
εabc = −1, else εabc = 0.
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2. Basic notions

density matrices can thus be written as

ρ =
1

2

(

1+
3∑

i=1

θiσi

)

=
1

2

[
1 + θ3 θ1 − iθ2
θ1 + iθ2 1− θ3

]

, (2.3)

where the numbers θi = Tr(ρσi) form a three-dimensional vector θ, commonly
called Bloch vector. The hermiticity and normalization of the density matrix
are ensured by this formula. The remaining positivity constraint is expressed
using the 2-norm of the Bloch vector as ‖θ‖2 ≤ 1. It follows that equation (2.3)
gives a unique correspondence between all possible qubit states and points of
the unit ball in R

3, the so-called Bloch ball, which can be seen in Figure 2.1.
Let |ei〉 and |−ei〉 be the normalized eigenvectors of the Pauli matrix σi

from the expansion
σi = |ei〉〈ei| − |−ei〉〈−ei| .

Through the correspondence (2.3), |ei〉 and |−ei〉 are identified with the two
unit vectors ±ei along the Cartesian axis i.

The Bloch vector picture of qubits allows a convenient distinction of pure
and mixed states. The pure (completely polarized) states take place on the
surface of the Bloch ball, and the mixed (depolarized) states can be found in the
interior, with decreasing purity towards the origin representing the completely
mixed (completely depolarized) state.

Mutually unbiased bases

It is well-known that the three bases {|ei〉, |−ei〉}3i=1 form a set of mutually
unbiased bases (MUB) (see appendix A.4). MUBs can be unitarily transformed

Figure 2.1. It can be seen on the Bloch sphere, that all pure states of a qubit can also be
written in |ψ(θ, ϕ)〉 form.
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2.1. Postulates of quantum mechanics

into each other. In the case of qubits, since any orthogonal transformation
V = [vx,vy,vz] on R

3 is induced by a unitary conjugation with UV on 2 × 2
complex matrices, the basis vectors {UV|±ei〉} will be the eigenvectors of vi ·~σ
corresponding to the Bloch vectors ±vi. A set of MUB can then be identified
with three orthogonal axes in the Bloch ball, and any two-dimensional MUB
arises this way. Thus, the general notation |±vi〉 := UV|±ei〉 will be used in
the following.

This symmetry of the Bloch ball shows that any MUB {|±vi〉}3i=1 on qubit
systems can be used to describe qubit density matrices as Bloch vectors with
respect to the MUB {|±vi〉}:

ρ =
1

2

(

1+
3∑

i=1

ϑivi · ~σ
)

=
1

2

(

1+
3∑

i=1

ϑi (|vi〉〈vi| − |−vi〉〈−vi|)
)

(2.4)

=
1

2

(

1−
3∑

i=1

ϑi

)

1+
3∑

i=1

ϑi|vi〉〈vi| ,

where ϑi = Tr(ρvi · ~σ) = vT
i θ is now a vector component in the basis {vi}3i=1.

2.1.2 Time evolution

Postulate 2. The continuous time evolution of a closed quantum system |ψ〉
is described by the Schrödinger equation

d

dt
|ψ(t)〉 = − i

~
H|ψ(t)〉 , (2.5)

where ~ is the Planck’s constant, and H is a fixed hermitian operator known
as the Hamiltonian of the closed system.

If we know the Hamiltonian of a quantum system, then (in principle) we
understand its dynamics completely.5 The value of ~ is not important for us,
practically it can just be absorbed into H.

The solution of this equation is |ψ(t)〉 = e−i(t−t0)H |ψ(t0)〉, which indicates
that the unitary matrix U(t, t0) = e−i(t−t0)H called time-evolution operator can
be used to easily relate states at different time instants, i.e., to implement
discrete time dynamics. It can be proven that any unitary arises in such form,
thus the state dynamics governed by (2.5) is also known as unitary evolution.

The property of reversibly relating two quantum states allows us to regard
unitaries also as quantum logic gates, and use them to implement analogues of
classical reversible logic circuits.6

It must be noted that no such unitary U exists that could create an indepen-
dent copy of an arbitrary quantum state |ψ〉, i.e., act as U(|ψ〉⊗|0〉) = |ψ〉⊗|ψ〉
for all |ψ〉 ∈ H. Such U exist only for sets of mutually orthogonal states, so

5In general, figuring out the Hamiltonian is a difficult problem in physics.
6Classical irreversible gates do not have a quantum analogue, because quantum computa-

tion is practically done on pure states, and irreversible quantum dynamics does not preserve
purity, i.e., it acts as noise (see section 2.2).
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2. Basic notions

copiers can only be constructed for the elements of a known basis of H. This
is the content of the so-called no-cloning theorem.

The equivalent of equation (2.5) for mixed states is the von Neumann
equation d

dt
ρ(t) = − i

~
[H, ρ(t)], and analogously ρ(t) = U(t, t0)ρ(t0)U(t, t0)

∗.

The simplest examples of quantum gates are the Pauli matrices (2.2). The
matrix X is known as the quantum not gate or bit-flip suggested by the
expression X|0〉 = |1〉. Similarly, Z is called phase-flip because it flips the
relative phase: Z(α0|0〉+α1|1〉) = α0|0〉−α1|1〉, |α0|2+|α1|2 = 1. Furthermore,
as Y is proportional with XZ, we call it bit-phase flip.

2.1.3 Quantum measurements

Observing a quantum system, i.e., taking a measurement is a special ex-
ample of non-unitary quantum dynamics.

Postulate 3. Quantum measurement procedures are represented by a collection
M := {Mm} of self-adjoint positive operators acting on the state space H of
the system being measured. The index m identifies each operator Mm with a
corresponding outcome event that may occur as a result of the measurement.
This implies that {Mm} has to satisfy the completeness relation

∑

mMm = 1.
Such a set of operators are commonly called positive operator-valued measure
(POVM).

If the system is in state ρ then the probability distribution of possible out-
comes is given by p(m|ρ) = Tr(ρMm). If we get the measurement result m and
the measurements are further specified7 such that Mm = F ∗

mFm uniquely, then
the state ρ of the system collapses8 into ρm = FmρF ∗

m

p(m|ρ) .

Thus the main features of quantum measurement are the stochastic out-
come and the unavoidable abrupt back-action on the measured system, making
the state change discontinuously.

POVMs form a convex set [10]. M = pM1 + (1 − p)M2 with 0 ≤ p ≤ 1
means that the distribution pM( . |ρ) can be equivalently obtained as the con-
vex combination of pM1( . |ρ) and pM2( . |ρ), i.e., measuring M is the same as
randomly choosing between measurements M1 and M2. Formally, the con-
vex combination of POVMs is calculated elementwise by treating POVMs as
vectors of positive operators (with elements allowed to be the zero operator).
The extremal points of the set of POVMs are called extremal POVMs. Let
{|ψα,i〉}rank(Mα)

i=1 be the set of eigenvectors of POVM element Mα. Then the
POVM M = {Mα} is extremal if and only if the operators |ψα,i〉〈ψα,j| are
linearly independent for all α, i and j.

7In spite of this inconvenience, POVMs are widely used, because in many cases only the
measurement statistics are important.

8This means that measurement makes the state ρ jump into one of the possible outcome
states ρm.
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2.1. Postulates of quantum mechanics

Projective measurement

If the positive operators are all orthogonal projections Pm onto pairwise
orthogonal subspaces, then we have a special case of measurements, the so-
called projective (von Neumann–Lüders) measurement.

This property allows projective measurements M = {Pm} to be represented
as a single observable M , a Hermitian operator on the state space H of the
system. The correspondence is made using the spectral decomposition M =
∑

mmPm, i.e., each Pm will be a projector onto the eigenspace of M with
eigenvalue m. If the projections are all of the form Pm = |m〉〈m| then we can
speak about “measuring in the basis |m〉”.

Furthermore, the hermiticity and idempotence of Pm allows us to derive
the state after measurement directly; performing a projective measurement
collapses the state into one of the eigenvectors (eigenstates) of the measured
M observable. It follows that projective measurements – opposed to POVMs
– are repeatable in the sense that repeating the same measurement will give
the same result with certainty.

It can be proven that POVMs can be realized as projective measurements
if we are allowed to compose the system with other quantum systems and to
perform unitary dynamics.

Projective measurements are included in the set of extremal POVMs.
Observables for qubits are for example the Pauli matrices.9 Let us have

the state |ψ〉 = α0|0〉 + α1|1〉. Measuring in the computational basis corre-
sponds to the observable σz = |0〉〈0| − |1〉〈1| or to the POVM {|0〉〈0|, |1〉〈1|}.
Then the state of the qubit after measurement will be |0〉 with probability
Tr(|ψ〉〈ψ|0〉〈0|) = |α0|2, and |1〉 with probability Tr(|ψ〉〈ψ|1〉〈1|) = |α1|2.
However, if we only know that a measurement has happened, but the result
is unknown, then the state of the system can be given as the ensemble of the
two possible outcome states, i.e., as the density matrix

ρ = |α|2|0〉〈0|+ |β|2|1〉〈1| .

In general, every projective measurement on a qubit can be written as a two
element POVM. In the Bloch picture these two elements are 1

2
(1± v · ~σ) with

‖v‖2 = 1, and they can be used for “measurement along the axis v” in the
Bloch ball. After measurement, the state changes either to the Bloch vector v
or −v.

2.1.4 Composite systems

Postulate 4. The state space H of a bipartite physical system is the tensor
product (see appendix A.1.3) H1 ⊗ H2 of the state spaces H1 and H2 of the
component systems. Moreover, if the first system is in state |ψ1〉 and the second
system is in state |ψ2〉 then the joint state of the total system is |ψ1〉⊗|ψ2〉 ∈ H.

9Historically, observables correspond to physical quantities. The Pauli matrices can be
used to measure spin components, while the Hamiltonian from section 2.1.2 is the observable
of energy.
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An arbitrary state of the space H can then be written in the following way:

|ψ〉 =
∑

i,j

αi,j|i〉 ⊗ |j〉, or in short |ψ〉 =
∑

i,j

αi,j|ij〉 , (2.6)

where |i〉 and |j〉 are orthonormal bases for the component Hilbert spaces H1

and H2.
If in (2.6) |ψ〉 =

∑

i αi|i〉 ⊗
∑

j αj|j〉 = |ψ1〉 ⊗ |ψ2〉 with |ψ1〉 ∈ H1 and
|ψ2〉 ∈ H2, then |ψ〉 is called a separable state. Otherwise, if the component
systems can not be separated, then |ψ〉 is an entangled state. This means that
there is a quantum correlation between its component systems.

However, even if |ψ〉 is entangled, we can still associate for example its first
subsystem with a state, which provides the correct measurement statistics for
measurements affecting only the first subsystem, i.e., measurements having
POVM elements of the form Mm ⊗ 1. It is calculated using the partial trace
defined as the unique linear operator Tr1 : B(H1 ⊗H2) → B(H2) such that
Tr1(A1 ⊗ A2) = A2Tr(A1). Then the partial trace of |ψ〉 with respect to the
second subsystem is

ρ1 = Tr2(|ψ〉〈ψ|) =
∑

i,j,k,l

αi,jα
∗
k,l|i〉〈k| ⊗ Tr(|j〉〈l|) =

∑

i,j,k

αi,kα
∗
k,j|i〉〈k| . (2.7)

The result ρ1 is called reduced density operator. In terms of reduced densities,
|ψ〉 is entangled if and only if ρ1 (and ρ2) is mixed, indicating that we can not
get maximal knowledge of them independently of the other part of |ψ〉. Thus,
any mixed state ρ1 can be obtained as a correlated part of some larger system.
Moreover, assuming that dim(H1) ≤ dim(H2), |ψ〉 is said to be maximally
entangled if ρ1 = Tr2(|ψ〉〈ψ|) = 1

dim(H1)
1, i.e., ρ1 is a maximally mixed state.

To find a pure state |ψ〉 for which (2.7) holds with a given mixed ρ1 as sub-
system is called purification of ρ1. This procedure is of course not unique, the
system and its environment as a whole can have many states whose subsystem
is the same mixed state.

Consider now the two-qubit state |Φ+〉 = 1√
2
(|00〉+ |11〉). This state is an

example of entangled state; there are no single qubit states |φ1〉 and |φ2〉 such
that |Φ+〉 = |φ1〉⊗ |φ2〉. In fact, the partial traces ρ1 = Tr2(|Φ+〉〈Φ+|) = 1

2
1 =

Tr1(|Φ+〉〈Φ+|) = ρ2 result in mixed states. The result ρ1 = ρ2 =
1
2
1 also shows

that |Φ+〉 is a two-qubit maximally entangled state.
Operators acting independently on each part of a composite system are also

in tensor product form. For example, the tensor product of Pauli matrices can
act on multiple qubit systems: (X ⊗ Z)(α|0〉 + β|1〉) = αX|0〉 + βZ|1〉 =
α|1〉 − β|1〉. X ⊗ Z can also be denoted as X1Z2 meaning that X acts on the
first qubit and Z acts on the second.

2.2 Quantum channels

In reality, a quantum system can never be perfectly closed. The interaction
with the environment gives rise to more general physical processes causing
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dynamic change in the state necessarily represented as a density matrix. These
processes are thus modeled by quantum channels (or quantum operations)
which map density matrices to density matrices.10 In the following, we will
present different mathematical representations of channels with their respective
properties.

2.2.1 The Kraus representation

One way to arrive at a definition of the quantum channel E is to consider
the quantum system together with its environment to be closed. Let ρ be the
density matrix of the system with state space H1, and let the environment
with state space H2 be in some pure state |ϕ0〉.11 Then the unitary evolution
of the joint state ρ ⊗ |ϕ0〉〈ϕ0| is U(ρ ⊗ |ϕ0〉〈ϕ0|)U∗. From this we get the
dynamics of the H1 system alone by taking the partial trace with respect to
the environment H2. This gives us the first definition of quantum channels:

E(ρ) = Tr2
(
U(ρ⊗ |ϕ0〉〈ϕ0|)U∗) =

∑

j

〈ϕj|U |ϕ0〉ρ〈ϕ0|U∗|ϕj〉 =
∑

j

VjρV
∗
j

(2.8)
If {|i〉⊗|ϕj〉} is an orthonormal basis of H1⊗H2, then Vj := 〈ϕj|U |ϕ0〉 : H1 →
H1 denotes the operator with matrix elements (〈i| ⊗ 〈ϕj|)U(|i′〉 ⊗ |ϕ0〉). This
operator element set {Vj} gives the so-called Kraus representation of E . Be-
cause of the unitarity of U it also holds that

∑

j

V ∗
j Vj = 1 , (2.9)

which is the completeness relation expressing the trace preserving property of
E .12

Knowledge of the operator elements {Vj} makes it possible to describe the
dynamics of the system H1 without needing the attributes of the environment
H2 to be taken into account explicitly; all nesessary information is embedded
into the operator elements, which only have effect on H1. It follows however,
that the set of Kraus operators {Vj} corresponding to a particular channel E is
not unique. In fact the choice of basis {|ϕj〉} is arbitrary in (2.8). This implies
a unitary freedom in the operator element set for the channel E : the operators
Wi =

∑

j ui,jVj (with ui,j ∈ C being the elements of a unitary matrix) form an

equivalent set of Kraus operators for the channel E .13

Note that if we have a d level quantum system, then at most d2 operator
elements are enough to describe any possible quantum channel on the system.

10Channels are also called superoperators, because they map operators to operators.
11The environment could also be mixed, however, considering it pure is not a loss of

generality. Moreover, if dim(H1) = d then it is sufficient to take dim(H2) to be at most d2.
12Measurements can also be modeled using quantum channels, if we relax the completeness

condition (2.9) to
∑

j V
∗
j Vj ≤ 1.

13If the two operator element sets do not contain the same number of operators, then we
augment the smaller set with zero operators.
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Note also that this channel definition can be generalized to the case of
different input and output spaces. In this case, instead of making distinction
between system and environment spaces, we speak about two systems; the first
starts in state ρ, the second is in state |ϕ0〉. We bring them into interaction,
then by discarding the first system, i.e., by applying the partial trace on it, we
obtain the remaining second system in the output state E(ρ).

Defining axioms

Quantum channels can also be defined as maps satisfying the following
axioms:

• linearity: required by the ensemble interpretation of density matrices,

• positivity and trace preservation: these ensure that the channel out-
come will also be a density matrix,

• complete positivity: this means that the composite channel E ⊗ In

acting on the extended space B(H1)⊗ B(Hext) with dim(Hext) = n also
has to be a positive map for all n.

Maps with these properties are commonly called completely positive and trace
preserving (CPTP) maps.

The following theorem states that the above two definitions of quantum
channels are equivalent:

Theorem 2.1. A map E : B(H1) → B(H2) taking density operators to density
operators satisfies the above three axioms if and only if E(ρ) = ∑j VjρV

∗
j for

a set {Vj : H1 → H2} satisfying (2.9).

2.2.2 The Choi matrix

The unitary freedom in the Kraus representation can be circumvented using
another possible description of channels, the Choi matrix, which is in essence
a matrix representation of the channel E . In fact, E has an infinite number
of equivalent Kraus representations, but has only one Choi matrix. It can be
defined using the Choi–Jamiołkowski isomorphism [11, 12].

The Choi–Jamiołkowski isomorphism

The Choi–Jamiołkowski isomorphism associates an operator C : H1 → H2

with a vector14 |C〉〉 ∈ H1 ⊗H2. Let {|i1〉} and {|j2〉} be some preferred basis
in H1 and H2, and let |Φmax〉 =

∑

i |i1〉 ⊗ |i1〉 be the unnormalized maximally
entangled state in H1 ⊗ H1. Then the isomorphism is given by the following
definition:

|C〉〉 := (1⊗ C)|Φmax〉 =
∑

i

|i1〉 ⊗ C|i1〉 =
∑

i,j

|i1〉 ⊗ 〈j2|C|i1〉|j2〉

14The |.〉〉 notation tries to indicate that these vectors represent operators.
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This is essentially the “stacking” of columns of the matrix C to form the vector
|C〉〉. This assignment is obviously unique, and it also can be seen that |Φmax〉 =
|1〉〉. The inner product of these vectors in H1⊗H2 is defined in a natural way:

〈〈A|B〉〉 =
(
∑

i

〈i1| ⊗ 〈i1|A∗

)(
∑

j

|j1〉 ⊗B|j1〉
)

= Tr(A∗B) (2.10)

what is by definition the Hilbert–Schmidt inner product (A.1) of the two oper-
ators. Thus an isomorphism can be made between the operators in B(H1,H2)
and the vectors of the space H1 ⊗H2.

Let AT denote the transposition in the preferred basis {|i1〉}. Then a useful
relation follows directly from the above definition:

(A⊗B)|C〉〉 = |BCAT〉〉 , (2.11)

whenever the dimensions of A, B, and C indicate that BCAT is a valid oper-
ator.15

Representing quantum channels

Using the fact that the space of maps E : B(H1) → B(H2) is also a Hilbert
space, we can use the Choi–Jamiołkowski isomorphism to associate E with an
operator XE ∈ B(H1)⊗ B(H2):

XE := (I ⊗ E) (|Φmax〉〈Φmax|) =
∑

i,j,k

(

|i1〉 ⊗ Vk|i1〉
)(

〈j1| ⊗ 〈j1|V ∗
k

)

where the operators Vk are the Kraus operator elements of E . Continuing the
derivation, two useful formulas can be obtained from this:

XE =
∑

k

(1⊗ Vk)|1〉〉〈〈1|(1⊗ V ∗
k ) =

∑

k

|Vk〉〉〈〈Vk| (2.12)

and

XE =
∑

i,j

|i1〉〈j1| ⊗
∑

k

Vk|i1〉〈j1|V ∗
k =

∑

i,j

|i1〉〈j1| ⊗ E(|i1〉〈j1|) . (2.13)

Actually, the above matrix is a block matrix, its (i, j)th element is E
(
|i1〉〈j1|

)
.

The complete positivity of E is equivalent to the positivity of XE . Further-
more, E is trace preserving if and only if Tr

[
E
(
|i1〉〈j1|

)]
= Tr

(
|i1〉〈j1|

)
= δi,j

which means Tr2(XE) = 1.
The inverse of the map, i.e., theXE → E relation is E(ρ) = Tr1

(
(ρT⊗1)XE

)
,

which comes from (2.13).
Note that the definition of the Choi–Jamiołkowski isomorphism presented

here is basis dependent, i.e., depends on the choice of {|i1〉}.
The Kraus operator elements |Vk〉〉 can be obtained from the Choi matrix

by applying a square root factorization. The unitary freedom of such a factor-
ization corresponds to the unitary freedom of the Kraus representation.

Note also that the Choi matrix representation shows clearly that the set of
quantum channels is convex.

15Another relation not used here follows for C1, C2 ∈ B(H1,H2): Tr1(|C1〉〉〈〈C2|) =
C1C

∗
2 ∈ B(H2)
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2.2.3 Channels on a qubit

In the two-level system case, as in section 2.1.1 we have the possibility to
expand the density operator ρ with respect to any set of MUB {±|vi〉}3i=1. The
most general channel on a qubit can then be associated with an affine map
T : R3 → R

3 acting on the Bloch ball [8, 13]:

T (θ) = Sθ + t ,

where θ is the Bloch vector of ρ, t ∈ R
3 and S = VΛQVT is a real matrix

decomposed into rotation matrices Q and V = [v1,v2,v3] with the latter
representing the MUB transformation. Finally, Λ is diagonal with elements
λ1, λ2, and λ3.

If V and Q are not important and we are free to set them then simply
V = Q = 1, and then we have the map T = Λθ + t corresponding to the
standard set of MUB {±|ei〉}3i=1. This form is generally sufficient for analyzing
the properties of the channel.

Example qubit channels used throughout the thesis are described in Ap-
pendix A.5.1.

2.3 Pauli channels

A notable wide class of quantum channels are the Pauli channels.

2.3.1 Group theoretic definition on qubits

Pauli channels can be defined using the Pauli group defined in appendix
A.3.1. If a channel has a set of operator elements, which contains scaled
elements of the Pauli group, i.e., {Vi =

√
aigi} where ai ≥ 0 and gi ∈ Pn,

then we call it an n-qubit Pauli channel.16 Because of the trace preserving
condition of the channel,

∑

i ai = 1 has to hold. Note that (2.8) implies that
two operator element sets differing only in factors of ±1 or ±i give rise to the
same Pauli channel.

On a single qubit, the Pauli channel is thus the following:

V0 =
√
a01, V1 =

√
a1X, V2 =

√
a2Y, V3 =

√
a3Z, ai ≥ 0,

∑

i

ai = 1 (2.14)

2.3.2 Definition using matrix algebras

The most general Pauli channel definition for arbitrary level quantum sys-
tems is discussed in [14] in a matrix algebraic context (see appendix A.4 for
basics).

Let the center of the full matrix algebra Md(C) be ZMd(C) = {c1 | c ∈ C},
and let Ai :Md(C) → Ai be a trace preserving projection (usually called condi-
tional expectation). If the pairwise complementary subalgebras A1,A2, . . . ,Au

16In order to be Pauli, it is enough for the channel to have at least one such Kraus element
set.
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2.3. Pauli channels

of Md(C) are given and they linearly span the whole algebra Md(C), then any

matrixD ∈Md(C) is the sum of the components Ai(D)−Tr(D)
d

1 in the traceless

subspaces Ai ∩ Z⊥
Md(C)

and the component Tr(D)
d

1 in ZMd(C):

D =
u∑

i=1

(

Ai(D)− Tr(D)

d
1

)

+
Tr(D)

d
1 ,

By definition, the Pauli channel E is depolarizing on each Ai ∩Z⊥
Md(C)

, i.e.,

contracts each component Ai(D)− Tr(D)
d

1 with parameter λi, resulting in

E(D) =

(

1−
u∑

i=1

λi

)

Tr(D)

d
1+

u∑

i=1

λiAi(D)

Trivially, if D is a density matrix and λi = 0 for all i then the result is the
completely mixed state 1

d
1. Conversely if λi = 1 for all i then D remains

unchanged.
The channel is trace preserving by construction, and completely positive if

and only if the parameters λi satisfy

1 + dλi ≥
∑

j

λj ≥ − 1

d− 1
. (2.15)

This constraint describes a polyhedron bounded by λi ∈ [ −1
d−1

, 1].
In this thesis, we consider only the case when all of the complementary

subalgebras are maximal Abelian, and the level d of quantum systems is prime
number. In this case the subalgebras {Ai}d+1

i=1 can be obtained as the linear
span of d+ 1 groups of unitaries (see appendix A.4), and the unitaries can be
selected to be generalized Pauli matrices. Through these, the set of subalgebras
correspond also to a set of MUB {|φi,j〉}d+1

i=1 , and thus the orthogonal projection
Ai can be constructed as

Ai(D) =
d∑

j=1

〈φi,j|D|φi,j〉|φi,j〉〈φi,j| ,

and the subalgebras can also be given as

Ai =

{
d∑

j=1

cj|φi,j〉〈φi,j|
∣
∣
∣
∣
∣
cj ∈ C

}

.

2.3.3 Qubit Pauli channel

For qubit systems, a standard selection {±|ei〉}3i=1 of MUB can be obtained
from the eigenvectors of the Pauli matrices. Then the

Ai = {a|ei〉〈ei|+ b|−ei〉〈−ei| | a, b ∈ C} (i = 1, 2, 3)
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2. Basic notions

are commutative subalgebras and the projections onto them are for example

A1

([
1 + θ3 θ1 − iθ2
θ1 + iθ2 1− θ3

])

=

[
1 θ1
θ1 1

]

.

Using these, the Pauli channel on the input density matrix ρ of the form
(2.3) is defined by

E(ρ) = 1

2

(

1+
3∑

i=1

λiθiσi

)

. (2.16)

The Choi matrix of this channel is the following:

XE =
1

2







1 + λ3 0 0 λ1 + λ2
0 1− λ3 λ1 − λ2 0
0 λ1 − λ2 1− λ3 0

λ1 + λ2 0 0 1 + λ3







(2.17)

This matrix satisfies trace preserving by construction. The conditions of pos-
itivity for XE in terms of the parameters are

|1± λ3| ≥ |λ1 ± λ2| . (2.18)

This constraint is symmetric in the parameters λi. It describes a tetrahedron
in R

3 bounded by ‖λ‖∞ ≤ 1.
It can be shown that this channel is equivalent to the group theoretic

definition in section 2.3.1 in the sense, that one is a reparametrization of the
other. Using (2.14) and that by definition E(σi) = λiσi, we get that the
relationship between the parameters is







1
λ1
λ2
λ3






=







1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1













a0
a1
a2
a3






=







1
a0 + a1 − a2 − a3
a0 − a1 + a2 − a3
a0 − a1 − a2 + a3







(2.19)

Denote the coefficient matrix in (2.19) with Q. Then the first row of Q corre-
sponds to

∑

i ai = 1, and this additional row makes Q invertible. The columns
of the remaining bottom part define four vertices of a tetrahedron in R

3, and
the right hand side of (2.19) describes the convex combination of these. It
can be seen that (2.18) describes the same tetrahedron just in terms of the λi
Cartesian coordinates. Thus the two definitions are truly equivalent on qubit
systems.

Rotated Pauli channel

Similarly to general qubit channels, general two-level Pauli channels can
also be defined in terms of any two-dimensional set of MUB {|±vi〉}3i=1. In
other words, such a channel scales the components of a density matrix (2.4) in
the subalgebras Ai = {a|vi〉〈vi|+ b|−vi〉〈−vi| | a, b ∈ C} as

E(ρ) = 1

2

(

1−
3∑

i=1

λiϑi

)

1+
3∑

i=1

λiϑi|vi〉〈vi|.
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Then – beside the λi – the vectors |v1〉,|v2〉 and |v3〉 are further unknown
parameters of the channel that are called channel directions.

Of course, the channel model first has to transform the state in the MUB
{|±vi〉}3i=1 and – after scaling – it has to transform it back. This can be
described most simply in the Bloch picture as E(θ) = Sθ + t = VΛVTθ. We
see that for Pauli channels S is a real symmetric matrix and t = 0.

Note that in the group theoretical approach the rotation of the channel
directions with an orthogonal V corresponds to the conjugation of the Kraus
operator elements with the corresponding unitary UV.

2.4 Measures in quantum information

2.4.1 Distance of states

The distance of quantum states has several common measures, for example
the trace distance, the relative entropy, and the fidelity. The latter is used in
this thesis, so it is introduced here. The general definition of the fidelity is

F (ρ1, ρ2) = Tr

(√

ρ
1
2
1 ρ2ρ

1
2
1

)

.

The fidelity takes values between 0 and 1, i.e., 0 ≤ F (ρ1, ρ2) ≤ 1. If ρ1 = ρ2
then F (ρ1, ρ2) = 1, and if ρ1 and ρ2 have orthogonal support then F (ρ1, ρ2) =
0. It follows that the fidelity is not a distance in the mathematical sense. It
also does not satisfy the triangle inequality. It is important that the fidelity is
invariant under unitary transformations, i.e., F (Uρ1U

∗, Uρ2U
∗) = F (ρ1, ρ2).

We must also note that the fidelity is symmetric in its variables (see page 411
of [5]). In some special cases, the definition of the fidelity can be given more
simply. If one of the states is pure then F (|ψ〉, ρ) =

√

〈ψ|ρ|ψ〉, and for two
pure states F (|ψ〉, |ϕ〉) = |〈ψ|ϕ〉|.

In some applications, the Hilbert–Schmidt norm arising from (A.1) is also
used as a distance measure between density matrices or Choi matrices of quan-

tum channels: ‖ρ1 − ρ2‖HS =
√

Tr
[
(ρ1 − ρ2)2

]
.

2.4.2 Channel performance

We also need to measure how much does a channel preserve quantum in-
formation. It must be emphasized that this is in general not the same as
preserving the input state of the channel, because in many applications this
input system can be in a mixed state, i.e., correlated (entangled) with its en-
vironment. In such cases the exact correlations – the one specific purification
among the many possible – must be preserved!

Formally, let the system H be in state ρ and let |ψ〉 ∈ H ⊗ Href be a
purification of ρ with a reference system Href, i.e., ρ = Tr2(|ψ〉〈ψ|). Then
the entanglement fidelity [15] measures how well the channel E preserves the
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state |ψ〉, in other words, how well E preserves the entanglement of ρ with the
reference system:

Fent(ρ, E) := F (|ψ〉, (E ⊗ I)(|ψ〉〈ψ|))2 = 〈ψ|
[
(E ⊗ I)(|ψ〉〈ψ|)

]
|ψ〉

Thus the entanglement fidelity is derived from the fidelity. If the entanglement
is preserved then Fent(ρ, E) = 1. The entanglement fidelity has the following
properties derived from the properties of the fidelity:

• Linear in the channel,

• Its value is independent of the purifying system Href,

• For pure states Fent(|φ〉, E) = F
(
|φ〉, E(|φ〉〈φ|)

)2
. This shows that the

entanglement fidelity measures the preservation of the state as well as
entanglement.17

If the Kraus elements Vk of the channel are known then we get the useful
formula

Fent(ρ, E) =
∑

k

|Tr(ρVk)|2 . (2.20)

Notice that the entanglement fidelity depends not only on the channel,
but also on the input state. To avoid this, in this thesis we always use the
completely depolarized state as an input, which is the reduced density matrix
of the maximally entangled state. If the channel can preserve the maximally
entangled state, then it can preserve other entangled states, too. This special
case of the entanglement fidelity is sometimes called channel fidelity Fch [16],
because it depends only on the properties of the channel.

17This implies that the quantity Fent(ρ, E) may be lowered by local unitary operations on
H. If needed, this can be taken into account using a modified definition which allows for
evolution of the channel input that does not decrease entanglement (see [15]).
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Quantum error correction



Chapter 3

Theory of quantum error corretion

This chapter explains the basic principles of quantum error correction
(QEC) building on the notions on quantum channels and summarizes the spe-
cialized results available in the literature, that were used in developing the
results of Chapter 4. The general theory of quantum error correcting codes
was developed in [17]. The notions discussed here are also based on [5, 18, 19].

Section 3.1 discusses the standard theory of QEC, and section 3.2 presents
the optimization approach of QEC.

3.1 Standard QEC

The general aim of quantum information theory is to generalize the con-
cepts and goals known from classical information theory (discussed in e.g.
[20]) to a setting where the underlying physical laws are the laws of quantum
mechanics, i.e., where the basic physical systems holding information are quan-
tum mechanical systems and the physical processes acting on these information
containers are also processes of quantum mechanical nature [5].

One of the leading subfields of quantum information theory is quantum
error correction. It studies the possibilities of restoring quantum systems cor-
rupted by the effect of noise-like quantum processes, thus enabling reliable
information processing. As stated in the introduction and in section 2.2, quan-
tum noise is essentially the development of unwanted and irreversible correla-
tion between the system and its environment, leading to the loss of information
stored in the system [5]. This process is also called decoherence18 [21]. Despite
the fundamental differences between classical and quantum systems discussed
in section 2.1, the basic approaches of quantum error correction follow the
principles of classical methods.

3.1.1 Basic theory

The key idea of quantum error correction is analogous to that of classical
error correction; we must complement the original message with enough re-

18The name refers to the nature of this process, namely that in a special basis it suppresses
the off-diagonal (coherence) elements of the density matrix, i.e., generates a mixed state.
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dundancy, i.e., encode the message in such a way that the information content
is recoverable after the noise process has acted on the encoded message.

The encoding

Making redundancy by producing independent copies of the message quan-
tum state is forbidden in quantum mechanics (see the no-cloning theorem in
section 2.1.2). To circumvent this limitation, the encoding is rather done by
distributing the message state – the logical information – over a bigger system
of correlated states.

Formally, a quantum error correcting code is a vector space C defined by
the unitary embedding19 UC : Hms → C ⊂ Hcs of the message space Hms – the
information source – into the code space Hcs containing the codewords.

The messages are usually carried by two-level systems thus codewords are
also called logical states of the logical qubits. If m logical qubits are encoded
into a block of c physical ones then we have a so-called [[c,m]]-quantum code,
and dim(Hms) = dim(C) = 2m < 2c = dim(Hcs).

From here on, we omit the coding/decoding and assume that the error
correction procedure starts and ends in C. Thus the error operators are of
type Ei : Hcs → Hcs and the state |ψcs〉 or ρcs will denote the encoded message
UC|ψms〉 or UCρmsU

∗
C .

The error correctability conditions

Physical noise processes are represented by quantum channels in general.
Each such noise channel has a set of Kraus operator elements, with the different
elements corresponding to different error types. Thus it is reasonable to derive
correctability conditions for sets of individual error operators, which can then
be applied to any noise channel.

The set of nerr error operators {Ei} is said to be correctable on the code C,
if a recovery operation R exists such that (R ◦ E)(ρ) ∝ ρ with supp(ρ) ∈ C.20

The conditions on the existence of such an R is given by the following theorem:

Theorem 3.1 (Knill–Laflamme). The set {Ei} is correctable perfectly on the
code C with some R recovery operation if and only if

PCE
∗
iEjPC = hi,jPC , (3.1)

where PC is the orthogonal projection onto C and the entries hi,j ∈ C form a
nerr × nerr Hermitian matrix h.

An important result allowing effective error correction states that if the set
of operators {Ei} is correctable with R on C, then any set of linear combi-
nations {Fj |Fj =

∑

i cj,iEi, cj,i ∈ C} is also correctable with R on C. This

19Our discussion of quantum error-correction assumes that encoding and decoding of
quantum states can be done perfectly, without error. In reality, the theory of fault-tolerant
quantum computation has also to be considered.

20The symbol ∝ means proportionality here.
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shows that the error operators correctable with R on C form an at most nerr

dimensional complex linear space VR,C,{Ei} = span({Ei}). Moreover, there al-
ways exist a set of ns = dim(VR,C,{Ei}) independent linear combinations {Dµ}
in VR,C,{Ei} such that the matrix h in (3.1) is diagonal.

As an example, the Pauli basis forms the linear space of all single-qubit
operators. Thus if the error operator set {1⊗c, Xk, Yk, Zk} is correctable with
some R then any operator causing error only on a single qubit will become
correctable using the same recovery operation R.

The meaning of (3.1) is most intuitively understood through the set of
errors {Dµ} defined above. Each Dµ in this special set isometrically rotates
C into ns mutually orthogonal subspaces Sµ ⊂ Hcs called syndrome subspaces
with S0 = C. More formally, DµPC =

√
cµAµWµPC, where Wµ is the isometry

rotating C to Sµ and Aµ is the unitary specifying the effect of the error. This
error can then be identified by measuring the observable

∑

µ µPµ built from
the projections Pµ onto each of the subspaces Sµ. The resulting µ specifies
the error syndrome. This effectively tells us which error Dµ has occurred
without disturbing the state. In fact the (projective) syndrome measurement
identifies the subspace Sµ by collapsing the corrupted codeword

∑

µDµ|ψcs〉
into

√
cµAµWµ|ψcs〉 ∈ Sµ. This can then be recovered easily by rotating it

back into the code subspace C with the operator Rµ = W ∗
µA

∗
µ. This procedure

thus ensures that the message is perfectly preserved from the error operator
set VR,C,{Dµ}.

Of course a recovery R perfectly correcting the errors in VR,C,{Ei} on the
code C is not unique. Moreover, it may correct some errors outside VR,C,{Ei}
too. It follows that in practice R not only corrects VR,C,{Ei}, but the whole
space VR,C of errors it is able correct on C.21 This can result in slight per-
formance differences for otherwise equivalent codes (see appendix A.5.4 for an
example).

Efficiency of QEC

The quantum Hamming bound (see appendix A.5.3) implies that we have
limited space in Hcs for the Sµ syndrome subspaces, i.e., a limited number of
independent errors to correct. Thus the best strategy is evidently to correct
the most probable errors caused by a certain noise channel.

It is a common approximation to assume that the error operators are tensor
products of single-qubit operators, in other words, the noise channel is such
that the action of its error operators on different qubits is uncorrelated. In
this context we can speak about the weight of an error operator. The weight
of an uncorrelated error operator E is the number of non-identity operators in
the tensor product expansion of E. For instance, suppose we have a two-level

21Operators acting differently on the whole Hcs can still act the same way on C, i.e., two
independent correctable errors can map the codewords into dependent states. If there are
such errors in VR,C,{Ei}, then the code C is said to be degenerate with respect to VR,C,{Ei}.
This is equivalent to rank(h) from (3.1) being less than dim(VR,C,{Ei}), meaning that we
only need to actively correct a subspace of VR,C,{Ei}. Degeneracy is in fact a non-classical
feature that only quantum codes can have.
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noise channel E with operator elements {√1− pn1,
√
pnF}, where pn is the

probability of error operator F acting on a qubit. Then the total effect of the
noise on the codeword ρcs can be expanded as

E⊗c(ρcs) ≈ (1− pn)
cρcs +

c∑

i=1

(1− pn)
c−ipin

∑

E∈{weight-i
errors }

EρcsE
∗ .

In such an expansion, the errors acting on fewer qubits, i.e., the errors with
smaller weight are more probable. It follows that the correction of these can
improve resistance against such uncorrelated noise models. This statement is
similar for qubit channels with multiple non-identity error operators, and most
generally holds also for channels without an operator element proportional to
1, provided that the noise is sufficiently weak.22 Based on this, constructing
a quantum code to perfectly correct the minimum weight errors, i.e., errors
corrupting the least number of qubits is called the standard strategy of QEC.
This strategy can achieve an adequate level of noise reduction independently
of the actual type of the noise channel.

3.1.2 Pauli errors on stabilizer codes

We know from section 2.3.1 that scaled elements of the Pauli group Pc

are a special class of error operators and noise channels having such opera-
tor elements are the Pauli channels. The specialty of Pauli error operators is
most apparent using a certain class of quantum codes, the so-called stabilizer
codes (see appendix A.5.2). Recall from section 3.1.1 that for general errors
the corrupted codeword was sent into one of the syndrome subspaces through
measurement. In contrast, because Pauli errors either commute or anticom-
mute with the generators gi of the stabilizer code, they directly rotate the
codeword into a syndrome subspace.

This fact can be used to classify Pauli errors and study their correction
differently than in appendix A.5.2. Let S be the stabilizer of the code CS,
and N(S) be its normalizer in Pc. Then it is known that the group theoretic
relations S < N(S) < Pc hold, which means that Pc can be partitioned to
left cosets Pc/N(S), and N(S) can be partitioned to left cosets N(S)/S. By
choosing fixed representatives irAp in the cosets of S and Wµ in the cosets of
N(S) we can uniquely associate any Pauli operator g with s ∈ S and indices
(p, µ, r) as g = irApWµs, such that

• the Ap ∈ N(S) normalizer operators are logical Pauli operators, which
act unitarily within CS, i.e., ApSAp = 〈Apg1Ap, . . . , Apgc−mAp〉 = S. r
is actually unimportant, because irApS is in the same coset as ApS and
(2.8) shows that irg acts the same way on a density operator as g. Thus
practically only the factor group Pc/〈i〉 is important.

22This assumed local nature of the noise is compatible with the expectation that the
distribution of information into nonlocal correlations (entanglement) by coding will help us
to preserve it.
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• the Wµ operators are isometries for which WµSW
∗
µ stabilizes the syn-

drome subspace Sµ. The orthogonal projection onto Sµ will be Pµ =
∏c−m

i=1
1
2

(
1 + WµgiW

∗
µ

)
, and WµgiW

∗
µ = ±gi proves that the syndrome

subspaces are orthogonal.

This way all Pauli operators are in one of the left cosets of the stabilizer
ApWµS, where µ indexes the isometric mapping of CS onto Sµ and p indexes
a further unitary operation. Note that by definition Wµ and Ap commute.

It is now apparent that the operators from the same coset ApWµS trans-
form the code CS equivalently, that is, they cause the same error which can
be corrected in the same way.23 Therefore, given a noise channel with oper-
ator elements {Ei =

√
ai gi} with gi ∈ Pc it is convenient to introduce the

equivalence classes [ApWµ] and identify them with the error operator

Ep,µ =
√
ap,µ gp,µ :=

√
ap,µApWµ , (3.2)

where ap,µ =
∑

{i |Ei∈[ApWµ]} ai is the total probability of the error gp,µ in the
channel.

Suppose µ 6= 0. Then the error class Ep,µ can be corrected obviously by
E∗

p,µ = W ∗
µAp. However, the syndrome measurement can only identify µ, but

not p. This implies that two error operators Ep1,µ1 and Ep2,µ2 can be corrected
at the same time if and only if µ1 6= µ2, i.e., they map the codeword into
different syndrome subspaces. This means that we can perfectly correct only
one error class from each coset WµN(S).

In the µ = 0 case Ep,0 =
√
ap,0Ap ∈ N(S), which means that either p = 0

and the codeword remained valid or p 6= 0 and the error is undetectable thus
uncorrectable.

As an example on quantum stabilizer codes, the so-called five-qubit code
is discussed in appendix A.5.4. This type of code was used in the thesis, too
(see later in Chapter 4).

3.2 Optimal QEC

As we have seen, standard QEC is a completely noise independent proce-
dure, i.e., it makes no assumptions on the type of the noise process, rather
its aim is to perfectly correct a fixed group of commonly probable errors. In
contrast, if the type of the noise process is known, it is more reasonable to try
protecting the information against that specific process type. This approach
is called the optimization approach of QEC. Its goal is to find the optimal
recovery operation R⋆ given a code C and a noise channel E . In the litera-
ture authors mostly follow this approach [22, 23, 24] although there are also
alternate attempts [25, 26].

A recovery operation R⋆ is said to be optimal, if it maximizes the chan-
nel fidelity Fch. The reason for this choice of objective function is apparent

23When there are more than one error operator in the same coset of S which is correctable
by some R recovery operator, then it is the case of degenerate QEC.
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3.2. Optimal QEC

based on section 2.4.2; error correction has to take into account the possibility
that it is only applied to a part of a larger quantum system, i.e., it not only
has to preserve the state on which it is applied, but also has to preserve the
entanglement between the state and parts of its environment.

More formally, the following optimization problem has to be solved:

R⋆ = argmax
{R}

Fch(R ◦ E) . (3.3)

In contrast to a Kraus operator element set the Choi matrix is a unique channel
representation in the sense that it has no unitary freedom (see section 2.2.2),
which makes it suitable for optimization purposes. Using this, (2.20), (2.10)
and (2.11), the objective of (3.3) turns into

Fch(R ◦ E) =
∑

i,j

〈〈ρcs|RiEj〉〉〈〈RiEj|ρcs〉〉 = 〈〈ρcs|XR◦E |ρcs〉〉 = Tr(XRCρcs,E) .

where the Ri are the Kraus elements of R, Cρcs,E :=
∑

i |ρcsE
∗
i 〉〉〈〈ρcsE

∗
i |, and

ρcs = UC
1
2m
U∗
C = PC

2m
∈ B(Hcs) is the codeword of the maximally entangled

message state 1
2m

.
Taking into account that R must be CPTP, the final form of (3.3):

X⋆
R = argmax

X
Tr(XC PC

2m
,E) , (3.4)

so that X ≥ 0, and Tr2(X) = 1 .

This problem is a semidefinite programming problem, a class of convex op-
timization problems for which efficient solvers exist (see section A.6). The
properties of such a problem can be seen in appendix A.2.3.

Note that for a [[c,m]] code, (3.4) is a 24c − 22c (real) dimensional opti-
mization problem. In practice the number of dimensions can be reduced to
22(m+c) − 2m+c by merging the noise and recovery operator elements with the
encoder as E ′

i := EiUC, R
′
i := U∗

CRi and operating directly on the message
space Hms.

3.2.1 Pauli case

In the case of Pauli channels and stabilizer codes the optimal correction
operation R⋆ can be generated analytically [19, 25]. This is a very essential
result, as it applies to many important channels; furthermore, it may also help
understand more complex cases where only numerical methods are available.

As stated in section 3.1.2, only one Pauli error class Ep,µ =
√
ap,µApWµ

can be corrected for each µ. It is then apparent that the correction will be the
most effective if for each µ we choose and correct the most probable error. In
contrast, standard QEC chooses to correct the minimum weight (more often
only the single-qubit) errors. This means that for stabilizer codes and Pauli
channels, standard QEC will be optimal except when the error probabilities
are sufficiently unequal. Further comparison of standard and optimal QEC
with examples can be seen in appendix A.5.5.
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3. Theory of quantum error corretion

Formalizing the above, let the index p of the most probable error oper-
ator Ap for each WµN(S) coset be denoted by p⋆µ. Now the operator ele-
ment set of the optimal R⋆ recovery operation can be obtained as {W ∗

µAp⋆µ},
µ = 0, . . . , 2c−m − 1. Using this, the channel fidelity turns into

Fch(R⋆ ◦ E) =
∑

p,µ

∑

µ′

∣
∣
∣
∣
Tr

(

W ∗
µ′Ap⋆

µ′

√
ap,µApWµ

PC
2m

)∣
∣
∣
∣

2

=
∑

µ

ap⋆µ,µ .

We used that [Wµ, Ap] = 0, W ∗
µ′Wµ = δµ,µ′PC and the logical Pauli operators

are mutually Hilbert–Schmidt orthogonal, i.e., Tr
(
ApAp′

)
= δp,p′2

m.
By this formula, the channel fidelity for Pauli channels is thus the sum of

the apµ,µ probabilities of the errors selected for correction in each syndrome
subspace. It is evident that we get the maximal channel fidelity if we design R
to correct the error with the greatest probability in each syndrome subspace.
Strictly speaking, we have proved only that among the (22m)2

c−m

different QEC
operations of the form

R = {W ∗
µApµ} (3.5)

there does not exist any better than the one with pµ = p⋆µ. However, there is
not any other kind of QEC operation which is better (see [19] for a complete
proof).
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Chapter 4

Robustness of quantum error

correction

This chapter summarizes a set of new results. The robustness of QEC pro-
cedures against channel perturbations is first defined. Using this definition, the
robustness of recovery operations for the class of Pauli channels is analyzed
in detail. The robustness domains splitting up the set of Pauli channels are
explicitly characterized. Furthermore, several case studies on the robustness
of recovery operations against general non-Pauli perturbating channels is also
studied using the same definitions, with the aim of finding possible general-
ization of the results for Pauli channels, in particular the general robustness
domains and domain borders.

In section 4.1 the general definitions of robustness and related notions is
given. Section 4.2 discusses robustness for the case of Pauli channels, while
section 4.3 deals with the general case. Finally, 4.4 summarizes the results.

4.1 Robustness in the context of QEC

As we have seen in section 3.2 the optimal QEC is clearly the best in
terms of efficiency. In real world situations, however, robustness should also
be considered as an indicator of usefulness.

As we mentioned in the introduction 1.1, any precise definition of robust-
ness against a change must also include the accurate description of the changing
conditions together with the bounds of their change. In system-and control
theory we can speak about robustness of a system model property against
uncertainties arising from the differences between the model and reality. Rep-
resentations of these uncertainties vary primarily in terms of the amount of
structure they contain [3]. Unmodeled dynamics, nonlinearities, effects of lin-
earization and system randomness are usually called unstructured uncertainties
(also nonparametric uncertainties). These uncertainties are usually defined as
set membership statements for the model. In contrast, structured uncertainty
(or parametric uncertainty) assumes a known system model, only its actual
parameters are uncertain. Therefore, structured uncertainty is defined as set
membership statements (intervals) for the parameters. Robustness of some
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4. Robustness of quantum error correction

property can then be defined as resistance against the variations in the given
set of uncertainties.

In the context of quantum error correction robustness of recovery oper-
ations can also be analyzed using a similar classification of uncertainties in
the noise channel. One possibility is to study robustness against variations in
the channel parameters, i.e, assume structured uncertainties. This approach
is shortly discussed by Fletcher in [19]. Another approach of [19] is to try
taking a – less structured – uncertainty into account in the formulation of
the optimization problem. They define the channel as an integral weighted
by a probability distribution then maximize the average entanglement fidelity.
A similar problem statement can be found in the work [26], which tries to
solve the problem with a reformulated, “indirect” version of the optimization
problem. Of course, to use these approaches we must first consider by what
assumptions the distribution will be physically realistic.

The drawback of the above-mentioned approaches is that they assume a
very special type of uncertainty structure. These can be very useful in certain
cases, but here we want to study the question of robustness from a more general
point of view, by assuming the least possible structure in the uncertainties of
the noise channel. By knowing less about the uncertainty we can be less
prepared against it.

We seek answers for this question in the following way. Let R0 be a recovery
operation originally used to correct the nominal noise channel E0. First, we
characterize the robustness of R0 against the structured channel set obtained
by moving in the set of channels from E0 in the direction given by a perturbation
channel E1, and checking how effective the recovery operation R0 remains on
the new altered channel. Then by removing the knowledge of E1, we generalize
our results to obtain an exact description of the neighborhood of E0 in the
set of channels on which R0 is a robust recovery operation. This way we get
information on the robustness of R0 against completely unstructured type of
uncertainties.

4.1.1 Perturbation of quantum channels

To describe moving from the nominal noise channel E0 towards the pertur-
bation channel E1, i.e., the mixing of the channels, we can utilize the convexity
of the set of channels and define channel mixing as the convex combination of
two channels. The operator elements of the mixed channel Eγ = (1−γ)E0+γE1
will be the following:

{Eγ,i} =
{√

1− γE0,j

}
⊎
{√

γE1,k

}
, (4.1)

where {E0,j} and {E1,k} are the sets of operator elements of E0 and E1; fur-
thermore, γ ∈ [0, 1] is the mixing parameter. Notation ⊎ means here that if
{E0,j} and {E1,k} contains an element which is the same in these two sets then
this common element will appear two times in {Eγ,i}. It is easy to see that
the obtained operator element set still represents a quantum channel as chan-
nels form a convex set, so the trace preserving constraint (2.9) remains valid.
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4.1. Robustness in the context of QEC

Thus a parameterized set Eγ of channels is obtained as a model of structured
uncertainty with structure imposed on it by E0 and E1.

Note that mixing could also be defined using the corresponding Choi ma-
trices: XEγ = (1− γ)XE0 + γXE1 .

4.1.2 Efficiency of correction on the mixed channel

To get closer to the notion of robustness of a recovery operation, we must
measure the effectiveness of R0 on the mixed channel Eγ. The effectiveness
of a recovery operation R on the channel E is given by the channel fidelity
Fch(R ◦ E), however, instead of just working with the pure value, it is worth
comparing it with the best possibility R⋆

E on the channel E with some given
encoding. Thus we arrive at the definition:

Definition 4.1 (Relative efficiency). The relative efficiency of the recovery
operation R for a channel E is

ǫR(E) := Fch(R⋆
E ◦ E)− Fch(R ◦ E) .

Using this quantity we can analyze whether the efficiency of R0 remains
close to the best possible value or not for Eγ, i.e., while we alter the nominal
channel E0 by mixing it with E1. This way it turns out against which type of
noise E1 is the recovery operation sensitive and against which type it remains
efficient (i.e., closely optimal). Thus the relative efficiency of R0 for Eγ will be

ǫR0(Eγ) = Fch(R⋆
γ ◦ Eγ)− Fch(R0 ◦ Eγ) . (4.2)

The first term is the channel fidelity for the case when the mixed noise channel
Eγ is corrected by the best possible R⋆

γ recovery operation – which gives the
biggest possible channel fidelity – and the second term tells us how much
smaller is the channel fidelity we get compared to this optimal value by using
the original R0 recovery operation.

This difference can be greater than zero because of two reasons. First,
it can be greater than zero if R0 is not robust. Second, it is possible that
the examined R0 recovery operation is robust, but not optimal for the E0
channel. The ǫR0(E0) difference, which is independent of the mixing parameter
γ characterizes optimality, i.e., how effective the R0 recovery for the E0 channel
is.

4.1.3 Robustness domains

We want to use the expression “robustness” to characterize the feature of
the recovery operation, which shows how the efficiency of R0 changes with the
mixing parameter γ. Thus it turns out that the robustness against the pertur-
bation of the channel can be measured by the inspection of the γ dependence
of the ǫR0(Eγ) function. If ǫR0(Eγ) grows fast with γ then the R0 correction is
sensitive to the perturbation with E1 or else when R0 remains closely as effec-
tive as it was for the E0 channel, it is robust agaist E1. The robustness could be
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4. Robustness of quantum error correction

characterized as the derivative d
dγ
ǫR0(Eγ); however, it is more useful to define

the robustness more generally with an E1 independent domain in which the
efficiency of R0 is not worse than it is for the original channel plus a given δ
value:

Definition 4.2 (δ-robustness domain). The boundary point of the δ-robustness
domain in the direction given by E1 is the channel Eγδ , where

γδ = inf{γ | ǫR0(Eγ)− ǫR0(E0) > δ}

The whole δ-robustness domain of a recovery operation R0 around the channel
E0 consists of all the channels which are inside the boundary.

To determine the boundary of the δ-robustness domain we need to know
(4.2). The second term gives us how good channel fidelity we get for the
channel Eγ using the R0 recovery operation. It can be seen that we do not
need optimization to determine this term. Using the operator elements of the
mixed channel Eγ as in (4.1),

Fch(R0 ◦ Eγ) = (1− γ)Fch(R0 ◦ E0) + γFch(R0 ◦ E1) . (4.3)

That is, this term varies linearly in function of γ as the distance from the
channel E0 grows. This follows from our definition of channel mixing and the
linearity of the trace.

It is more difficult to handle the first term of (4.2). In the most general
case, this calculation requires the solution of the semidefinite programming
problem (3.4), as it was discussed in section 3.2.

4.2 Robustness in the Pauli channel case

This section draws conclusions about the robustness of Pauli channel error
correction on stabilizer codes using the notions defined in section 4.1.

Assume that E0, E1 and so Eγ are Pauli channels. Then we can directly
apply the analytical results of section 3.2.1 to determine the first term of the
relative efficiency (4.2). Therefore, the operator elements from (4.1) can be
written equivalently in terms of Pauli error classes (3.2) as

{√

(1− γ)a0p,µ + γa1p,µApWµ

}

p,µ
,

where
√
a0p,µ and

√
a1p,µ are the coefficients of the operator element classes of

the channels E0 and E1, respectively, and
√

aγp,µ :=
√

(1− γ)a0p,µ + γa1p,µ are

the coefficients of the operator element class of the channel Eγ.
To obtain the optimal correction for the mixed channel Eγ, we apply the

expression (2.20). For this, we need to determine the most probable one among
the errors which move the code subspace C into a given syndrome subspace
Sµ, i.e., the greatest aγp,µ for a given µ.
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4.2. Robustness in the Pauli channel case

4.2.1 Results for the case of single syndrome subspace

To see what exactly happens in each syndrome subspace with the optimal
recovery operation during mixing, let us first take a simple case a1p,µ = δp,p̄δµ,µ̄,
where p̄ and µ̄ are fixed, i.e., E1 has the single operator element Ap̄Wµ̄. In this
case, only in the syndrome subspace Sµ̄ will there be any change in the ratios
of the a0p,µ probabilities, so there is no need to examine any other syndrome
subspace, as in those the most probable error remains unchanged during the
mixing. With the change in the γ parameter in the mixed channel, only the
probability aγp̄,µ̄ grows; the other probabilities are decreasing. There are three
cases:

1. a0p̄,µ̄ is smaller than some other a0p⋆µ̄,µ̄, i.e., in the channel E0 it is not the

Ap̄Wµ̄ error operator belonging to the channel E1, which is corrected by
the current optimal recovery R⋆

0. In this case, however, the probabil-
ity of the error Ap̄Wµ̄ is increasing as aγp̄,µ̄ = (1 − γ)a0p̄,µ̄ + γ while we
mix the channels; but the optimal recovery remains unchanged until the
decreasing probability aγp⋆µ̄,µ̄ = (1− γ)a0p⋆µ̄,µ̄ remains greater.

2. a0p̄,µ̄ is uniquely the greatest error probability in the syndrome subspace
Sµ̄. In this case, it will increase further during the mixing while the other
error probabilities will decrease, so Ap̄Wµ̄ will be the most probable error
and the optimal correction will be unchanged during the whole mixing.

3. Lastly, it can occur that a0p̄,µ̄ is one of the greatest error probabilities of E0
in the syndrome subspace Sµ̄, i.e., there is more than one error operator
with the same probability. (In other words, at least two different indices
p⋆µ̄ 6= p⋆⋆µ̄ 6= . . . exist, for which a0p⋆µ̄,µ̄ = a0p⋆⋆µ̄ ,µ̄ = . . . , and p⋆µ̄ = p̄.) In

this case, the optimal correction of the channel E0 is not unique. We can
choose to correct any of the most probable errors and we get the same
channel fidelity by these completely different recovery operations. But
when the channel is altered by E1, for an arbitrary small value of γ the
optimal recovery operation will uniquely be the one which corrects the
error Ap̄Wµ̄.

We can summarize the three cases in the following statement:

Statement 4.1 (Optimality in unitary case). Assume that R⋆
0 – which is de-

signed to correct the unitary error E1 = Ap⋆µ̄Wµ̄ – is an unique optimal recovery
operation for the channel E0. Then it is also optimal recovery for the channel
Eγ arising as a mix of E0 with E1 if

• p̄ 6= p⋆µ̄ and the inequality

(1− γ)a0p⋆µ̄,µ̄ ≥ (1− γ)a0p̄,µ̄ + γ (4.4)

holds,

• p̄ = p⋆µ̄ and γ is arbitrary.

The above described behaviour of the aγp,µ̄ probabilities is illustrated in
Figure 4.1(a).
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(a) The location of the breakpoint in case
of unitary perturbation channel in the
Sµ̄ syndrome subspace. It can be seen
that the probability of the perturbing
error operator grows to 1, while the
others decrease to 0.
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(b) In the general case more breakpoints
can appear.

Figure 4.1. These figures are only illustrations, there is no specific channel associated with
them. Optimal channel fidelity is denoted by the dotted line.

The robustness domains

To obtain the δ-robustness domain of a recovery operation R0, we need to
study the relative efficiency function (4.2). First, we assume that R0 = R⋆

0

is the unique optimal error correction of the nominal channel E0. Then it
remains optimal, under the conditions stated in Statement 4.1. This means
that there exists a zero-robustness domain of nonzero size for R0 around E0.
Thus we can state the following:

Statement 4.2 (Zero-robustness domain in unitary case). The boundary point
of the zero-robustness domain for the R⋆

0 unique optimal recovery of the channel
E0 with perturbation Ap̄Wµ̄ is that Eγ0 channel, for which γ0 is the greatest
possible solution of inequality (4.4),

γ0 =
a0p⋆µ̄,µ̄ − a0p̄,µ̄

a0p⋆µ̄,µ̄ − a0p̄,µ̄ + 1
,

or γ0 = 1 if p̄ = p⋆µ̄. For the channel Eγ0, even the recovery operation R⋆
0

is optimal, but not uniquely. Furthermore, exceeding this point, the optimal
recovery operation changes abruptly and a completely different error correction
will become optimal.

This can be seen also by looking at the channel fidelities in (4.2). Before
the γ0 boundary point, the optimal fidelity goes as

Fch(R⋆
γ ◦ Eγ) =

∑

µ

(1− γ)a0p⋆µ,µ = (1− γ)Fch(R⋆
0 ◦ E0) ,

which is the same as the linear curve in (4.3), so ǫR0(Eγ) is identically zero.
(We used that Fch(R⋆

0 ◦ E1) = 0.) But when aγp̄,µ̄ exceeds aγp⋆µ̄,µ̄, i.e., instead of
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4.2. Robustness in the Pauli channel case

the correction of the error Ap⋆µ̄Wµ̄, the correction of Ap̄Wµ̄ will be the optimal
solution, the optimal fidelity will go as

Fch(R⋆
γ ◦ Eγ) =

∑

µ 6=µ̄

(1− γ)a0p⋆µ,µ + (1− γ)a0p̄,µ̄ + γ .

As can be seen by comparing this equation and (4.3), the boundary of the
δ-robustness domain for a δ > 0 is that Eγδ channel, for which

γδ = γ0 +
δ

a0p⋆µ̄,µ̄ − a0p̄,µ̄ + 1
.

In contrast, for every other R0 recovery operation of type (3.5), which is not
optimal for the E0 channel, γδ ∝ δ without constant term.

4.2.2 Results for the general case

In general, when we mix the nominal Pauli channel E0 with an arbitrary
other Pauli channel E1 which has more operator elements belonging to different
p, µ index pairs, then in a given Sµ syndrome subspace all error probabilities
can vary differently, and this happens in more than one syndrome subspace
at the same time. In this case the following generalization of Statement 4.1
holds:

Statement 4.3 (Optimality in general case). The unique optimal recovery
operation, which is designed to correct the errors Ap⋆µWµ in each syndrome
subspace Sµ, remains optimal also for the mixed channel Eγ arising as a mix
of E0 with E1 as long as the inequalities

(1− γ)a0p⋆µ,µ + γa1p⋆µ,µ ≥ (1− γ)a0p,µ + γa1p,µ (4.5)

hold for all p and µ.

The above described behaviour of the aγp,µ probabilities is illustrated in
Figure 4.1(b). The general version of Statement 4.2 can also be given:

Statement 4.4 (Zero-robustness domain in general case). The greatest value
of γ for which the inequalities (4.5) are all true defines a γ0, for which Eγ0 is the
boundary point of the zero-robustness domain of R⋆

0 in the direction given by
E1. Going through this point, the optimal recovery operation changes abruptly
and ǫR0(Eγ) goes linearly with γ.

It follows that the boundary point of the δ-robustness domain for δ > 0
is that Eγδ channel, for which γδ = γ0 + const · δ (which is 0 only if γ0 = 0).
In contrast, for an arbitrary non-optimal recovery operation R of type (3.5)
used on a Pauli channel E0, the γδ value starts to increase linearly with δ in
general, i.e., γδ = const · δ. Because of the global optimality of R⋆

0 this is also
true for any other type of QEC operation (including standard QEC recovery
operation), having a growth with lower powers of δ at most in special cases.
This brings us to one of our main conclusions:
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4. Robustness of quantum error correction

Statement 4.5. For the case of Pauli channels, the optimal recovery operation
R⋆ does not only give better entanglement fidelity but it remains robust in
general, except for the case when the greatest common solution γ0 of inequalities
(4.5) is zero, i.e., the channel is on the boundary surface of a zero-robustness
domain.

Therefore, we should be careful when the standard QEC differs from the
optimal. The latter one takes slight assumptions about the channel, but it
does not guarantee the robustness at all. Surprisingly, the channel specific
optimal solution can give a better guarantee for the robustness.

4.2.3 Geometric picture of Pauli robustness domains

Using the following geometric picture, we can easily determine and visu-
alize the boundaries of the zero-robustness regions, in which the optimal R⋆

recovery operation is the same. Since all the Pauli channels which have the
same effect on the code subspace can be given by the numbers 0 ≤ ap,µ ≤ 1 and
because of the trace preserving condition

∑

p,µ ap,µ = 1, all of these channels
can be represented by a point of a (2c+m − 1)-dimensional simplex, which has
2c+m extremal points.24 The extremal points of the simplex will correspond
to the unitary channels given by the equivalence classes [ApWµ] with [A0W0]
at the origin. A general Pauli channel with operator elements {√ap,µApWµ}
then corresponds to the point of the simplex with coordinates ap,µ (p, µ 6= 0).
Any parameterized Pauli channel can then be associated with a curve in the
simplex. In particular, for channels assuming that noise acts on each qubit
independently the curve starts from the origin and ends on the face opposite
to the origin. Moreover, channels arising as convex combination, i.e., which
are parameterized by the mixing parameter γ have straight curves between the
two endpoints.

Using this simplex model, it is easy to visualize the zero-robustness do-
mains, i.e., those in which the optimal recovery operation is the same:

Statement 4.6 (Uniqueness of optimal recovery). A channel E0 has unique
optimal recovery operation R⋆

0 if and only if the p⋆µ indices are uniquely deter-
mined for all µ by the strict inequalities a0p⋆µ,µ > a0p,µ for all µ and p 6= p⋆µ.

Mixing E0 with another channel E1, the optimal error recovery operation
will remain R⋆

0 until (4.5) holds, i.e., aγp⋆µ,µ is maximal among aγp,µ. The point

given by the aγp,µ numbers is on the boundary between two (or more) domains
if there exist at least one index µ and at least two indices p⋆ 6= p⋆⋆ for which
aγp⋆,µ = aγp⋆⋆,µ ≥ aγp,µ, where p can be arbitrary. These points are on the
(2n+k − 2)-dimensional plane which is determined by the following 2n+k − 1
points: all the extremal points except Ap⋆Wµ and Ap⋆⋆Wµ and the midpoint
between these two latter extremal points.

As a simple example, let us see a 4m − 1 dimensional projection of the
simplex which we get as the convex hull of ApWµ vertices for a fixed µ. If we

24Given a [[c,m]]-stabilizer code, the factor groupGc/〈i〉 has 22c elements and the stabilizer
S of the code has 2c−m elements. Thus, Gc/〈i〉 factorized by S will have 2c+m elements.
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4.2. Robustness in the Pauli channel case

have one logical qubit, i.e., m = 1 then this simplex is three-dimensional. The
zero-robustness domain borders can be obtained in the following way. Select
any two vertices Ap, for instance A0 = 1̄ and A1 = X̄. Then the midpoint
channel 1

2
1̄ + 1

2
X̄ of the line connecting these is a border channel, because

a0,µ = a1,µ = 1
2
. If we go from this point towards the A2 = Z̄ vertex, then the

weights a0,µ and a1,µ will decrease, but remain equal. This implies that we are
still on a border as long as a2,µ ≤ a0,µ = a1,µ ≤ 1

3
. Proceeding similarly for

all p we get the zero-robustness domains. This example can be seen in Figure
4.2.

Figure 4.2. A 3 dimensional simplex with the zero-robustness domains inside.

Thus, the Pauli channels with the same optimal QEC operation form a
zero-robustness domain in the space of Pauli channels. There are finite num-
bers of such domains and they cover the whole space of Pauli channels. If a
channel is an interior point of such a domain then the optimal QEC opera-
tion is robust against any Pauli-type alteration of the channel, i.e., mixing the
channel with any other Pauli channel E1, the boundary point Eγ0 of the zero-
robustness domain is in non-zero γ0 distance. Moreover, the boundary point
of an arbitrary δ-robustness domain with δ > 0 is outside the zero-robustness
domain; therefore, γδ > γ0 and limδ→0 γδ > 0.)

As Pauli channels are examples of uncorrelated noise models, i.e., noise with
operator elements given as tensor products of qubit operators, the following
fact follows from the simplex picture:

Corollary 4.1. Pauli channels with parameterized qubit operator elements are
always inside the interior of a zero-robustness domain for small parameter
values.

For small parameter values, the minimal weight errors will be the most
probable. Then these are associated with different syndrome subspaces and
can be corrected at the same time. Thus there will never be two equal ap,µ
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4. Robustness of quantum error correction

probabilities with the same µ, which means that the recovery operation for
this channel will remain optimal for growing parameter values until an error
with bigger weight gets more probable than one of the small weight errors. The
more symmetric is the channel, i.e., the closer are the probabilities of the errors
X, Y , and Z, the later will this happen. The most symmetric Pauli channel
assuming uncorrelated noise is the depolarizing channel (A.5). For this, the
optimal recovery is the same on the full domain of the noise parameter.

In Figure 4.3 an example can be seen for a strongly asymmetric channel. It
has non-analytic breakpoints in the optimal channel fidelity curve in function
of the noise parameter p, where the curve of the channel crosses robustness
domain borders in the simplex, indicating an abrupt change of the optimal
recovery operation. The most asymmetric case is the phase damping channel.
It has a breakpoint at the 0 value of the noise parameter, so it is not visible in
Figure A.1, that is, the optimal recovery is the same again on the full domain
of the noise parameter.
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Figure 4.3. A strongly asymmetric Pauli channel crossing several zero-robustness domains
with changing noise parameter p. The single-qubit operator elements of the channel:
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. The dashed line shows that after the first breakpoint the

optimal recovery changes.
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Figure 4.4. The two terms of ǫR0
(Eγ) in function of γ for the mixing of Pauli and non-Pauli

channels. γ = 0 denotes the initial Pauli channel on each figure. The mixtures are (a)
the depolarizing channel (p = 0.3) and the amplitude damping channel (g = 0.3); (b) the
depolarizing channel (p = 0.3) and the pure states rotation channel (θ = 5π

12 , φ = 5π
36 ); (c)

the phase damping channel (p = 0.3) and the amplitude damping channel (g = 0.3); and (d)
the phase damping channel (p = 0.3) and the pure states rotation channel (θ = 5π

12 , φ = 5π
36 ).

The solid line denotes the optimal channel fidelity term of ǫR0
(Eγ), the dashed and dotted-

dashed lines denote the linear terms of ǫR0
(Eγ) for the two initial channels, and the dotted

line denotes the approximate derivative
∥
∥ d
dγX

⋆
γ

∥
∥, which is normalized to its maximum.

4.3 Case studies for non-Pauli channels

The results in section 4.2 are valid for Pauli channels and stabilizer codes,
but based on some numerical results, we believe that the main conclusions
are similar also in the case of arbitrary channels. To demonstrate the general
situation, we study in detail a few examples using the definitions from section
4.1.

For this purpose, we choose two non-Pauli channels as perturbation chan-
nels; the amplitude damping channel, and the pure states rotation channel
(see appendix A.5.1 for the definitions). For simplicity, in the latter the value
of the θ parameter is chosen to be θ = 5π

12
. In the first two case studies, Pauli

channels were also used, these were the phase damping channel (A.6) and the
depolarization channel (A.5).

As we discussed previously, for general non-Pauli channels, we have no
analytical method to determine the optimal recovery operation. Therefore,
hereafter we follow the numerical method discussed in section 3.2. In our
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4. Robustness of quantum error correction

examples, as encoding we use the standard five-qubit code defined by the
generators of Table A.1(a).

Note that in all cases, we studied systematically the dependence of our re-
sults on the noise strength of the two channels that were mixed. We found that
the picture is similar in each case, i.e, there are no qualitative differences in the
results while we modify the noise strength of the depolarizing, phase damping
and amplitude damping channels between 0 and 0.7 and the parameter φ of the
pure states rotation channel between 0 and 5π

24
. Thus in the following examples

the noise strength dependence of the results is assumed negligible.

4.3.1 Pauli channel with non-Pauli perturbation

As a first step, we study the robustness of the optimal QEC operation R⋆
0

of a nominal Pauli channel E0 against a non-Pauli perturbation E1. We have
studied four different cases by mixing two types of Pauli channels with the
above two types of non-Pauli ones in all possible combinations.

In Figure 4.4 we present typical results for all of the four cases. In the
figures, the first and the second terms of the expression ǫR0(Eγ) from (4.2)
can be seen, that is, the optimal channel fidelity Fch(R⋆

γ ◦ Eγ) (solid line) and
the linear term Fch(R0 ◦ Eγ) (dotted-dashed line), respectively. It can be seen
that the two curves are almost identical at a neighborhood of the initial Pauli
channel. (Really, close to the Pauli channel, there is no difference in the two
curves in the order of numerical error.) Nevertheless, we can not determine
exactly the border of the zero-robustness domain and, in principle, γ0 could
be zero; but ǫR0(Eγ) starts to increase very slowly with γ in higher than linear
order. This region could be the generalization of the zero-robustness domain
of the pure Pauli case. Increasing the distance from the original Pauli channel,
we reach another domain where ǫR0(Eγ) clearly has a linear term as a function
of γ. Between these two domains, there is a transitional region which could
be the generalization of the boundary surfaces of the zero-robustness domains.
To a first approximation, we could summarize our observations based on the
analysis of these fidelity curves:

Statement 4.7. The longer the period on which the ǫR0(Eγ) has only higher
than linear order term, the more we can consider the corresponding recovery
operation R⋆

0 robust against the non-Pauli perturbation E1.

Informally, general robustness domains would be those domains, in which
the optimal recovery operation changes slowly with γ, and the borders between
the regions would be those parts, where it changes faster. The necessary
condition for the possibility of robust error correction would be that the channel
is inside a robustness region.

To analyze in more detail the above observations and to clarify the dif-
ferences and similarities with the pure Pauli case discussed in section 4.2, we
study the change in the optimal recovery operation R⋆

γ with the mixing param-
eter γ. In the Pauli case, R⋆

0 was completely unchanged in the zero-robustness
domain, but it changed abruptly at the boundary of the domain. In the general
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4.3. Case studies for non-Pauli channels

case, to measure how fast is the change in R⋆
γ we compute the

∥
∥ d
dγ
X⋆

γ

∥
∥ deriva-

tive of the Choi matrix X⋆
γ , where the norm is the Hilbert–Schmidt norm.

We compute this derivative approximately; it is plotted by the dotted line in
Figures 4.4(a)-(d).

We observe that R⋆
γ varies very slowly near the nominal Pauli channel E0,

i.e., if γ is small. Even more interestingly, we can see that there are abrupt
changes in R⋆

γ denoted by the peaks of the dotted curves. The better the
numerical precision, the higher these peaks are, indicating discontinuous jumps
in the R⋆

γ optimal recovery operation. These jumps correspond to breakpoints
in the optimal channel fidelity curve. These breakpoints can not always be
seen, because of the scaling of the figure, however, changing the scale and
enlarging the vicinity of a point where R⋆

γ is discontinuous, the breakpoint
can always be found. Between these non-continuous changes indicated by
breakpoints, R⋆

γ is not constant but changes relatively slowly as a smooth
function of γ. These observations indicate the following statement:

Statement 4.8. Mixing a nominal Pauli-channel with a non-Pauli perturba-
tion, the optimal recovery operation R⋆

γ changes in two different ways:

• In the non-analytic breakpoints – similarly to the domain boundary of
the Pauli case given by Statement 4.4 – the optimal R⋆

γ is not uniquely
defined and there is no good choice out of the possible R⋆

γ operations
against all possible perturbation E1. These breakpoints, however, form a
discrete set in the γ ∈ [0, 1] interval and they correspond to a subset of
zero measure in the set of all possible channels.

• Between these non-continuous changes the optimal QEC operation varies
analytically, i.e., a small change in γ causes a change in the at least
second order in ǫR0(Eγ).

In light of the above results, we can assert also the following:

Statement 4.9. The optimal recovery operation R0 of a Pauli channel E0 is
also robust against non-Pauli channel perturbations.

4.3.2 Non-Pauli channel with Pauli perturbation

On the other hand, the curves of Figure 4.4 can also be viewed from the
other side, i.e., from the γ = 1 endpoint. This point describes the amplitude
damping or pure states rotation channels, respectively. Going backward from
this point in γ, we can study the robustness of the recovery operation R⋆

1

which is optimal for a nominal non-Pauli channel E1, against a Pauli-type
perturbation E0. Thus the role of E0 and E1 is switched in this case study.

As can be seen from (4.3), the second term of the relative efficiency ǫR1(Eγ)
varies linearly in the function of γ for an arbitrary nominal channel E1 and an
arbitrary perturbation E0. This is indicated by the dashed line in Figure 4.4.
Similarly to the previous case study, we can see from the dotted lines that the
derivative of the Choi matrix is not zero. This means that the R⋆

γ optimal
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Figure 4.5. The two terms of ǫR0
(Eγ) in function of γ for the mixing of the amplitude

damping channel (g = 0.5) and the pure states rotation channel (θ = 5π
12 , φ = 5π

36 ), and the

approximate derivative
∥
∥ d
dγX

⋆
γ

∥
∥. Notations are the same as in Figure 4.4.

recovery operation changes by arbitrary small perturbation of the channel E1.
As a consequence, γ0 = 0, i.e., there is no finite zero-robustness domain around
a non-Pauli channel. However, from the channel fidelity curves we can see that
ǫR⋆

1
(Eγ) has only higher than linear order term and γδ starts to increase only

with lower powers of δ and not linearly. Therefore,

Statement 4.10. The optimal recovery operation proved to be more robust
in general than any other QEC operation, for which the γδ value of the δ-
robustness domain starts to increase linearly with δ.

Only when we are in a non-analytic point where the optimal recovery oper-
ation changes abruptly – at the peaks of

∥
∥ d
dγ
X⋆

γ

∥
∥ – is the case worse, similarly

to the boundaries of zero-robustness domains in the case of Pauli channels.
We can see an interesting example in Figure 4.4(c). Very close to the

amplitude damping channel E1, there is a very narrow peak in the derivative
∥
∥ d
dγ
X⋆

γ

∥
∥ indicating an abrupt change in the optimal QEC operation; therefore,

the two terms of ǫR⋆
1
(Eγ), i.e., the solid and dotted-dashed lines split at that

point. Enlarging the vicinity of γ = 1 (see Figure 4.6) we observe that the
solid and the dotted-dashed lines are almost identical when 0.9982 / γ and
the difference between the two terms grows linearly as γ decreases, i.e., as
the distance from the initial amplitude damping channel E1 is increasing. The
picture is very similar to the Pauli case; nevertheless, the robustness domain
is very small.

4.3.3 Mixing of non-Pauli channels

To make sure that our statements are general, we also studied a case where
two non-Pauli channels are mixed. For this purpose, we mix the amplitude
damping (E0) and the pure states rotation channel (E1). As a typical example,
we plot the g = 0.5 and φ = 5π

36
cases in Figure 4.5. Our observations are

essentially the same as in the previously discussed case study. Actually, we
can also see such non-Pauli–non-Pauli channel-mixing cases anywhere in the
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figures of Pauli–non-Pauli cases, when we take two channels corresponding to
nonzero γ points and mix them.

4.4 Summary

In this chapter, the robustness of error correction operations based on sta-
bilizer codes for the case of Pauli channels was investigated. It was found
that the channels which have the same optimal QEC operation form a zero-
robustness domain in the space of all Pauli channels. There are finite numbers
of such domains and they form a partition of the whole set of Pauli channels
represented as a simplex. If a channel is an interior point of such a domain
then the optimal QEC operation is robust against any Pauli-type alteration of
the channel. Only when we are on the boundary between two zero-robustness
regions, there are more (at least two) completely different optimal QEC oper-
ations giving the same maximal channel fidelity. In this case, there is no such
QEC operation, which is resistant against any type of channel perturbation,
i.e., if we do not know something about the uncertainty of the channel then
we can not protect against this uncertainty. However, this case is exceptional;
most of the channels are interior points of a zero-robustness domain.

Thus, for Pauli channels the optimal recovery operation is better not only
in entanglement fidelity, but also in robustness than any other recovery opera-
tion, assuming the channel is not on the boundary surface of a zero-robustness
domain. If we have a more or less reliable channel model to describe the inter-
actions between the system and its environment then by choosing the optimal
recovery operation we can protect against the uncertainty of the channel model
without any knowledge about it.

Moreover, the robustness of recovery operations was further investigated
for the case of non-Pauli channels and perturbations. The obtained results
strongly indicate – however, not prove – the following consequences. In con-
trast to the pure Pauli case, zero-robustness domains in which the optimal

45



4. Robustness of quantum error correction

recovery operation does not change at all, does not cover the whole space.
Instead, the optimal recovery operation can change in two different ways. The
first is similar to the case of boundaries of Pauli zero-robustness domains. In
these special points the optimal recovery operation is not unique, it changes
abruptly and the channel fidelity is non-analytic function of the mixing param-
eter. Between these points, it changes analytically with the mixing parameter
like the channel fidelity, and therefore, the optimal QEC operation can said to
be robust.
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Quantum process tomography and

experiment design



Chapter 5

Theory of quantum process

tomography

This chapter gives an introduction to the theory of quantum process to-
mography and the related experiment design problem, building on the notions
on quantum channels from section 2.2 and concepts from classical estimation
theory in [1]. The presentation is mostly based on [27].

Section 5.1 introduces quantum tomography in general, while section 5.2
concentrates on the problem of process tomography. Finally, in section 5.3 the
related experiment design problem is discussed.

5.1 Quantum tomography

Continuing the line of thought of the introduction, the differences between
models and reality can have significant effect on the performance of the models.
This means that accurate identification methods are necessary. The case is
similar in the field of quantum information, where it can be of great importance
to obtain precise estimates of quantum states or processes.

5.1.1 Quantum tomography as an identification problem

The problem of quantum estimation or quantum tomography25 can be ap-
proached using the tools of classical identification theory (described e.g. in
[1]). However, quantum systems are quite special stochastic nonlinear sys-
tems, where the stochasticity and nonlinearity are caused by the back-action
of the measurements on the measured system (see section 2.1.3). Therefore,
even in the simplest static case, when a non-dynamic quantum system is to
be estimated, one needs special estimation methods [28]. Thus quantum to-
mography is a widely investigated problem in mathematical physics, with the
goal to develop methods that can produce accurate estimators of unknown
quantum states and processes.

25The general term “tomography” refers to the estimation techniques of infinite dimen-
sional quantum systems, which are similar to the technique used in medical imaging.
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5.2. Quantum process tomography

5.1.2 Quantum state tomography

The simplest, but essential example of quantum tomography tasks is the
identification of a quantum system, i.e., quantum state tomography. In fact,
basically any other quantum tomography problem can be formulated indirectly
as state tomography.

The disturbing nature of quantum measurement implies a fundamental re-
quirement in state tomography, namely that sufficiently many identical copies
of the state must be available. This way, we can perform a single measure-
ment independently on each of the identical quantum systems, making the
state after the measurement irrelevant in tomography tasks [7]. Thus in state
tomography we are only interested in the measurement outcome probabilities,
i.e., the statistical behaviour of the state with respect to the measurements.
It follows that to have a unique state estimator, the set of used measurements
must be tomographically complete. In other words, it must provide maximal
information about the unknown quantum system.26 For instance, in the most
general case a set of observables which form an operator basis on the Hilbert
space of the system is tomographically complete.

5.2 Quantum process tomography

Quantum process tomography deals with the estimation of quantum chan-
nels representing quantum physical processes. The paper [29] can be used as
a general review and comparison of the available methods for process tomog-
raphy. In its simplest version the problem can be formulated indirectly, i.e.,
by tracing it back to quantum state tomography.

There are mainly two methods for this. The first method (standard method)
uses fixed d-dimensional input states, which are exposed to the effect of the
channel, and performs state tomography on the resulting output states. The
second method (ancilla-assisted method) is based on the fact that the Choi ma-
trix of the channel can be interpreted also as a d2-dimensional scaled density
matrix, obtained by letting the channel act on one half of a suitable com-
bined quantum system. This allows us to simply use state tomography for
the channel estimation. Thus the ancilla-assisted method uses only one input
state (principal system combined with ancilla system), however this must be
d2-dimensional, and preferably also maximally entangled to achieve best per-
formance. Entanglement is harder to maintain, and if two-body interactions
are not naturally available (e.g., photons), then the ancilla-assisted method
can not be implemented efficiently. In contrast, the standard method does not
use entanglement as a resource, and works with lower dimensional quantum
systems and measurements, thus it is easier to apply in practice. Therefore,
in this thesis, the standard method is used, however, the same questions could
also be studied for the ancilla-assisted method. A formal presentation of the

26This approach of state tomography fits well to the interpretation of the quantum state
as the set of outcome probability distributions of all possible measurements.
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ργ → System
E → E(ργ) →

POVM
Mγ = {Mγ,α}

→ Outcome counts:
{cγ,α |nγ trials}

Figure 5.1. The scheme of data collection for channel tomography.

standard method is given in the following, in analogy with classical system
identification.

5.2.1 Statistical model

The unknown quantum channel E : B(H) → B(H) taken from a set of all
possible CPTP maps Mch can be associated with a statistical model Tr[E( . ) . ]
which captures the statistical behaviour of E with respect to so-called experi-
ment configurations (ρ,M) having the following elements:

• A density matrix ρ on the Hilbert space H, used as probe (input) state
of the channel E .

• A POVM M = {Mα} with which the measurements are performed on
E(ρ) to obtain experimental data.

Thus the input of the model is a configuration (ρ,M) and the output is the
probability distribution p(α|E) = Tr[E(ρ)Mα].

Note that – similarly to state tomography – the unique identification of E
requires a tomographically complete set {(ργ,Mγ)} of experiment configura-
tions. This will be defined more exactly later in section 5.2.3.

5.2.2 Experimental data collection

The experiments27 are performed nγ times independently with each con-
figuration (ργ,Mγ) taken from a tomographically complete configuration set.
The different α outcomes of the experiments are counted in the variable cγ,α
and put in the measurement record D. This scheme can be seen in Figure 5.1.
Then obviously

∑

α cγ,α = nγ , so we performed a total number of ntot =
∑

γ nγ

independent experiments. The estimate Ê of the channel E will be calculated
from these outcome counts, based on some estimation procedure.

5.2.3 Estimation procedure

The next step of the tomography problem is to choose a suitable estima-
tion procedure. Two commonly used optimization based procedures will be
presented in the following. Similarly to section 3.2, the optimization variable
is choosen to be the Choi matrix XE instead of a Kraus operator element set,
because of its uniqueness. This allows us using (2.8), (2.10), (2.11), and (2.12)

27We assume here that the experiments are performed ideally, i.e., without measurement
noise.
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to write the statistical model of the channel with the more convenient notation
Tr( . XE), because

pγ(α|XE) =
∑

i

〈〈Mγ,αEi|Eiργ〉〉 =
∑

i

Tr
[
ρTγ ⊗Mγ,α|Ei〉〉〈〈Ei|

]
= Tr(Cγ,αXE) ,

(5.1)
where the configuration (block) matrix Cγ,α = ρTγ ⊗ Mγ,α depends on the
channel input ρ and on the measured POVM elements in configuration γ. It is
now apparent that in general a configuration set C = {Ck} is tomographically
complete if and only if a linear span of operators Ck contains the whole set
of possible Choi matrices Mch [30]. This can be achieved by using d2 linearly
independent input density matrices (a basis for the space of d×d matrices) and
performing a tomographocally complete measurement on the channel output
corresponding to each of them [29].

Maximum likelihood estimation

The independence of the experiments implies that the model probability of
obtaining the data set D is p(D|E) =∏γ,α pγ(α|E)cγ,α , which is the likelihood
function of E . Taking its logarithm and substituting (5.1) we arrive at the
optimization problem:

argmax
XE

∑

γ,α

cγ,α log
(
Tr[Cγ,αXE ]

)
(5.2)

so that XE ≥ 0, Tr2(XE) = 1

The solution of this is the maximum likelihood (ML) estimate ÊML of E . It
is important that the objective function is concave and the constraints are
convex in XE , hence, (5.2) is a convex optimization problem (see appendix A.2
for details).

Least squares estimation

The least squares (LS) is a popular method in classical estimation theory,
because of its simplicity and good statistical properties. It is easy to imple-
ment, and it results in an estimation procedure which can be used in higher
dimensions and for multiple parameters.28

We can arrive at the more convenient LS form of problem (5.2) too, if the
number of experiments nγ in configuration γ is sufficiently high. The relative
frequency p̂γ(α|E) = cγ,α

nγ
is an unbiased estimator of the model probability

pγ(α|E). If nγ → ∞ then Var
(
p̂γ(α|E)

)
→ 0, because p̂γ(α|E) has a binomial

distribution. It follows that p̂γ(α|E) ≈ pγ(α|E) for large nγ . Furthermore,
assuming that E true ∈ Mch, i.e., pγ(α|Xtrue

E ) = Tr(Cγ,αX
true
E ), we arrive at the

28Another property of the (unconstrained) LS estimator is that if the system model is a
linear function of the estimation variable then the estimator can be given analytically.
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following least squares problem:

argmin
XE

∑

γ,α

[
p̂γ(α|XE)− Tr(Cγ,αXE)

]2
, (5.3)

so that XE ≥ 0, Tr2(XE) = 1

The solution is thus the least squares (LS) estimate ÊLS of E . This problem
is also a convex optimization problem in the Choi matrix XE , in particular a
semidefinite programming problem, thus can be solved relatively easily (see in
appendix A.2.3).

5.3 Experiment design

Recall from the introduction that the goal of experiment design is to search
for experimental conditions that result in better or even optimal identification
results [1]. The nature and properties of the system to be identified have a
major influence on identification and experiment design. In general, the aim is
to choose the experiment configuration (set of design variables) such that the
data set of experimental results contains the most information with respect to
the set of possible system models.

In connection with the estimation of a quantum channel E , we would like
to get the most information on the set of possible channels Mch. This means –
similarly to classical systems – that if the estimate Ê converges in the number
of experiments to Ẽ , then Ẽ should be a unique approximation of the true
channel E , furthermore, if E ∈ Mch then Ẽ = E should hold.

Once the design variables are chosen such that the limiting estimate Ẽ is
acceptable then it may become interesting to further select them so that the
covariance matrix of Ẽ is minimized. This is the problem of optimal experiment
design. As we have seen in section 5.2, the design variables of quantum process
tomography were the input state ρ, the measurement POVM M, the number
of measurements per configuration nγ , and the type of the estimator. The
inconvenience that the optimal design depends on the estimator can be elim-
inated – assuming some parametrization of E – using the Fisher information
matrix.

5.3.1 Fisher information

The Fisher information reflects the amount of information that a measured
random variable can carry about the parameter p of interest. In other words,
it measures the accuracy of the unbiased estimator p̂ of p. Fisher information
is a classical concept in statistics [31] and in system identification [1].

The Fisher information matrix in the quantum setting for a parametrized
quantum state ρp measured using POVM M is by [32]

F (p|M) =
∑

α

1

p(α|ρp)
∇pp(α|ρp)∇T

pp(α|ρp) , (5.4)
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where p(α|ρp) = Tr(ρpMα) from section 2.1.3. Note that this definition re-
quires p(α|ρp) > 0 for all α and p.

The Fisher information is related to the covariance matrix through the
so-called Cramér–Rao matrix inequality :

Varp(p̂) ≥ F (p|M)−1 (5.5)

This bound shows that the higher the Fisher information, the better estimation
we can have. It is also apparent that in the quantum case, F depends on the
actual measurement POVM M used in the experiments.

Based on the above, the case of a parameterized quantum channel Ep can
also be handled through the expression ρp = Ep(ρ). Then obviously p(α|ρp) =
Tr(CαXp) from (5.1), where Cα = ρT ⊗Mα is the configuration matrix. This
implies that in this case F depends on the experiment configuration set C =
{Cα}, which is F (p|C) in our notation.

Thus the inverse of the Fisher information gives us a global lower bound
on the efficiency of any unbiased estimator29 for a given p. This indicates
that the experiment design problem can also be an optimization problem; we
have to choose the remaining three design variables – the input state ρ, the
measurement POVM M, and the number of measurements per configuration
nγ – such that they minimize the lower bound, or equivalently, maximize the
Fisher information. Of course, the optimal design will depend on the value of
p in general, which suggests that it may only be computable approximately in
practice.

29There is a generalization for the case of biased estimators too.
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Chapter 6

Parameter estimation for Pauli

channels

In this chapter the identification of Pauli channels is formulated as a param-
eter estimation problem. By refining the general least squares based solution
method from the convex optimization viewpoint, we arrive at statements re-
garding the optimization problem class of the parameter estimation of Pauli
channels.

Section 6.1 proposes a method for convex optimization based channel pa-
rameter estimation. Section 6.2 applies this method to the case of Pauli chan-
nels, which is demonstrated using case studies in section 6.3. Lastly, section
6.4 summarizes the results.

6.1 Parameter estimation of quantum channels

It was discussed in section 1.1 that system models can have uncertainty in
their structure and in their parameters in the general case. The same can be
stated also for quantum channels. There are several attempts for the identifi-
cation of a completely, i.e., structurally unknown channel. For instance, [33]
considers channel estimation by randomizing the experiment configurations in
a maximum-likelihood formulation. The goal of [30] is to extend the maximum
entropy principle to the case of incomplete quantum channel estimation. The
work [27] formulates the task of process tomography as a convex optimization
problem.

In practice, however, it is reasonable to assume that we have a priori infor-
mation about the structure of the channel, and only the unknown values of its
parameters have to be estimated [34]. In other words, we can put constraints
on the set Mch of all channels. Some authors proposed approaches using such
prior information on the channel, obtaining a well conditioned parameter es-
timation problem. This prior knowledge was mainly derived from physical
interactions involved in the dynamics [35, 36].

As we have seen in section 5.2.3, the convex optimization based least
squares method is very useful for structure estimation. However, in the case
when the structure of the optimization variable (the Choi matrix of the chan-
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6.1. Parameter estimation of quantum channels

nel) is known, i.e., only several specific parameters have to be estimated, then
in general the LS method assuming unstructured variables can suffer from
overparametrization.

A possible solution is to study the internal structure of the Choi matrix, and
use this information to select more appropriate structure specific parameters
as optimization variables, such that the constrained set Mch remains convex,
i.e., the LS method remains a convex optimization problem. Effectively, this
should constrain the set of optimal solutions of problem (5.3) to solutions,
which are consistent with the desired channel structure.

6.1.1 Affine approximation

The natural choice would be to select the unknown channel parameters as
optimization variables. However, it can be easily seen that this choice could
ruin convexity, as in the most general case the Choi matrix can depend on
these parameters in a nonlinear way.

Thus, we propose the following decomposition of the Choi matrix struc-
ture. Let H0, H1, . . . , Hv denote constant Hermitian matrices such that we
can expand the Choi matrix as an affine function for all value of p:

XEp =
v∑

k=1

Hkhk(p) +H0 , (6.1)

where the h1(p), . . . , hv(p) denote functions of the channel parameters p.
These functions hk(p) can now be used as the components of the new op-
timization variable h, resulting in an approximation of the original problem.

Note that using this approximation may allow us to omit the trace preserv-
ing constraint from (5.3). Specific parameterized channel models are usually
constructed to be trace preserving, and in such cases this property is indepen-
dent of the parameter value p. If trace preservation can be made independent
of h too, then we can omit the trace preserving constraint. This holds, when
the possible values of h are in one-to-one correspondence with the values of p,
i.e., when optimizing h instead of p is not an approximation.

6.1.2 Convex constraints

It may occur that some of the functions hk(p) depend on one or more other
hi (i = 1, . . . , v) functions, i.e, hk(p) = (f ◦ [h1, . . . , hv])(p). If this dependence
f is convex then we can use it to define additional constraints on the structure
to make the estimation more accurate while still preserving convexity. We can
determine a minimal set P = {hj(p)}, where j ∈ IP and |P| = m. The set
IP contains the indices j of those functions hj(p) among which there are no
convex dependence. Putting these in anm dimensional vector h, the remaining
v −m functions can be written as hk(p) = f cvx(h). Thus, if we have convex
dependence between the new optimization variables hk(p), then the explicit
statement of these dependences in the optimization problem can help to further
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6. Parameter estimation for Pauli channels

reduce the number of variables, which can be helpful in the subsequent steps
of the estimation (see section 6.1.3).

However, the convex dependences can not be simply added to the opti-
mization problem (5.3), because a strictly convex function with an equality
statement is not a convex constraint. In these cases we can relax the equality,
and add the convex constraint to the problem as inequality. If v − m such
independent constraints are found, then we obtain the following optimization
problem (omitting the trace preserving constraint):

argmin
h
VLS

(
XE(h)

)
,

so that XE(h) ≥ 0 , (6.2)

and f cvx
k (h) ≤ hk(p), k = 1, . . . , v, k /∈ IP ,

where VLS denotes the objective function of (5.3). After solving this problem
we get an optimal value v⋆0 = VLS(X

⋆
E) for the objective, where the ⋆ denotes

the optimality. Then we solve the following auxiliary problem:

argmin
h

v∑

k=1, k /∈IP

hk(p) ,

so that XE(h) ≥ 0 , (6.3)

and f cvx
k (h) ≤ hk(p), k = 1, . . . , v, k /∈ IP ,

and VLS

(
XE(h)

)
≤ v⋆0

By solving this, we make sure that the additional convex constraints in (6.2)
get as close to equality as possible, thus making the parameter estimation pro-
cedure more accurate. In practice, the effectiveness of this heuristics is based
only on the fact, that in case of the optimal solution (the model corresponding
to the real channel), all of the convex constraints are saturated.

It is interesting to see whether this method always guarantees a global
optimum of VLS. If all dependences between the new optimization variables
are convex, and thus can be taken into account, then the global optimum
should be reachable, because the solution of the problem uniquely corresponds
to a channel parameter value. It follows that the trace preserving constraint is
also unnecessary in this case. If, however, some dependences remain which can
not be taken into account as a convex constraint, then the estimation method
will only find an approximate solution. A small example on convex constraints
is presented in section 6.1.4.

6.1.3 Determining the model parameters

After we performed all the needed optimization steps and obtained an
optimal Choi matrix X⋆

E together with the optimal variables h⋆, the next step
of parameter estimation is to obtain the original channel parameter vector p
from the h⋆ values. In essence, this problem can be written as

argmin
p

∑

l∈IP

(
h⋆l − hl(p)

)2
. (6.4)
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6.1. Parameter estimation of quantum channels

This is a nonlinear least squares problem, which is not even convex in the
general case, because of the nonlinearities in the hl(p) functions.

6.1.4 General example to parameter estimation

Here we present a simple but representative example on the affine ap-
proximation based parameter estimation of quantum channels. The example
channel is the generalized amplitude damping described in section A.5.1. The
Choi matrix of this channel is

XE =









1− g + pg 0 0
√
1− g

0 g − pg 0 0

0 0 pg 0
√
1− g 0 0 −pg + 1









.

Using (6.1), the above Choi matrix can be decomposed in the following
way:

H0 =
1

2
(14×4 + σz ⊗ σz), H1 = −1

2
(σz ⊗ σz + 12×2 ⊗ σz),

H2 = 12×2 ⊗ σz, H3 =
1

2
(σx ⊗ σx − σy ⊗ σy) ,

and the optimization variables will be

h1(g, p) = g, h2(g, p) = pg, h3(g, p) =
√

1− g .

Notice that there is a convex dependence between h3 and h1, so we can further
simplify the problem: h23 − 1 = −h1.

Using this, we arrive at the optimization problem

arg min
h2,h3

VLS

(
XE(h2, h3)

)
,

so that XE(h2, h3) ≥ 0, and h23 − 1 ≤ −h1

Note that the TP constraint is not necessary here, because the above Choi
matrix is TP by construction, and any value of the new optimization variables
together with the convex constraint uniquely corresponds to the value of the
channel parameters. The type (6.3) auxiliary problem with v⋆0 = VLS(X

⋆
E) will

be:

arg min
h2,h3

−h1 ,

so that XE(h2, h3) ≥ 0, h23 − 1 ≤ −h1 and VLS

(
XE(h2, h3)

)
≤ v⋆0

The final step is the parameter extraction using (6.4). In this case it is
clearly nonconvex, but the simplicity of this two dimensional example allows
us to analytically derive the solution of (6.4). It will be g = h⋆1 and p =

h⋆
2

h⋆
1
.
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6.2 Estimation of Pauli channels

The parameter estimation problem (6.2) becomes really simple in the case
of Pauli channels.

6.2.1 Qubit Pauli channel

In this case, knowing the channel structure effectively means the knowledge
of the channel directions |vi〉. This knowledge allows us to solve the estimation
problem for channel directions |ei〉 without loss of generality, because we can
always align our reference frame with the known vectors |vi〉 (see section 2.3.3).

We will now show that in this case, matrices Hk (k = 0, . . . , 3) can be found
such that hk(λ) = λk (k = 1, . . . , 3), i.e., the Choi matrix of the qubit Pauli
channel is affine in the original channel parameters. By relating (2.12) with
(6.1) using (2.14) and (2.19), we get the following Hermitian matrices:

Hk =
3∑

i=0

q−1
k,i |σi〉〉〈〈σi|,

where the number q−1
k,i is the (k+ 1, i+ 1)th element of Q−1, the inverse of the

coefficient matrix Q from (2.19).
We see that in this case there are no convex dependences, so the parameter

extraction step (6.4) is unnecessary, and the trace preserving constraint can
be omitted from the resulting convex problem, which is

argmin
λ
VLS

(
XE(λ)

)
, (6.5)

so that XE(λ) ≥ 0 .

To summarize, we can formulate the statement:

Statement 6.1. The least squares based parameter estimation of any two di-
mensional Pauli channel is a convex problem of the form (6.5), as the opti-
mization variables are exactly the channel parameters to be estimated.

6.2.2 Pauli channels for prime-level systems

The qubit case can be generalized to higher level Pauli channel cases, where
the level d of the system is prime. In such cases, we can obtain d + 1 cyclic
groups of order d from the d-level Pauli matrices, each group spanning a com-
plementary subalgebra. The notations X and Z for this case follow appendix
A.4. Let Uµ = XZµ−1 (µ = 1, . . . , d) and Ud+1 = Z. Then each Uµ generates a
cyclic group, and j indexes the group elements U j

µ. Thus the channel structure
is assumed again to be known.

The Kraus representation of a d-level Pauli channel is then by [37]:

E(ρ) = a0ρ+
1

d− 1

d+1∑

µ=1

aµ

d−1∑

j=1

U j
µρU

−j
µ , aµ ≥ 0,

∑

µ

aµ = 1 . (6.6)
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6.2. Estimation of Pauli channels

The 1 operators from each group are treated separately, because these have a
different parameter a0.

Using now that the channel acts by definition as E(Ui) = λiUi, we get

λiUi = a0Ui +
1

d− 1

d+1∑

µ=1

aµ

d−1∑

j=1

U j
µUiU

−j
µ

= a0Ui +
1

d− 1

d+1∑

µ=1

aµ

d−1∑

j=1

ωj[µ(1−δi,d+1)−i(1−δµ,d+1)]Ui ,

where ω = ei
2π
d . Noticing that

d−1∑

j=1

ωj[µ(1−δi,d+1)−i(1−δµ,d+1)] =

{

d− 1 µ = i

−1 µ 6= i
,

we arrive at the correspondence between λ and a = [a0, . . . , ad+1]
T parameter

vectors:








1
λ1
...

λd+1







=













1 1 1 · · · · · · 1
1 1 −1

d−1
· · · · · · −1

d−1

1 −1
d−1

1
. . .

...
...

...
. . . . . . . . .

...
...

...
. . . 1 −1

d−1

1 −1
d−1

· · · · · · −1
d−1

1


















a0
...

ad+1




 , (6.7)

where the coefficient matrix will be denoted by Q, similarly to the qubit case.
Now the matrices Hk (k = 0, . . . , d+ 1) can be given such that hk(λ) = λk

(k = 1, . . . , d + 1). By relating (2.12) with (6.1) using (6.6) and (6.7), we get
the following Hermitian matrices:

Hk =
1

d− 1

d+1∑

µ=0

q−1
k,µ

d−1∑

j=1

|U j
µ〉〉〈〈U j

µ|, (6.8)

where U0 = 1 and the number q−1
k,µ is the (k + 1, µ+ 1)th element of Q−1 from

(6.7).
Similarly to the qubit case, in the prime-level case there are no convex

dependences, so the parameter extraction step (6.4) is unnecessary. The trace
preserving constraint can also be omitted from the resulting convex problem,
which is of the same form as (6.5).

To summarize, we can formulate the statement:

Statement 6.2. The least squares based formulation of the Pauli channel pa-
rameter estimation problem is a convex optimization problem, and has the form
of (6.5) in any prime dimension.

Note that in principle, this result could be further generalized to the case
when d is prime power using tensor products of Pauli operators (see appendix
A.4).
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6. Parameter estimation for Pauli channels

Example with d = 3

For the sake of simplicity we choose the simplest 3-level (qutrit) case, i.e.,
when d = 3 in section 2.3.2 to present an example. The 3-level unitary Pauli
matrices and the identity form the following 4 cyclic groups:

U1 = {1, X,X2},
U2 = {1, XZ, ωX2Z2},
U3 = {1, XZ2, ω2X2Z},

U4 = {1, Z, Z2},

where ω = ei
2π
3 , and the complementary subalgebra Aµ of the channel is

obtained as the linear span of the group Uµ. The Choi matrix of this channel
will be the following:

XE =
1

3

















f1 0 0 0 f3 0 0 0 f3

0 f2 0 0 0 f4 f∗
4 0 0

0 0 f2 f∗
4 0 0 0 f4 0

0 0 f4 f2 0 0 0 f∗
4 0

f3 0 0 0 f1 0 0 0 f3

0 f∗
4 0 0 0 f2 f4 0 0

0 f4 0 0 0 f∗
4 f2 0 0

0 0 f∗
4 f4 0 0 0 f2 0

f3 0 0 0 f3 0 0 0 f1

















,

where

f1 = 1 + 2λ4, f2 = 1− λ4, f3 = λ1 + λ2 + λ3,

f4 = λ1 − λ2e
iπ
3 − λ3e

−iπ
3 .

6.3 Case studies

The aim of the following simulation experiments was to provide examples
on the proposed parameter estimation method for Pauli channels, and compare
them to results obtained using unstructured Choi matrix, i.e., the general pro-
cess tomography method discussed in Chapter 5. The results were generated
with the simulation tools discussed in section A.6.

6.3.1 Tomography settings

A single experiment in the configuration γ consisted of acting with the
unknown channel E on the prepared state ργ, then measuring E(ργ) using the
POVM Mγ. Each configuration was set up as follows.

• The used input states were all pure states, because this way the outputs
provide the most information. Recall from Chapter 5 that for the esti-
mation of d-level channels, at least d2 linearly independent input density
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6.3. Case studies

matrices are necessary. The corresponding pure states are commonly se-
lected to be the elements of the orthonormal basis {|n〉}d−1

n=0 and the set

of states { |n〉+|m〉√
2
, |n〉+i|m〉√

2
} with m,n = 0 . . . d− 1 and m > n.

• Appropriate POVMs were selected to obtain a tomographically complete
experiment configuration sets.

We say that a complete experiment was performed if a single experiment was
done in all configurations.

As the total number of available pure quantum states were assumed to be
ntot, a full estimation procedure consisted of total number of ntot measure-
ments. These were distributed among all ncfg configurations equally. Thus,
nexp = ntot

ncfg
single experiments were done in each configuration, i.e., nexp com-

plete experiments were done. Each estimation procedure was repeated 10
times, and the resulting Choi matrices and channel parameter vectors in the
kth procedure were X̂

(k)
E and λ̂(k). Using these, the following three estimation

performance measuring quantities were calculated:

• Using the empirical mean λ̄ = 1
10

∑10
k=1 λ̂

(k) of the estimated parameter

vectors λ̂(k) from each run, the distance

∥
∥λ̄− λ

∥
∥
1
=
∑

i

|λ̄i − λi|

of λ̄ and the real parameter vector λ was used as performance indicator.

• The empirical variance of the estimated parameter vectors λ̂(k) from each
run. The full covariance matrix is not useful here, because the comput-
ing of the off-diagonal elements corresponding to correlated parameters
would require joint measurements of possibly incompatible observables.
On the other hand, if we can select observables such that the parameters
can be estimated independently, then the resulting covariance matrix is
diagonal. Thus, only these diagonal elements were used, i.e., the average
variance of the parameters was computed using the unbiased variance
estimator:

Avg
(
Var(λ̂)

)
=

1

d+ 1

∑

i

1

9

10∑

k=1

(λ̂
(k)
i − λ̄i)

2

• Average Hilbert–Schmidt norm of the estimation error:

Avg(‖X̂E −XE‖) =
1

10

10∑

k=1

‖X̂(k)
E −XE‖

6.3.2 Experiment configurations

Here we describe the experiment configurations used in the simulation ex-
amples. These configurations were selected to be completely general in the
sense that they are not adjusted to the structure of the example channels.
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6. Parameter estimation for Pauli channels

Qubit channels

For qubit channels, ntot = 18000 was used. The experiment configurations
were made up from the following elements:

• To obtain a tomographically complete configuration set, minimum 4 in-
dependent input densities are necessary. Based on section 6.3.1, the
inputs were the states with Bloch vectors ± 1√

3
[1, 1, 1]T, 1√

2
[−1, 1, 0]T,

and 1√
6
[1, 1,−2]T.

• Each channel output state must be measured using a tomographically
complete set of POVMs. The following two cases were tested:

(a) Minimal POVM described by [38]: This is a tomographically com-
plete extremal POVM. It allows us to do channel estimation using
only 4 experiment configurations, however it can not be used to esti-
mate each λi parameter independently, which results in a nondiago-
nal empirical covariance matrix. The POVM elements are given by
Mj =

1
4
(1+mj · ~σ), where m1 =

1√
3
[1, 1, 1]T, m2 =

1√
3
[1,−1,−1]T,

m3 =
1√
3
[−1, 1,−1]T, and m4 =

1√
3
[−1,−1, 1]T.

(b) Standard qubit tomography observable set: This consist of three
complementary observables of the general form vi · ~σ, where the
vectors vi are the columns of a rotation matrix V. These form a
tomographically complete set of observables for the case of two di-
mensional states. Each can be used as a two-element POVM in a
different configuration, resulting in a total number of 12 experiment
configurations. Such set of observables allow the independent esti-
mation of each Pauli channel parameter λi only if they correspond
to measurements aligned with the channel directions, which is not
true in this general case. V can be obtained from the unit vector u
(axis of rotation) and the angle of rotation θ as V = e[u]×θ, where
[u]× is the cross product matrix





0 −u3 u2
u3 0 −u1
−u2 u1 0



 .

To have a general setting, u = 1√
14
[1, 2, 3]T and θ = π

4
were used in

the experiments.

3-level channels

For qutrit channels, ntot = 108000 was used. The experiment configurations
were made up from the following elements:

• To obtain a tomographically complete configuration set, minimum 9 in-
dependent input densities are necessary. Recall from appendix A.4 that
together with 1, the 3-level unitary Pauli matrices form an orthonormal
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basis in the space of 3× 3 complex matrices. Then, using the notations
of section 6.2.2, any qutrit density matrix ρ can be expanded as

ρ =
1

3

(

1+
4∑

µ=1

2∑

j=1

bµ,jU
j
µ

)

.

In particular, a pure state in each complementary subalgebra Aµ of the

Pauli channel is ρµ = 1
3

(

1+
∑2

j=1 U
j
µ

)

. Using these, a sufficiently gen-

eral set of input states can be obtained in a way similar to the 2-level
case. The eigenvectors of the convex combination 1

4

∑

µ ρµ give the basis

|0〉 =







√
2

5−
√
5

√
2

5+
√
5

0






, |1〉 =







−
√

2
5+

√
5

√
2

5−
√
5

0






, |2〉 =





0
0
1



 ,

which can be used to define the rest of the necessary 9 input states.

• The eight Gell-Mann matrices were selected as a tomographically com-
plete set of observables to measure the channel outputs:

Σ1 =

[
0 1 0
1 0 0
0 0 0

]

,Σ2 =

[
0 −i 0
i 0 0
0 0 0

]

,Σ3 =

[
0 0 1
0 0 0
1 0 0

]

,Σ4 =

[
0 0 −i
0 0 0
i 0 0

]

,

Σ5 =

[
0 0 0
0 0 1
0 1 0

]

,Σ6 =

[
0 0 0
0 0 −i
0 i 0

]

,Σ7 =

[
1 0 0
0 −1 0
0 0 0

]

,Σ8 =
1√
3

[
1 0 0
0 1 0
0 0 −2

]

These are the Hermitian generalization of the Pauli matrices for 3-level
systems. Each can be used as a three-element POVM in a different con-
figuration, resulting in a total number of 72 experiment configurations.
This set of observables can not be used to estimate all channel parame-
ters independently, thus it results in a nondiagonal empirical covariance
matrix.

6.3.3 Qubit Pauli channel examples

The estimation of the qubit Pauli channel defined in (2.16) was simulated
using the configurations in section 6.3.2. The parameter vector was selected
to be λ = (−0.4,−0.6, 0.2). This was taken from the interior of the parameter
space.

The performance indicator quantities of the estimations were calculated in
function of the number of complete experiments nexp both for the case when
the Choi matrix is unstructured, and when the structure is taken into account
in the LS estimation problem. The results are plotted in Figure 6.1 for the
case of the minimal POVM, and in Figure 6.2 for the case of the standard
POVM set.

More simulation examples with other channel parameter values taken both
from the interior and the border of the parameter space can be seen in appendix
B.1.1.
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Figure 6.1. Minimal tomography with λ = (−0.4,−0.6, 0.2). The three Figures show the
performance indicators defined in section 6.3.1 respectively, in function of the number of
complete experiments. The dotted-dashed line corresponds to tomography with unstruc-
tured Choi matrix, and the dashed line shows results from parameter estimation using Choi
matrix structure.
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Figure 6.2. Standard tomography with λ = (−0.4,−0.6, 0.2). The three Figures show the
performance indicators defined in section 6.3.1 respectively, in function of the number of
complete experiments. The dotted-dashed line corresponds to tomography with unstruc-
tured Choi matrix, and the dashed line shows results from parameter estimation using Choi
matrix structure.
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Figure 6.3. 3-level tomography with λ = (0.4, 0.475, 0.325, 0.55). The three Figures show
the performance indicators defined in section 6.3.1 respectively, in function of the number
of complete experiments. The dotted-dashed line corresponds to tomography with unstruc-
tured Choi matrix, and the dashed line shows results from parameter estimation using Choi
matrix structure.

It can be seen on the Figures that for qubit Pauli channels, using the same
fixed amount of resources, taking the channel structure into account results in
better estimation performance.

6.3.4 3-level Pauli channel example

The estimation of the qutrit Pauli channel defined in section 6.2.2 was
simulated using the configurations in section 6.3.2. The parameter vector was
selected to be λ = (0.4, 0.475, 0.325, 0.55). This was taken from the interior of
the parameter space.

The performance indicator quantities of the estimations were calculated in
function of the number of complete experiments nexp both for the case when
the Choi matrix is unstructured, and when the structure is taken into account
in the LS estimation problem. The results are plotted in Figure 6.3.

More simulation examples with other channel parameter values taken both
from the interior and the border of the parameter space can be seen in appendix
B.1.2.

We can see that even in the case of a Pauli channel with a higher number
of parameters, the proposed parameter estimation method (6.5) outperforms
general channel tomography using the same fixed amount of resources.

66



6.4. Summary

6.4 Summary

In this chapter a parameter estimation method based on convex optimiza-
tion was proposed for Pauli channels. It was found that after the affine decom-
position of the Choi matrix, the problem of least squares based Pauli channel
tomography turns into a convex parameter estimation problem, which is solv-
able in any prime dimension. Moreover, using simulation case studies it has
been shown, that for a fixed amount of resources, taking the known chan-
nel structure into account using the proposed method of affine decomposition
of the Choi matrix can significantly increase the accuracy of the estimation,
compared to the case when no information on the channel structure is used.

In addition, with performing auxiliary optimization problems, convex rela-
tions between optimization variables can also be exploited to further improve
the estimation. In the case of non-Pauli channels, however, beside the convex
part the method may need a nonconvex optimization step as well.
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Chapter 7

Experiment design for Pauli

channels with known structure

This chapter formulates the experiment design problem corresponding to
parameter estimation discussed in Chapter 6 and derives the optimal experi-
ment configuration for Pauli channels in the case of known channel structure
using a convex maximization approach.

Section 7.1 formulates the problem of experiment design as an optimization
problem. Section 7.2 derives the optimal experiment configuration for the case
of Pauli channels with known structure. The performance of the optimal design
is demonstrated on examples in section 7.3. Finally, section 7.4 summarizes
the results.

7.1 Problem statement of experiment design

The field of experiment design for quantum channel identification has not
matured yet. Even the main problems have not been formalized completely.
A recent paper of [35] gives a good overview of the state of the art in this field.
Only a few papers exist that aim at determining elements of the experiment
configuration, i.e., the input quantum system and the measurement POVM
(see e.g. [39] and [40]). These papers, however, fix one of the elements – the
input quantum system, for example – and determine the other (say the POVM)
according to some optimality criteria. For example, in [41] the problem of
optimal input design with fixed measurements is examined. The only papers
that use a convex optimization approach to experiment design solve only a
restricted problem; the determination of the number of measurements to be
performed in the different experiment configurations [27, 36]. The same goal
is set in [39], where the authors seek to optimize experiment design for general
one parameter quantum channels using analytical methods.

Our aim is to consider the full experiment configuration, i.e., the input state
and measurement POVM together as design variable, and solve the problem of
experiment design for quantum channel parameter estimation in an optimiza-
tion context.

Formally, suppose we have a quantum channel Ep with some fixed channel
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7.1. Problem statement of experiment design

parameter vector p. We would like to find the optimal experiment configu-
ration, i.e., that input state ρ and a measurement POVM M for which the
channel output Ep(ρ) measured by the POVM M gives the most information
on the channel parameters. Optimality in terms of information is understood
here in the sense that we seek the pair (ρ,M) for which a suitable scalar func-
tion of the Fisher information matrix F (p|ρ,M) of the channel parameters p
is maximal.

It is important to note that the optimal configuration alone does not nec-
essarily constitute an optimal, tomographically complete experiment setup.
Instead, it only tells us what properties the configurations of an effective setup
should have. Note also that – as mentioned in section 5.3.1 – the optimal
design (ρ⋆,M⋆) can in general depend on the value of p.

7.1.1 The optimization problem

A mathematical representation of the configuration (ρ,M) is obtained
through (5.1); the probability p(α|p) of the measurement outcome α can be
written as Tr(CαXp), where Cα = ρT ⊗Mα is the configuration matrix. Using
this and C = {Cα}, the Fisher information matrix (5.4) will be

F (p|C) =
∑

α

1

Tr(CαXp)
∇pTr (CαXp)∇T

pTr (CαXp) (7.1)

assuming Tr(CαXp) > 0.
To be able to do maximization we need to obtain a scalar value from the

matrix F (p|C). Out of many possible choices, the trace was selected for this
purpose because of its mathematical simplicity, and the property Tr(A) ≤
Tr(B) whenever A ≤ B for Hermitian matrices A and B. Thus, the objective
function will be

F̃ (p|C) =
∑

i,α

Tr(Cα[∂piXp])
2

Tr(CαXp)
(7.2)

It can be shown that the function F̃ is convex in the set of configuration
matrices {Cα}. This can be proven using the composition rule in Theorem
A.4 (see appendix A.2). Suppose that Sd is the set of d×d Hermitian matrices,
then

• h : R2 → R, h(x) =
x2
1

x2
is known to be convex if x2 > 0 (see [42]),

• gi : S
d → R

2, gi(Cα) =
[
Tr(Cα[∂piXp]),Tr(CαXp)

]T
is affine,

thus

(h ◦ gi)(Cα) =
Tr(Cα[∂piXp])

2

Tr(CαXp)

is convex, if the probability Tr(CαXp) > 0, which is assumed. We know that
the sum of convex functions is also convex, which means F̃ (p|C) is convex.
Note that then F̃ is also convex both in the input ρ and in the used measure-
ment POVM M if we fix the other to be a constant.
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7. Experiment design for Pauli channels with known structure

It follows that F̃ takes its maximum at an extremal point of the feasible
region containing the possible experiment configurations {Cα}. The set of
extremal points of the quantum state space is the set of pure states, i.e., the
set of rank one projections. Similarly, the extremal points of the set of POVMs
are the extremal POVMs. These imply the following statement:

Statement 7.1. In terms of the objective (7.2), the optimal input state ρ⋆

will be pure, and the optimal measurement (POVM) M⋆ will be an extremal
POVM in the optimal experiment configuration.

7.2 Experiment design for Pauli channels

In this section the optimal experiment configuration is found for the sub-
class of Pauli channels. The channel structure, i.e., the channel directions
in the qubit case and the set of pairwise complementary subalgebras in the
general case are assumed to be known.

7.2.1 Optimal configuration for qubit Pauli channels

In the special case of qubit Pauli channels E with known channel directions,
Statement 7.1 can be made stronger. Because of the rotational symmetry
of the Bloch ball, the channel directions can be assumed to be {|ei〉} and the
obtained results apply to any other channel direction setting.

For simplicity, a further assumption is that the used measurements are pro-
jective, i.e., can be represented with two-element extremal POVMs {|ψ〉〈ψ|, I−
|ψ〉〈ψ|} [10]. Recall from section 2.1.3 that these POVM elements have the
corresponding Bloch vectors m and −m. Furthermore, the pure input state is
also identified with the Bloch vector b.

Based on section 2.3.3 the channel output with channel affine map Λ =
diag([λ1, λ2, λ3]

T) will be E(b) = Λb =
∑3

i=1 λibiei, and the Fisher information
matrix takes the form

F (λ|b,m) =
∇λ(m

TΛb)∇T
λ (m

TΛb)

1− (mTΛb)2
.

Taking the trace, we arrive at

F̃ (λ|b,m) =
∑

i

(mT[∂λi
Λ]b)2

1− (mTΛb)2
=

m2
1b

2
1 +m2

2b
2
2 +m2

3b
2
3

1− (m1b1λ1 +m2b2λ2 +m3b3λ3)2
. (7.3)

Note that in the qubit Pauli channel case (apart from ‖λ‖∞ = 1), the require-
ment Tr(CαXλ) > 0 always holds, because the channel output states Eλ(ρ) are
always mixed, which means that Tr(Eλ(ρ)Mα) = 0 if and only if Mα = 0.

The task is then to determine the maximal value of F̃ (λ|b,m) by choosing
m and b. Recall that the unit length requirement on the optimal vectors b⋆

and m⋆ follows from the convexity of F̃ which we want to maximize. Note also
that the above formula is a special case of (7.2) using projective measurements.
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7.2. Experiment design for Pauli channels

Let us now define the vector c = [m1b1,m2b2,m3b3]
T, which can be seen

as the configuration vector of the channel estimation problem, including both
the input state and measurement information together with the assumptions
on the channel structure. The objective (7.3) will then be

F̃ (λ|c) = cTc

1− (cTλ)2
.

It is easy to see that the set of all possible c vectors is inside an octahedron
in the Bloch sphere, whose vertices are the unit vectors pointing to the three
axes ei corresponding to the directions |ei〉 of the channel. This can be proven
using the Cauchy–Schwarz–Bunyakovsky (CSB) inequality:

‖c‖1 =
3∑

i=1

|mibi| ≤ ‖m‖2 ‖b‖2 = 1 (7.4)

To be precise, we could try proving that the possible c vectors fill the whole
octahedron. However, as we will exploit the convexity of the octahedron, we
would like to know only whether any of its extremal points correspond to
possible c vectors. More than this can be shown; any c with ‖c‖1 = 1 can
be obtained as an elementwise product ci = bimi, where ‖b‖2 = ‖m‖2 = 1.
In general, we have equality in (7.4) if and only if |bi|2 = |mi|2. Thus we can
choose for example bi =

√

|ci| and mi = sgn(ci)
√

|ci|.
Now, if F̃ is convex in the c variable then we can characterize the optimal b

and m vectors. Convexity is proven using Theorem A.3 from appendix A.2.
Suppose f(c) = cTc and g(c) = 1

1−(cTλ)2
. Then f is convex and nonnegative on

R
3, while g is convex and nonnegative on the domain where |cTλ| ≤ 1 holds.

The octahedral set of c vectors is inside this domain, i.e., ‖c‖1 ≤ 1 ⇒ |cTλ| ≤
1, because ‖λ‖∞ ≤ 1 and Hölder’s inequality implies

|cTλ| ≤
∑

i

|ciλi| ≤ ‖c‖1 ‖λ‖∞ ≤ 1 ,

with equality possible only if |λi| = 1 for all i where ci 6= 0, if such λ corre-
sponds to a CPTP map. Thus the convexity of F̃ (λ|c) in c can be verified by
checking

∇f(c)∇Tg(c) =
2cTλ

[1− (cTλ)2]2
cλT ≥ 0 .

This in turn holds because its only nonzero eigenvalue is 2(cTλ)2

[1−(cTλ)2]2
≥ 0.

It is now easy to see that F̃ takes its maximum at a vertex of the octahedral
feasible set. It follows that ‖c⋆‖1 = ‖c⋆‖2 = 1, i.e.,

∑

i |c⋆i |2 = (
∑

i |c⋆i |)
2, which

is the same as
∑

i<j |c⋆i c⋆j | = 0. This can only happen if only one component of
c⋆ is nonzero, which means that both the input b⋆ and the measurement m⋆

has to be in the same Bloch axis corresponding to a channel direction. This
implies that the objective F̃ is maximized clearly if the axis of c⋆ is that axis,
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7. Experiment design for Pauli channels with known structure

for which the corresponding |λi| is maximal. Let this be for example λj, then
the optimal objective will be

F̃ (λ|c⋆) = 1

1− λ2j
.

This result on the parallelity of the optimal vectors b⋆ and m⋆ motivates
the following definition for qubit Pauli channels:

Definition 7.1. An experimental configuration of the form (|ψ〉〈ψ|, {|ψ〉〈ψ|,1−
|ψ〉〈ψ|}) – or (b, {±b}) for qubits if b is the Bloch vector of |ψ〉 – will be called
parallel configuration.

We see that the optimum is independent of the parameter vector λ in this
case. However, the Bloch axes of the channel directions are orthogonal, thus
performing experiments in one axis does not give any information on the other
channel parameters. To have a tomographically complete setting, we have to
search for additional experimental configurations. Let the axis of the optimal
configuration found first be the axis of e1 with the corresponding channel
parameter λ1. If we now constrain the objective (7.3) to the plane orthogonal to
e1, then we get the constraintsm1 = 0 and b1 = 0. Using the same derivation as
in the general three dimensional case we get that the next optimal configuration
will be the e2 or e3 axis, and so on. To summarize, in the case of the qubit
Pauli channel, a tomographically complete set consisting of the above optimal
experiment configurations gives an optimal way of estimating each channel
parameter independently. It follows, that searching for an optimal experiment
configuration that gives information simultaneously on all parameters could
lead to different results. Therefore, we can state the following:

Statement 7.2. In terms of the objective (7.3), the optimal experiment con-
figurations for the qubit Pauli channel with known channel directions {|vi〉} are
the parallel configurations (vi, {±vi}), i = 1, 2, 3. These make up an optimal
set of configurations for estimating each channel parameter independently.

7.2.2 Generalization to higher level Pauli channels

The trace of the Fisher information for d-level Pauli channels

More generally, the objective function (7.2) can be derived also for the case
of d-level Pauli channels, where d is prime. Using the notations of section
6.2.2, a d-dimensional operator D can be expanded as

D =
1

d

(

b01+ b · ~U
)

=
1

d

(

b01+
d+1∑

µ=1

d−1∑

j=1

bµ,jU
j
µ

)

, (7.5)

where b0 = Tr(D), the coefficients bµ,j = Tr(U j∗
µ D) make up the generalized

Bloch vector b, and ~U is the formal vector of the Pauli operators U j
µ. The

numbers bµ,j may be complex even if D is Hermitian, because the operators
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7.2. Experiment design for Pauli channels

U j
µ are not Hermitian for d > 2. However, for a Hermitian D, b∗µ,j = bµ,d−j.

Furthermore, if D is a density matrix, then b0 = 1. Then it is known that
|bµ,j| ≤ 1, and ‖b‖2 ≤

√
d− 1 with equality in the latter if and only if D

is pure (see [37]). It follows that every pure state has at least d − 1 non-
zero coefficients. Note that for d > 2 these conditions are necessary but not
sufficient for (7.5) to define a positive operator.

Now, to derive (7.2), we first express Tr(Cα[∂λk
Xλ]) = Tr(CαHk) (k =

0, . . . , d+ 1) using (6.8), (7.5), (2.11), and that Cα = ρT ⊗Mα, where Mα can
be a positive operator in general:

Tr(CαHk) =

= Tr

(

1

d

(
1+ bα · ~U

)T ⊗ 1

d

(
mα,01+ mα · ~U

) 1

d− 1

d+1∑

µ=0

q−1
k,µ

d−1∑

j=1

|U j
µ〉〉〈〈U j

µ|
)

=
1

d2(d− 1)

d+1∑

µ=0

q−1
k,µ

d−1∑

j=1

(

mα,0d+ 〈〈U j
µ|(mα · ~U)U j

µ(bα · ~U)〉〉
)

=
1

d2(d− 1)

d+1∑

µ=0

q−1
k,µ

d−1∑

j=1

(

mα,0d+
d+1∑

ν,ν′=1

d−1∑

x,x′=1

mα,ν,xbα,ν′,x′Tr
(
U j∗
µ U

x
νU

j
µU

x′

ν′

)

)

Let ω = ei
2π
d . Then by the commutation relations,

Tr
(
U j∗
µ U

x
νU

j
µU

x′

ν′

)
= dωjx[ν(1−δµ,d+1−δµ,0)−µ(1−δν,d+1)]δν′,νδx′,d−x .

Continuing the previous derivation, we get

Tr(CαHk) =

=
1

d2 − d

d+1∑

µ=0

q−1
k,µ

d−1∑

j=1

(

mα,0 +
d+1∑

ν=1

d−1∑

x=1

mα,ν,xb
∗
α,ν,xω

jx[ν(1−δµ,d+1−δµ,0)−µ(1−δν,d+1)]

)

=
1

d
mα,0

d+1∑

µ=0

q−1
k,µ

︸ ︷︷ ︸

δk,0

+
1

d

d+1∑

µ=0

q−1
k,µ

d+1∑

ν=1

d(δµ,ν + δµ,0)− 1

d− 1
︸ ︷︷ ︸

qµ,ν

d−1∑

x=1

mα,ν,xb
∗
α,ν,x ,

where qµ,ν is the (µ + 1, ν + 1)th element of the coefficient matrix Q from

(6.7), and we used that
∑d−1

j=1 ω
jx[ν(1−δµ,d+1−δµ,0)−µ(1−δν,d+1)] = d(δµ,ν + δµ,0)− 1.

Simplifying the formula, we arrive at

Tr(CαHk) =
1

d
q−T
k Q

[
mα,0

cα

]

=
1

d

(
δk,0mα,0 + (1− δk,0)cα,k

)
,

where q−T
k is the kth row of Q−1, and cα is a d + 1 dimensional vector with

cα,ν =
∑d−1

x=1mα,ν,xb
∗
α,ν,x. Note that the properties of Bloch vectors imply that

cα is a real vector.
We can now write the objective function (7.2) in a simpler form using (6.1):

F̃ (λ|{cα}) =
1

d

∑

α,k

c2α,k
cTαλ+mα,0

=
1

d

∑

α

cTαcα
cTαλ+mα,0

(7.6)
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Optimal configuration for d-level Pauli channels

Numerical maximization of (7.2) was done in the d = 3 case, starting from
multiple random input states and 3-element (extremal) projective measure-
ments. The results suggested that the optimal input state and one element of
the extremal POVM are the same, and are inside one of the complementary
subalgebras Ai of the Pauli channel, while the remaining two POVM elements
seemed to be arbitrary.

Based on this, in the following we will derive the optimal configuration for
d-level Pauli channels (when d is prime) for the simple case of two-element
extremal POVMs. Similarly to section 7.2.1, the pure input state and the
extremal POVM element |ψ〉〈ψ| will be represented with Bloch vectors b and
m, while the POVM element 1− |ψ〉〈ψ| will be represented with Bloch vector
−m together with m0 = d− 1.

The objective (7.6) can then be written as

F̃ (λ|c) = 1

d

(
cTc

cTλ+ 1
+

cTc

−cTλ+ d− 1

)

=
cTc

(d− 2)cTλ− (cTλ)2 + d− 1
.

(7.7)
To maximize this function, we first need to characterize the set of c vec-

tors and prove the convexity of F̃ . The set of c vectors is inside a so-called
hyperoctahedron in R

d+1. This can be seen from the inequalities

‖c‖1 =
d+1∑

µ=1

∣
∣
∣
∣
∣

d−1∑

j=1

mµ,jb
∗
µ,j

∣
∣
∣
∣
∣
≤

d+1∑

µ=1

d−1∑

j=1

|mµ,jb
∗
µ,j| ≤ ‖m‖2 ‖b‖2 = d− 1 . (7.8)

Assume that d > 2. Then in the first inequality (triangle inequality) we have
equality if and only if all mµ,jb

∗
µ,j have the same phase. Then, because c is

real, all mµ,jb
∗
µ,j must be real with the same sign, too. The second inequality

(CSB) will be equality if and only if |bµ,j|2 = |mµ,j|2, which implies mµ,jb
∗
µ,j =

|bµ,j|2eiϕj for arbitrary ϕj. Finally, the last equality is implied by the purity of
b and m. Thus, if both inequalities are saturated, then mµ,jb

∗
µ,j = ±|bµ,j|2 with

the same sign for all j. It follows that either b = m or b = −m. However, it
is easy to check that if m is a pure Bloch vector then −m does not represent
a positive operator, so only the b = m case is allowed. From this we can
conclude that each c with ‖c‖1 = d− 1 can be related to a pure Bloch vector,
and no c vectors with negative component exist such that ‖c‖1 = d − 1. For
this reason, in the following, we will be interested in the positive orthant of
the hyperoctahedron, which thus contains all extremal configuration vectors c
with ‖c‖1 = d − 1. The d = 2 case is special; then the triangle inequality is
always saturated, thus the constraints on the c vectors with unit 1-norm are
different, e.g. negative c vectors are allowed, too (see section 7.2.1 for details).

We see that not all points of the hyperoctahedron are valid c configuration
vectors, but in its positive orthant, the vector having ‖c‖1 = d − 1 in each
coordinate axis ν is valid, i.e., can be related to a pure Bloch vector bν . More-
over, we can select bν to represent the pure state ρν from the corresponding
complementary subalgebra Aν . There are d pure states {ρ(k)ν }d−1

k=0 in Aν . The
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nonzero components b
(k)
ν,j of their Bloch vectors b(k)

ν is derived in the following.
We diagonalize the U j

µ in (7.5) for the case of pure density matrices in Aν :

ρ
(k)
ν = 1

d
Vν

(

1+
∑d−1

j=1 b
(k)
ν,jZ

j
)

V ∗
ν , where Vν is unitary and Z was defined in

section A.4. Then ρ
(k)
ν will be a pure state for all k if and only if the matrix

Bν whose (j, k)th element is b
(k)
ν,j satisfies

[
diag−1(Z), . . . , diag−1(Zd−1)

]
·Bν =










d− 1 −1 −1 · · · −1
−1 d− 1 −1 · · · −1

−1 −1
. . . . . .

...
...

...
. . . . . . −1

−1 −1 · · · −1 d− 1










.

The solution is Bν =
[
diag−1(Z), . . . , diag−1(Zd−1)

]∗
, thus the vectors b(k)

ν are
determined.

Convexity of F̃ can be proven in almost exactly the same way as in the
qubit case, using Theorem A.3 from appendix A.2. Let f(c) = cTc and
g(c) = 1

(d−2)cTλ−(cTλ)2+d−1
. Then f is convex and nonnegative on R

d+1, while

g is convex and nonnegative on the domain where −1 ≤ cTλ ≤ d − 1 holds.
The positive orthant of the hyperoctahedron is inside this domain, because
−1
d−1

≤ λi ≤ 1 (i = 1, . . . , d+ 1) implies for any positive c with ‖c‖1 ≤ d− 1:

−1 ≤ −1

d− 1
‖c‖1 =

−1

d− 1

∑

i

ci
λi=

−1
d−1

≤ cTλ
λi=1

≤
∑

i

ci = ‖c‖1 ≤ d− 1 ,

with equality possible only in the case of λi = 1 for all i where ci 6= 0, or
λi = −1

d−1
for all i where ci 6= 0, if such λ corresponds to a CPTP map.

Therefore, the convexity of F̃ (λ|c) in c can be verified by checking

∇f(c)∇Tg(c) =
2cTλ

[(d− 2)cTλ− (cTλ)2 + d− 1]2
cλT ≥ 0 ,

which holds because its only nonzero eigenvalue is 2(cTλ)2

[(d−2)cTλ−(cTλ)2+d−1]2
≥ 0.

Now we know that F̃ takes its maximum at a vertex of the positive orthant
of the hyperoctahedron. Recall that the positive vertex on coordinate axis ν
corresponds to the pure states in subalgebra Aν . This means that the optimal
experiment configuration c⋆ is made up using a pure state bν both as input
and POVM element, taken from that subalgebra Aν for which |λν | is maximal.
Then the optimal objective will be

F̃ (λ|c⋆) = d− 1

(d− 2)λν − (d− 1)λ2ν + 1
.

Note that the optimum is independent of the parameter vector λ also in
this general case. However, as the optimal configuration only gives informa-
tion on one channel parameter, we have to search for additional experimental
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7. Experiment design for Pauli channels with known structure

configurations to have a tomographically complete experiment setting. If the
optimal configuration c⋆ is nonzero at the νth coordinate, then a second op-
timal configuration can be found by optimizing with the constraint cν = 0.
Then the feasible region will become the positive orthant of a one less dimen-
sional hyperoctahedron, which implies that the second optimal configuration
will also be a positive vertex. Continuing this procedure, we arrive at a tomo-
graphically complete set of optimal configurations, which gives an optimal way
of estimating each channel parameter independently. Moreover, this method
implies that the empirical covariance matrix of the estimated parameters will
be diagonal. Of course, searching for an optimal experiment configuration
that gives information simultaneously on all parameters could lead to different
results, as in the qubit case.

A case study on the optimal d-level Pauli channel estimation can be seen
for the qutrit case in subsection 7.3.2.

7.2.3 Analytical solution of parameter estimation

For Pauli channels, we can express the outcome probability (5.1) with re-
spect to the rank-1 POVM element |ψγ〉〈ψγ| in the configuration γ using the

cγ configuration vector as pγ =
1+cTγ λ

d
. Then the probability with respect to

1− |ψγ〉〈ψγ| will be
d−1−cTγ λ

d
= 1− pγ. Using these, the least squares objective

function (6.5) used for parameter estimation can be written in a simpler form,
without the Choi matrix:

argmin
λ

∑

γ

2

(

p̂γ −
1 + cTγ λ

d

)2

,

so that 1 + dλi ≥
∑

j

λj ≥ − 1

d− 1
.

If we know the channel structure, i.e., that the channel is truly Pauli, then the
real λ satisfies the constraints and the global minimum of the objective function
will be inside the feasible region. Thus the problem will be unconstrained:

argmin
λ

2

d

(
1

d
λTCTCλ+

2

d
(1− dp̂)TCλ+ (dp̂ − 2)Tp̂ +

ncfg

d

)

, (7.9)

where the rows of the ncfg × (d + 1) sized matrix C = [c1, . . . , cncfg
]T contain

the ncfg number of used configuration vectors, and the p̂ vector contains the
measured outcome probabilities – the relative frequencies – obtained with re-
spect to the rank-1 POVM element in each configuration. The problem (7.9)
can now be easily solved analytically by setting the gradient equal to zero:

λ̂ = (CTC)−1CT(dp̂ − 1)

This shows that the solution of the parameter estimation problem (7.9) does
not require the tomographically complete reconstruction of the Choi matrix.
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To estimate the parameters, it is sufficient to have only d+1 linearly indepen-
dent configuration vectors cγ. If we select these to be the optimal configuration
vectors, then each of them corresponds to a state aligned with a complemen-
tary subalgebra, giving C = (d− 1)1, and we arrive at the optimal estimator
for the channel parameters:

λ̂ =
dp̂ − 1

d− 1

Note that if needed, the Choi matrix can also be computed after the pa-
rameter estimation using (6.1) and the known Hk structure matrices. This
method was used also in the case studies.

Thus we can summarize:

Statement 7.3. For prime numbers d, the least squares based parameter esti-
mation problem of d-level Pauli channels with known channel structure can be
solved analytically, using only d+1 linearly independent configuration vectors.
Moreover, if the optimal configurations are used, which are directed along the
complementary subalgebras, then the problem can be solved in a very simple
and efficient way.

7.3 Case studies

The aim of the following simulation experiments was to demonstrate the
differences between nonoptimal and optimal experiment configurations for the
parameter estimation method of Pauli channels proposed in Chapter 6. The
results were generated with the simulation tools discussed in section A.6. To
facilitate comparison with the nonoptimal estimation cases, the tomography
settings were the same here as in section 6.3.1, and the used channel parameter
values were also the same as in sections 6.3.3 and 6.3.4.

7.3.1 Optimal estimation of qubit Pauli channel

The estimation of the qubit Pauli channel defined in (2.16) was simulated
using the optimal configuration set described in section 7.2.1. The parameter
vector was selected to be λ = (−0.4,−0.6, 0.2), taken from the interior of the
parameter space.

Assuming ntot = 18000, the performance indicator quantities of the esti-
mations were calculated in function of the number of complete experiments
nexp = 6000 for the case of the optimal configuration (ncfg = 3), and nexp =
1500 for the case of the nonoptimal configuration using the standard POVM
set (ncfg = 12) described in section 6.3.2. Thus the optimal method uses more
complete experiments, but the reason for this is that the fixed amount of re-
sources was distributed over a smaller number of configurations. The results
are plotted in Figure 7.1.

More simulation examples with other channel parameter values taken both
from the interior and the border of the parameter space can be seen in appendix
B.1.1.
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Figure 7.1. Optimal tomography with λ = (−0.4,−0.6, 0.2). The three Figures show the
performance indicators defined in section 6.3.1 respectively, in function of the number of
complete experiments. The dotted-dashed line corresponds to tomography with unstruc-
tured Choi matrix, the dashed line shows results from parameter estimation using Choi
matrix structure, and the solid line is obtained using the optimal configuration set.
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The results indicate, that in terms of the performance indicators, the effi-
ciency of the optimal experiment configuration highly outperforms the nonop-
timal ones.

Robustness of the optimal experiment design

It is often the case that the optimal experimental configurations designed
to probe a set of parameters are sensitive to the assumed parts of the model
used to derive the optimal settings. This can be an issue mainly because even
if the channel structure is known, that knowledge may be approximate. Thus,
the aim of this subsection is to present a small example on the performance of
the optimal experimental configuration for the case when the actual channel
directions are slightly perturbed from the assumed channel directions.

We know from section 2.3.3, that in the qubit case, the channel directions
|v1〉, |v2〉 and |v3〉 must be elements of bases that form a set of MUB. This
tells us that the found (possibly inaccurate) channel directions {|v′

i〉} must be
unitarily transformed versions of the real channel directions. This transforma-
tion corresponds to a rotation of the Bloch vectors v1, v2, and v3, around a
given axis a with a given angle α.

The following example is a modified version of case study 7.3.1. The param-
eter estimation was done assuming that the {vi} basis represents the channel
directions, but the real channel was simulated using a perturbed basis {v′

i},
where v′

i = Ra(α)vi, the matrix Ra(α) being a rotation matrix. The axis of
rotation a was given by the Bloch vector 1√

3
[1, 1, 1]T. In Figure 7.2(a) the

Hilbert–Schmidt norm, and in Figure 7.2(b) the estimated parameter means
for each parameter were depicted in function of α after nγ = 1500 measure-
ments in each tomography configuration.

The Hilbert–Schmidt norm is clearly periodic. This is because in this ex-
ample, after rotating the {vi} basis by the angle α = 2π

3
, we get the same basis

{vi}, but with the order of the basis vectors permuted. This can be also seen
in Figure 7.2(b), where we get the valid parameter values again after rotating
by α = 2π

3
just in a different order. Of course, from the aspect of robustness,

we are only interested in small perturbations, i.e., small values of α.
From this example, it can be seen that considering the Hilbert–Schmidt

norm, the optimal experimental configurations are indeed sensitive to the ac-
curacy of the assumed channel directions, as the norm changes linearly for
small perturbations with the perturbation parameter α (see Figure 7.2(a)).
However, the results in Figure 7.2(b) suggest that the estimated mean values
of the parameters change only quadratically for small α values. This means
that the optimal parameter estimation method is robust in this sense.

7.3.2 Optimal estimation of 3-level Pauli channel

The estimation of the qutrit Pauli channel defined in section 6.2.2 was
simulated using the optimal configuration. The parameter vector was selected
to be λ = (0.4, 0.475, 0.325, 0.55). This was taken from the interior of the
parameter space.
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Figure 7.2. Example results on the robustness of the optimal experiment design for a qubit
Pauli channel with parameters λ = (0.3,−0.1, 0.1) against perturbations in the channel
structure. In Figure (a) the Hilbert–Schmidt norm and in Figure (b) the estimated param-
eter means were depicted in function of the perturbation parameter α after nexp = 1500
measurements in each tomography configuration.

Assuming ntot = 108000, the performance indicator quantities of the es-
timations were calculated in function of the number of complete experiments
nexp = 27000 for the case of the optimal configuration (ncfg = 4), and nexp =
1500 for the case of the nonoptimal configuration (ncfg = 72) described in
section 6.3.2. The optimal method now uses considerably more complete ex-
periments, but the reason for this is again that the fixed amount of resources
was distributed over a considerably smaller number of configurations. The
results are plotted in Figure 7.3.

More examples with other channel parameter values taken both from the
interior and the border of the parameter space can be seen in appendix B.1.2.

The results indicate, that in terms of the performance indicators, the effi-
ciency of the optimal experiment configuration highly outperforms the nonop-
timal one also in the 3-level case.

7.4 Summary

In this Chapter, an experiment design procedure based on maximizing the
trace of the Fisher information of the quantum channel output state was pre-
sented. It is shown that the objective function is convex in the configuration
parameters. This way we have proven that the optimal input state should be
pure and the measurement POVM should be extremal.

For Pauli channels in prime dimensions, this formulation leads to an opti-
mal setting that includes pure input states and projective measurements di-
rected towards the complementary subalgebras defining the channel. A simple
way of estimating the channel parameters in the optimal configuration is also
given, and the robustness of the optimal configuration was considered in the
qubit case, too. The effect of the optimal configuration on the parameter esti-
mation performance, compared to nonoptimal settings is demonstrated using
case studies.
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Figure 7.3. Optimal tomography with λ = (0.4, 0.475, 0.325, 0.55). The three Figures show
the performance indicators defined in section 6.3.1 respectively, in function of the number
of complete experiments. The dotted-dashed line corresponds to tomography with unstruc-
tured Choi matrix, the dashed line shows results from parameter estimation using Choi
matrix structure, and the solid line is obtained using the optimal configuration set.
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Chapter 8

Identification of a Pauli channel

with unknown structure

In this chapter, the identification of a Pauli channel with unknown structure
is investigated. Two approaches are proposed, which can be used to estimate
a completely undetermined two-level Pauli channel. The first one aims at
estimating the channel directions in a one by one manner, while the second tries
to find the optimal experiment design in an adaptive way, thus approaching the
truly optimal channel estimate. Both methods are presented with numerical
examples, their resource and computational requirements are discussed and
compared to simpler methods.

In section 8.1 the problem of Pauli channel estimation with unknown struc-
ture is discussed. In section 8.2 an algorithm for qubit Pauli channel direction
estimation is proposed, while in section 8.3 an adaptive estimation algorithm
is discussed and compared to non-adaptive methods for the same problem.
Finally, section 8.4 summarizes the results.

8.1 Problem statement

In section 5.3.1 it was mentioned that the optimal experiment design –
in terms of Fisher information – is in general dependent on the parameters
to be estimated. It follows that either the optimal design depends only on
a subset of the parameters, which are assumed known, and it is independent
of the rest of the parameters, or we can compute the optimal design only
approximately using a first guess on the value of the parameters. The former
case was discussed in chapters 6 and 7 about our results on the parameter
estimation of Pauli channels and the related experiment design problem. In
these chapters it was generally assumed that the Pauli channel directions are
known. This fact was essential in the process of obtaining and applying our
results. Recall from Statement 7.2 that in the qubit scenario the optimal
experiment design was to use parallel configurations, i.e., to prepare input
states and perform measurements in the channel directions. Thus, the optimal
configuration was independent of the unknown λ vector, and it was dependent
of the known channel directions. The solution was similar in the 3-level case,
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8.2. Channel direction estimation

too. This shows that the knowledge of the Pauli channel structure is necessary
for the application of the optimal experiment design. It follows that if – as it
is the case in general – this knowledge is not available, i.e., we have a Pauli
channel with

• unknown depolarizing parameters λi, and

• an unknown set of complementary subalgebras in which the channel is
depolarizing (see section 2.3.2),

then for such Pauli channels we need fundamentally different approaches to
solve the optimal identification problem.

For qubits, this unknown channel can be modeled with the matrix S of the
rotated Pauli channel in section 2.3.3. This model contains six independent
matrix elements, these can form the parameter vector s = [s1, . . . , s6]

T. After
channel estimation, the eigenvectors of the estimate Ŝ will be the estimated
Bloch vectors v̂i of the channel directions, and its eigenvalues will be the cor-
responding estimated scaling values λ̂i. The Choi matrix of such a generalized
channel is

XS =
1

2







1 + s3 s5 − is6 s5 + is6 s1 + s2
s5 + is6 1− s3 s1 − s2 + 2is4 −s5 − is6
s5 − is6 s1 − s2 − 2is4 1− s3 −s5 + is6
s1 + s2 −s5 + is6 −s5 − is6 1 + s3







This matrix is linear in its parameters si, thus an exact affine decomposition
based parametrization can be made. This implies

Statement 8.1. The parameter estimation of the qubit Pauli channel with
unknown channel directions remains a convex optimization problem.

Of course, we could try to simply find the optimal experiment configuration
(b, {±m}) for this channel similarly as in the known channel structure case in
section 7.2.1, namely, by maximizing the Fisher information matrix F (s|b,m)
of a single experiment:

F (s|b,m) =
∇s(m

TSb)∇T
s (m

TSb)

1− (mTSb)2
(8.1)

However, we see that this matrix depends on the full channel matrix S. This
clearly shows for qubits that – as we mentioned above based on Statement
7.2 – the optimal configuration surely depends on the channel structure, i.e.,
the channel directions; thus it can not be determined without knowing S itself!

The aim of this chapter is to overcome this problem. In the following two
sections, methods for the estimation of such general qubit Pauli channel will
be studied using two fundamentally different approaches.

8.2 Channel direction estimation

The method described in this section estimates the unknown channel di-
rections of a rotated Pauli channel from section 2.3.3, while resulting in a first
estimate on the λ parameter values too.
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8. Identification of a Pauli channel with unknown structure

8.2.1 Estimation algorithm for channel directions

Let the three directions in which the qubit Pauli channel is depolarizing
be |v1〉, |v2〉 and |v3〉. Then quantum state estimation steps can be used to
determine these. The proposed method is essentially an adaptation of the
power iterations algorithm from linear algebra.

The effect of the channel E for the input pure Bloch vector b̃ can be written
as E(b̃) = Sb̃ =

∑3
i=1 λiv

T
i b̃vi. In the rest of this section, the words “vector”

and “state” are used as synonyms, both referring to Bloch vectors.
The task is to estimate the three depolarizing directions {|vi〉} of E by

estimating the corresponding Bloch vectors vi. Let the set of found channel
direction Bloch vectors be D. Let D = {} and n = 0, this is the initialization
step. The following algorithm describes the direction estimation procedure.

Algorithm 1 Direction estimation

1: repeat

2: Prepare a pure state b̃
(n) ∈ D⊥.

3: repeat

4: Put b̃
(n)

into the composite channel Ek formed by cascading k in-
stances of the channel E , then get the output b(n+1).

5: Perform quantum state tomography on b(n+1) to get the estimate

b̂
(n+1)

.
6: Project b̂

(n+1)
to D⊥ to get b̂

(n+1)

proj .

7: Normalize b̂
(n+1)

proj to get the pure state b̃
(n+1)

.
8: Increase n by 1.

9: until The distance
∥
∥b̃

(n)−b̃
(n+1)∥

∥ is smaller than some prescribed value.

10: Put b̃
(n+1)

into D, set n to 0.
11: until Dimension of D⊥ is 0.

We now give the mathematical arguments that support the steps of the
above algorithm.

Case of different channel parameter values

Assume that all of the λi channel parameters have different absolute values,
and recall that |λi| < 1, i = 1, 2, 3.

• Step 4: Assume we use a pure state b̃
(n)

as input to the channel and

obtain the output b(n1) = Sb̃
(n)

. If we repeat this procedure, i.e., we
put the channel output b(n1) back into the channel as input to get the

output b(n2), then by the power iterations method, the vector b(nℓ)

‖b(nℓ)‖
will converge to the axis of vm corresponding to the dominant channel
parameter λm, i.e., the parameter with the largest absolute value. The
normalization in the above sequence is inevitable, as the output states do
not remain pure during the iterated channel effect, i.e., the length

∥
∥b(nℓ)

∥
∥

of the sequence will not remain 1, it will converge to zero instead.
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8.2. Channel direction estimation

• Step 5-7: Thus, to avoid the vector sequence from converging to the
maximally mixed state, we have to do the normalization of the output

Bloch vector b(n+1) = b(nk) = Skb̃
(n)

manually after each step. This
means that we have to exchange the output state with the pure state
which points in the same direction. In order to do this we need to

perform quantum state tomography (Step 5) to get an estimate b̂
(n+1)

and normalize it in Step 7 to obtain the pure state b̃
(n+1)

= b̂
(n+1)

‖b̂(n+1)‖
which

can be put again into the channel. This way, the sequence of vectors will
indeed converge to vm.

• Step 2,6,10,11: After the first channel direction vm was found using this
procedure, we can continue the search in the plane D⊥ orthogonal to vm

(Step 10 and 2). However, due to the inaccuracies in state tomography,
the direction we will find will not be exactly vm, rather some vector
b̃
⋆ ≈ vm. Thus convergence is more robust against these inaccuracies if

we apply a projection to the output vector in Step 6 onto the subspace
D⊥. When the second direction is found, then the third can be easily
obtained, as it will be the one orthogonal to both the first and the second
direction. Thus the direction estimation procedure is finished using only
two iterations (Step 11).

Special cases

In the degenerate cases when some of the channel parameters λi have equal
absolute values, then the channel is equally depolarizing in the linear span
of those directions, i.e., there are no exact channel directions defined in that
subspace. This means that we can use any state inside this subspace as channel

direction, so the sequence
{
b̃
(n)}∞

n=0
of states is only required to converge

to an arbitrary state inside this subspace, which is guaranteed by the above
procedure.

It follows, that if all the channel parameters have equal absolute values,
then the channel is the depolarizing channel, which means that any three
orthogonal Bloch vectors can be used to represent channel directions.

In the case of λi = 1 for some i, the above argument differs only in the fact
that in theory, the normalization step is not necessary. The iterated channel
effect does not make the length of the input Bloch vector tend to zero.

Moreover, in the special case when the starting vector b̃
(n)

has zero com-
ponent along the axis corresponding to the dominant channel parameter λm,
then in theory, the algorithm will find the channel direction with the second
dominant parameter first.

Accuracy and efficiency

The accuracy of this procedure has of course a limit, set by the accuracy of
quantum state tomography. Convergence to a channel direction is guaranteed
only until the difference in the input and output state is not comparable with
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8. Identification of a Pauli channel with unknown structure

the uncertainty of the state estimation procedure. Thus, when the sequence
reaches this limit, the searching procedure should stop. It can also occur that
we give a good initial guess, and start with an input state which is very close
to a channel direction. Then the procedure can finish almost immediately,
because slow convergence can only occur close to channel directions.

This algorithm – though rather resource intensive – thus estimates the
directions of a qubit Pauli channel. By using the algorithm we can get infor-
mation also on the channel parameters which can then be made more accurate
using the optimal tomography configurations described in section 7.2.1, thus
making a two step Pauli channel estimation procedure.

Finally, an interesting question can be raised. If the channel directions
are unknown then how practical is it to try obtaining them, possibly by using
the method presented in this section? To answer this question, a compari-
son would be necessary from the aspect of resource requirement between our
method of direction estimation combined with optimal experiment design and
a general channel estimation method that uses no a priori knowledge about
the channel structure. This study is not in the scope of this thesis, but the
papers [33] and [27] suggest, that in order to achieve an estimation accuracy
of order comparable with the results given in section 7.3 for qubit channels
without making assumptions on the channel structure, may require a number
of measurements of order 104–105. This is at least about the same order as
the approximate measurement requirement of our two step procedure.

8.2.2 A simple numerical example

In order to illustrate the operation and properties of the above proposed
channel direction estimation algorithm, a simple illustrative numerical example
is presented here for a qubit Pauli channel with different parameters λ1 = 0.6,
λ2 = 0.3, and λ3 = 0.1.

The three unknown channel directions were chosen to be the eigenvectors
of the Pauli matrices. The uncertainty in the estimated channel output state
arising from quantum state tomography was simulated using random perturba-
tions in the output state. The perturbation of the ith Bloch vector component
bi is a random term of the form

ξ

√

1− bi
N

,

where ξ is a random number taken form the standard normal distribution, N
is the number of measurements in the state tomography step, and 1−bi

N
is the

variance of the estimator b̂i.

The result of the numerical test can be seen in Figure 8.1. The three
unknown channel directions are shown by the black axes in the Bloch sphere.
The prime labeled vectors indicate the perturbed and normalized input states
in each step, and the number labeled vectors indicate channel outputs. The
starting input vector was chosen randomly at the beginning of the search. The
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8.3. Adaptive channel estimation

Figure 8.1. Channel direction estimation example for the qubit Pauli channel with param-
eters λ1 = 0.6, λ2 = 0.3, and λ3 = 0.1, estimating the direction m = 1. The unknown
channel directions are shown by the black axes in the Bloch sphere. The numbered vectors
indicate the channel output (n) and its perturbed and normalized form (n′) in the nth step.
The starting input vector was chosen randomly at the beginning of the search.

perturbation in the output states assumed N = 5000 measurements in the
state tomography steps.

It can be seen from the figure that the sequence of input states converges to
the dominant channel direction in the subspace of searching in a few iteration
steps.

8.3 Adaptive channel estimation

A possible alternative to the direction estimation procedure in solving the
problem of unknown Pauli channel directions is to make an adaptive estimation
procedure. Such an approach is studied in the papers [43] ans [44] for the case
of quantum state estimation. The main idea in these is that the optimal
design is not decided in advance of the experiments, but the measurements are
adaptively re-optimised depending on the collected data.

In other words, if the experimental configurations used in each experiment
are not selected independently and/or identically, but are related, then we can
speak about adaptive experiment design. The relation between the subsequent
experiment configurations is based on an update criterion selected such that
the obtained configuration sequence approaches optimality in some sense. Such
an adaptive approach was not yet studied for quantum channels.
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8. Identification of a Pauli channel with unknown structure

8.3.1 Adaptive estimation algorithm for quantum chan-

nels

For simplicity, assume that the set of possible input states and the set of
possible measurement POVMs is fixed during the whole procedure. Let the
configuration used in the nth experiment be (ρn,Mn) and the update criterion
be un. The fact that each configuration is used only once will be reflected
in the notation: An will refer to the quantity A in the nth experiment, and
A(n) will denote the sequence {A1, . . . , An}. Then the algorithm for adaptive
process tomography can be described as follows:

Algorithm 2 Adaptive channel estimation

1: Prepare an initial configuration (ρ0,M0).
2: Set n to 0.
3: repeat
4: Perform the nth experiment: αn is the measurement outcome of the

channel output E(ρn) using Mn.
5: Build the data set Dn = (ρn,Mn, αn), and the data record D(n) =

{D1, . . . , Dn}.
6: Calculate the channel estimate Ên := Ê

(
D(n)

)
.

7: Calculate the next configuration (ρn+1,Mn+1) = un
(
D(n)

)
.

8: Increase n by 1.
9: until Stop condition is satisfied.

The update criterion un can be selected arbitrarily in each experiment.
In this thesis, we will use the same criterion for all n, i.e., the sequence un
will be constant. This criterion will be the A-optimality criterion described
in [44]. It is based on the Cramér–Rao bound (5.5). Taking the trace of
both sides, we arrive at Var(Ên) ≥ Tr[F (E|u(n))−1], where F (E|u(n)) is the
Fisher information of the probability distribution p(D(n)|E), i.e., the average
information we can gain about the true channel from an experiment sequence
of length n, using the update criterion sequence un. Based on this, each
estimation step is followed by an experiment design step, which tries to search
for that configuration, which maximizes the information gain from the current
sequence of experiments. Thus, for each n the next configuration will be
that (ρn+1,Mn+1), which minimizes F (E|u(n+1))

−1, so we need to solve the
optimization problem

(ρn+1,Mn+1) = arg min
(ρ,M)

Tr[F (E|u(n+1))
−1]

Obtaining a solvable form

This problem, however, is not solvable practically [44], because the true
value of E is unknown, and the calculation of the Fisher information would
require taking the expectation over many experiment sequences, which is com-
putationally intensive. To overcome these problems in the nth step,
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8.3. Adaptive channel estimation

• we replace the true E with the currently available approximation Ên,
• we replace the exact F (Ên|u(n)) with the observed information matrix

J(Ên|u(n)) :=
∑n

k=1 F (Ên|Ck). This is the sum of the information gain

F (Ên|Ck) from individual experiments using the sets of configuration
matrices Ck = {Ck,m = ρTk ⊗Mk,m}. Recall from (7.1) that the Fisher
information of the distribution p(α|E), i.e., a single experiment using
configuration C is

F (Ep|C) =
∑

m

1

Tr(CmXp)
∇pTr (CmXp)∇T

pTr (CmXp) ,

where p is some parametrization of the channel E .

Thus, we arrive at a solvable form of the optimal design problem of the (n+1)th

set of configuration matrices:

Cn+1 = argmin
C

Tr
(
[J(Ên|u(n)) + F (Ên|C)]−1

)

As F (Ên|C) is rank-1, the inversion of the matrix [J(Ên|u(n)) + F (Ên|C)] can

be performed using the formula (A + B)−1 = A−1 − A−1BA−1

1+Tr(A−1B)
where B is

rank-1. Thus only the inversion of J(Ên|u(n)) is required, which is independent
of the optimization variable, so it needs to be computed only once during op-
timization. From the optimization viewpoint, the constant term J(Ên|u(n))−1

can be omitted by the same argument. Thus the resulting final problem is

Cn+1 = argmax
C

Tr[J(Ên|u(n))−1F (Ên|C)J(Ên|u(n))−1]

1 + Tr[J(Ên|u(n))−1F (Ên|C)]
. (8.2)

Note that the experiment sequences obtained this way must be tomogra-
phycally complete, because the update criterion has the freedom to select that
configuration which gives the most information on all parameters.

The above suggested adaptive method will be called the A-optimal adaptive
method below.

8.3.2 Qubit Pauli case

Algorithm 2 can now be applied on the Pauli channel estimation problem
described in section 8.1. Let us restrict ourselves to the case of two-element
POVMs, i.e., von Neumann measurements. Then the design variable, i.e., the
experiment configuration can be written as (b, {±m}). The Fisher information
of a single experiment will then be (8.1). Using this, the A-optimality update
criterion will need the solution of (8.2) in the form

(b,m)n+1 = arg max
(b,m)

Tr
[
J(ŝn|u(n))−1F (ŝn|b,m)J(ŝn|u(n))−1

]

1 + Tr
[
J(ŝn|u(n))−1F (ŝn|b,m)

] . (8.3)

Unfortunately, the solution of this problem requires global optimization, be-
cause this objective is nonconvex. This is a disadvantage of this method,
because of the amount of computational resource needed.
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In the first few experiments, the matrix J(ŝn|u(n)) may be singular. In these
cases, we can calculate the Moore–Penrose pseudoinverse. This introduces
error only in the first few steps of the algorithm, the sequence of optimal
configurations (b, {±m})n will eventually span the full configuration space.

It is important to note that in the numerical case studies in section 8.3.4
the solution of (8.3) was always a parallel configuration (see Definition 7.1),
i.e., the input part b of the optimal solution was always a pure state, and the
measurement m was always parallel to b.

Finally, as we discussed in section 8.1, the channel estimation step can be
performed with the ML estimation method, because similarly to the case with
known channel directions, the problem is convex in the channel parameters.
The LS method can not be used in this case, because we perform only one
experiment with each configuration (see section 5.2.3).

8.3.3 Non-adaptive methods

Here we shortly describe three other non-adaptive experiment configuration
selection methods. The performance of these were tested and compared to the
A-optimal adaptive method.

• Standard method: The experiment configuration variables (b,m) were
selected to be Bloch vectors of states and measurements along the fixed
set of channel directions {|ei〉}, i.e., (b,m) = (ei, ej) with i, j = 1, 2, 3.
This is a tomographically complete experiment setting for qubit Pauli
channels.

• Random method: This method uses random input Bloch vectors b and
random measurement vectors m independently of b.

• Semi-random method: This method uses configuration variables (b,m)
which make parallel configurations, i.e., are of the form (b,b) using ran-
dom unit length Bloch vectors b. This method was proposed based on
the following observations suggesting that parallel configurations are op-
timal:

– According to Statement 7.2, the optimal configuration for the
given channel direction case was a parallel configuration.

– In the numerical tests in section 8.3.4, the solutions of the adaptive
method were also parallel configurations.

8.3.4 Case studies

Simulation experiments were used to compare the performance of the adap-
tive and non-adaptive experiment design methods for qubit Pauli channels. In
the experiments, pure states and projective measurements were used.

To have a general setup, the Pauli channel directions used in the tests were
represented with the matrix

[v1,v2,v3] =





0.08908 −0.96225 0.25717
0.44543 −0.19245 −0.87438
0.89087 0.19245 0.41147



 .
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n
−
S
||

n

(b) λ(2) = ( 35 ,
1
2 ,

3
10 )

1 10
-1

2 10
-1

0 800 1600 2400 3200 4000

Adaptive
Standard
Random
Semi-random

||Ŝ
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Figure 8.2. The Hilbert–Schmidt distance between affine representation matrices of the real
and estimated channels in function of the number of experiments. Colors red, green, black
and blue correspond to the adaptive, fixed, random and semi-random strategies respectively.

Two sets of λi depolarizing parameters were taken from the convex tetra-
hedron parametrized by the λi (see section 2.3.3): λ(1) = (−2

5
,−3

5
, 1
5
), λ(2) =

(3
5
, 1
2
, 3
10
) and λ(3) = (−3

5
, 7
10
,−1

2
). These values were taken from the interior

of the tetrahedron of channel parameters.

Ten independent simulations of each setup was averaged in order to obtain
the average estimation efficiency of each method. The estimation efficiency
was measured by the Hilbert–Smith distance ‖Ŝn − S‖ of the estimated and
real affine representation matrices and was plotted in function of the number
of experiments in Figures 8.2(a)-(c).

As a conclusion, we can state that

Statement 8.2. Efficiency of the A-optimal adaptive experiment design out-
performs the non-adaptive ones, hovewer, its high computational resource re-
quirement may not make it worth using, compared to the proposed non-adaptive
semi-random strategy, which has the second best efficiency.
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8.4 Summary

In this chapter, two approaches were proposed to handle the case where
the Pauli channel directions are not known. First, an efficient iterative method
of estimating the channel directions was proposed for the qubit Pauli channel
case, based on the power iterations method for matrices. The algorithm is
resource intensive, but offers a two-step estimation procedure for completely
unknown channels.

The second approach studied the A-optimal adaptive procedure for quan-
tum state estimation, and proposed a similar method for the channel tomog-
raphy case. Finally, the efficiency of the obtained adaptive procedure was
tested against simple, non-adaptive methods. It was found that for the qubit
Pauli channel, the A-optimal design has a better performance than other meth-
ods, however, its high resource requirement suggests that the proposed non-
adaptive semi-random strategy can be a reasonable alternative in practice.
This latter strategy is based on the optimality conditions suggested by the
case of experiment design with known channel directions, and the A-optimal
design results.
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Chapter 9

Conclusions

This chapter summarizes the new scientific contribution of this thesis. Sec-
tion 9.1 presents the new results. Section 9.2 gives possible directions of further
research and section 9.3 lists the publications of the author.

9.1 New results

The new scientific results presented in this thesis are summarized here.
They are arranged in four thesis statements as follows.

Thesis 1. The notion of robustness of quantum error correcting (QEC) oper-
ations against noisy channel uncertainties was defined. Using the definition,
the robustness of QEC operations was characterized. (See in Chapter 4 and in
[P1].)

(i) Channel uncertainty was represented as the convex combination of a nom-
inal channel and a perturbation channel. By assuming arbitrary pertur-
bations (unstructured uncertainty), robustness domains were defined as
regions around the nominal noise channel. Pauli channels having the
same optimal QEC operation with respect to a stabilizer code form a
zero-robustness domain in the set of all Pauli channels. There are fi-
nite numbers of such domains and they form a partition of the whole
set of Pauli channels represented as a simplex. If a channel is an inte-
rior point of such a domain then the optimal QEC operation is robust
against any Pauli-type perturbation of the channel. On the boundary be-
tween two zero-robustness regions, however, there are more (at least two)
completely different optimal QEC operations giving the same maximal
channel fidelity.

(ii) For Pauli channels, the optimal QEC operation is better in robustness
than any other recovery operation, assuming the channel is not on the
boundary surface of a zero-robustness domain.

(iii) Case studies with non-Pauli channels suggest that the optimal QEC op-
eration can in general change in two different ways. The first is similar to
the case of boundary points of Pauli zero-robustness domains. In these
special points the optimal recovery operation is not unique, it changes
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abruptly and the channel fidelity is a non-analytic function of the mixing
parameter. Between these points it changes analytically with the mix-
ing parameter, indicating that the optimal QEC operation is robust in
general.

Thesis 2. A parameter estimation method of Pauli channels with known chan-
nel structure based on convex optimization was proposed. (See in Chapter 6
and in [P2, P3, P4].)

(i) Utilizing the fact that the Choi matrix has an affine dependence on func-
tions of the channel parameters, an approximation method was given,
that can take into account the channel structure in quantum process to-
mography, yielding a parameter estimation problem. It was found that
for Pauli channels, this parameter estimation problem is always purely
convex, and solvable in any prime dimension. Simulation case studies
performed for the case of qubit and qutrit Pauli channels show, that com-
pared to the case when no channel structure is assumed, the proposed
method of affine decomposition of the Choi matrix can significantly in-
crease the accuracy of the parameter estimation.

(ii) For non-Pauli channels, convex relations between optimization variables
can also be exploited to improve the estimation using auxiliary optimiza-
tion steps. In this case, however, beside the convex part one may need a
nonconvex optimization step, as well.

Thesis 3. A convex maximization-based experiment design procedure was pro-
posed for prime-level Pauli channels with known channel structure. (See in
Chapter 7 and in [P2, P5].)

(i) It was shown that the trace of the Fisher information matrix is a convex
function in the configuration parameters. Using it as objective, it is
proven that in the optimal experiment configuration the optimal input
state must be pure and the measurement POVM must be extremal.

(ii) Based on maximizing the trace of the Fisher information matrix of a
qubit Pauli channel output, this formulation leads to optimal configura-
tions containing pure input states and projective measurements directed
towards the channel directions. These constitute an optimal set of con-
figurations for the independent estimation of the channel parameters.

(iii) A simple way of estimating the channel parameters with the optimal
configuration is also given. Furthermore, the robustness of the optimal
configuration against channel uncertainties was studied in the qubit case.
It was found that the estimated parameters are robust against small per-
turbations in the channel directions. Finally, the superior parameter es-
timation performance of the optimal configuration set compared to other
widely used ones was demonstrated using case studies for qubit and 3-
level Pauli channels.

Thesis 4. Two approaches were proposed to handle the case of qubit Pauli
channel estimation where the channel structure is unknown. (See in Chapter
8 and in [P2, P5, P6].)
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(i) An efficient iterative method of estimating the channel directions was
proposed for the qubit Pauli channel case, based on the power iterations
method for matrices. The algorithm is resource intensive, but offers an
optimal two-step estimation procedure for completely unknown channels.

(ii) An adaptive procedure was designed for the estimation of Pauli channels
with unknown directions, based on the A-optimality update criterion.
The efficiency of this procedure was tested against simple, non-adaptive
methods. One of these was the semi-random strategy, which was pro-
posed based on the optimality conditions of Thesis 3 and numerical test
results of the adaptive method. It was found, that for the qubit Pauli
channel, the A-optimal design has a better performance than other meth-
ods, however, its high resource requirement suggests that the proposed
non-adaptive semi-random strategy can be a reasonable alternative in
practice.

9.2 Further work

The results of Chapter 4 could be directly continued with further stud-
ies of the robustness in the non-Pauli channel case, in particular by studying
the distribution of the non-analytic points in the space of all quantum chan-
nels. Other interesting topics could be the analytic derivation of optimal QEC
operations for more general classes of channels.

The work in Chapter 6 could be developed further by studying the case of
completely general complementary subalgebras.

The results of Chapter 7 could be extended by deriving and proving analytic
results also for arbitrary dimensional Pauli channels.

The results of Chapter 8 could be strengthened by finding a direction es-
timation algorithm for higher level Pauli channels, and by finding a computa-
tionally less intensive adaptive procedure that can also be generalized to higher
level channels.

9.3 Publications

The results of this thesis were published in journals or presented in confer-
ences as enlisted below. The relevant theses are indicated in parentheses.

Thesis related publications

[P1] G. Balló, P. Gurin, Robustness of channel-adapted quantum error cor-
rection, Phys. Rev. A, 80 (1), 012326 (Jul 2009), URL arXiv:0905.3838v2

(Thesis 1)

[P2] G. Balló, K. M. Hangos, D. Petz, Convex Optimization-Based Pa-
rameter Estimation and Experiment Design for Pauli Channels, IEEE
Transactions on Automatic Control , 57 (8), 2056–2061 (Aug 2012)
(Thesis 2, 3, 4)

96



BIBLIOGRAPHY

[P3] G. Balló, A. Magyar, K. M. Hangos, Quantum process tomography
using optimization methods, 6th Central European Quantum Information
Processing Workshop (CEQIP) (Jun 2009, Jindřichův Hradec, Czech Re-
public) (Thesis 2)

[P4] G. Balló, A. Magyar, K. M. Hangos, Parameter estimation of
quantum processes using convex optimization, in Proceedings of the In-
ternational Symposium on Mathematical Theory of Networks and Sys-
tems (MTNS) (Jul 2010, Budapest, Hungary), URL arXiv:1004.5209v1

(Thesis 2)

[P5] G. Balló, K. M. Hangos, Experiment Design for Pauli Channel Esti-
mation, 18th IFAC World Congress (Aug 2011, Milan, Italy) (Thesis 3,
4)

[P6] G. Balló, K. M. Hangos, Comparison of experiment design approaches
for Pauli channel tomography, 10th Central European Quantum Informa-
tion Processing Workshop (CEQIP) (Jun 2013, Valtice, Czech Republic)
(Thesis 4)

Other publications

[O1] S. Varga, G. Balló, P. Gurin, Structural properties of hard disks in
a narrow tube, Journal of Statistical Mechanics: Theory and Experiment ,
2011 (11), P11006 (Nov 2011)

Citations in journals

[C1] S. Taghavi, T. A. Brun, D. A. Lidar, Optimized entanglement-
assisted quantum error correction, Phys. Rev. A, 82, 042321 (Oct 2010)
(cites [P1])

[C2] Y. Ouyang, W. H. Ng, Truncated quantum channel representations
for coupled harmonic oscillators, Journal of Physics A-Mathematical and
Theoretical , 46 (20) (May 2013) (cites [P1])

97





Appendix



Appendix A

Basic notions in mathematics and

information theory

The purpose of this appendix is a short overview, not the full and math-
ematically precise exposition of several topics related to the thesis. Basic
knowledge in mathematical analysis and functional analysis is assumed.

A.1 Basics of Hilbert spaces

This section introduces the mathematical basics on vector spaces, that are
needed in the thesis. We are concerned only in finite-dimensional vector spaces,
thus finite-dimensionality is a general assumption throughout the section. The
presentation follows [45].

A.1.1 The Hilbert space

Definition A.1. Let H be a vector space over the complex numbers. Then the
function 〈 . , . 〉 : H×H → C is an inner product if it satisfies the following for
all x, y, z ∈ H and c ∈ :

• Linearity in the second argument: 〈x, cy + z〉 = c〈x, y〉+ 〈x, z〉,
• Conjugate symmetry: 〈x, y〉∗ = 〈y, x〉,
• Positive definitness: 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 if and only if x = 0.

A complex vector space H with an inner product defined on it is a Hilbert
space. Furthermore, any such Hilbert space is isomorphic to C

d, where d is the
dimension of the space.30

A.1.2 Linear operators on Hilbert spaces

In the thesis linear operators on Hilbert spaces are of great importance.
Through the above isomorphism a linear operator T on the d dimensional
Hilbert space H can be represented as a complex d× d matrix.

30Note that infinite dimensional Hilbert spaces have a much more complicated definition.
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For each linear operator T , we can define the adjoint operator T ∗ by the
formula 〈Tx, y〉 = 〈x, T ∗y〉 for all x, y ∈ H. The matrix isomorphic to T ∗ is
the transposed and complex conjugated matrix of T .

The set B(H) of all (bounded) linear operators on H is also a complex
Hilbert space with respect to the Hilbert–Schmidt inner product defined on
linear operators A and B as

〈A,B〉 = Tr(A∗B) . (A.1)

The composition of linear operators corresponds to the product of their ma-
trices. It follows that B(H) is also an algebra, which is isomorphic to the full
matrix algebra Md(C), i.e., the algebra of all d× d complex matrices.

Self-adjoint operators

A linear operator T is called self-adjoint (Hermitian) if T = T ∗. Since
the real linear combinations of self-adjoint operators is self-adjoint, the set of
self-adjoint operators Bsa(H) ⊂ B(H) is a real Hilbert space. Note however,
that Bsa(H) is not an algebra.

A self-adjoint operator S always satisfies 〈x, Sx〉 ∈ R for every x ∈ H.
If 〈x, Sx〉 ≥ 0 for all x ∈ H then S is called positive (positive semidefinite),
S ≥ 0 in notation. It follows that the matrix of a positive S has nonnegative
eigenvalues.

Given T ∈ B(H) the operator T ∗T is always positive, and any positive
operator S can be written as S = T ∗T for some T ∈ B(H). Moreover, there is
always a unique positive Tsa ∈ Bsa(H) for which S = T 2

sa. Then Tsa is denoted

by S
1
2 .

Projections

A self-adjoint operator P is a projection if P = P 2. Projections are always
positive operators. If P is a projection then I −P is called the complement of
P .

If the range of P is one-dimensional then P is a one-dimensional projection.
Such projections can be defined using unit vectors. If x ∈ H is a unit vector
then the operator Px given by Pxy = 〈x, y〉x is a one-dimensional projection.
It follows that the matrix of P is rank-1. Two one-dimensional projections Px

and Py are orthogonal, i.e., PxPy = 0 if and only if the unit vectors x and y
defining them are orthogonal.

Unitary operators

A linear operator U is called unitary if UU∗ = U∗U = 1. It follows from
the definition that U is invertible and U−1 = U∗. Thus the matrix of U has
eigenvalues with 1 absolute value.

Unitaries preserve the inner product, i.e, 〈x, y〉 = 〈Ux, Uy〉. This implies
that unitaries transform orthonormal bases to orthonormal bases. Unitary
operators form a group with respect to operator composition.

101



A. Basic notions in mathematics and information theory

A.1.3 Dual space and tensor product

Let V be a complex vector space. A linear mapping f : V → C is called a
linear functional. The set of all linear functionals on V is called the dual vector
space V∗ of V .

If H is a Hilbert space then each vector x ∈ H defines a continuous linear
functional fx on H by the formula fx(y) = 〈x, y〉. It is known that all contin-
uous linear functionals on H have this form, which implies that the space H
and its dual H∗ can be identified naturally through the scalar product.

Definition A.2. Let H1 and H2 be two Hilbert spaces. For each x1 ∈ H1 and
x2 ∈ H2 we define the mapping x1 ⊗ x2 : H1 ×H2 → C as

(x1 ⊗ x2)(z1, z2) = 〈z1, x1〉〈z2, x2〉 . (A.2)

Then the set of all such mappings span the Hilbert space H1⊗H2 called tensor
product space of H1 and H2 with the inner product

〈x1 ⊗ x2, y1 ⊗ y2〉 = 〈x1, x2〉〈y1, y2〉 .

Note that (A.2) implicitly enforces the bilinearity of the tensor product
operator ⊗ : H1 ×H2 → H1 ⊗H2 assigning x⊗ y to (x, y).

Similarly to vectors, the tensor product of two linear operators T1 ∈ B(H1)
T2 ∈ B(H2) can be defined. The product T1 ⊗ T2 is an element of B(H1 ⊗H2)
with action for all x ∈ H1 and y ∈ H2 given as

(T1 ⊗ T2)(x⊗ y) = T1x⊗ T2y .

The tensor product of operators corresponds to the Kronecker product of their
matrices. The Kronecker product of an n×m matrix A with any other matrix
B is defined to be

A⊗B =






a1,1B · · · a1,mB
...

. . .
...

an,1B · · · an,mB




 .

A.2 Convex optimization

This section is based on the work [42], which also contains the proofs of
the theorems presented here.

A.2.1 Convex functions

Here we give the definition of convex functions then the first and second
order conditions of convexity.

Definition A.3. A function f : Rn → R is convex if dom(f) is a convex set,
and for all x1, x2 ∈ dom(f) and t ∈ [0, 1], we have f

(
tx1 + (1 − t)x2

)
≤

tf(x1) + (1− t)f(x2).
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Theorem A.1. If f : Rn → R is differentiable then f is convex if and only if
dom(f) is a convex set and for all x, y ∈ dom(f)

f(y) ≥ f(x) +∇Tf(x)(y − x) .

Theorem A.2. If f : Rn → R is twice differentiable then f is convex if and
only if dom(f) is a convex set and for all x ∈ dom(f) the Hessian ∇2f(x) is
positive semidefinite, i.e., ∇2f(x) ≥ 0.

Note that if we change each of the inequalities above to strict inequalities
then the funtion f will be strictly convex.

Many operations exist that preserve convexity of a function. The following
two theorems are used also in the thesis.

Theorem A.3 (Product of convex functions). If f, g : Rn → R are differ-
entiable, nonnegative and convex functions on a convex domain satisfying
∇f(x)∇Tg(x) ≥ 0 for all x in that domain, then fg is also convex.

The semidefinitness condition ∇f(x)∇Tg(x) ≥ 0 corresponds to the re-
quirement that f and g are simultaneously nondecreasing (or nonincreasing)
at every x.31

Theorem A.4 (Composition of convex functions). If h : Rm → R is nonde-
creasing (nonincreasing) in each argument and each component gk of g : Rn →
R

m is convex (concave), then h ◦ g is convex.

A.2.2 Convex optimization

In many engineering problems, such as control systems, estimation and
signal processing, communications and networks, electronic circuit design, data
analysis and modeling, convex optimization has a wide range of applications,
therefore, it is an important subfield of mathematical optimization. Some very
popular methods also belong to the class of convex optimization problems, such
as least squares, and linear programming.

The general form of a mathematical optimization problem with functions
f, gi, hi : R

n → R is

(arg)min f(x) so that (A.3)

gi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p .

We would like to find an x that minimizes the objective function f(x) while
being a feasible point, i.e., satisfying the constraints gi(x) ≤ 0 and hi(x) = 0.
The set of all x points satisfying the constraints is the feasible region inside
the domain D := [

⋂m
i=1 dom(gi)]∩ [

⋂p
i=1 dom(hi)]∩dom(f) of the optimization

31This theorem can be proven for nondifferentiable f and g too. Then the condition is
(
f(x1)− f(x2)

)(
g(x1)− g(x2)

)
≥ 0 for all x1, x2.
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problem. Note that speaking only about minimization is not a loss of gen-
erality. By multiplying f with −1 we arrive at an equivalent maximization
problem.

That feasible x⋆ ∈ D which minimizes f(x) is called optimal point and
the corresponding function value is the optimal value f(x⋆). The feasible
point x⋆ is locally optimal if it minimizes f(x) only for a subset of feasible
points {y | y ∈ D, ‖x⋆ − y‖ ≤ r} for some r > 0. Otherwise, x⋆ is globally
optimal. The optional „arg” in the problem statement (A.3) indicates that we
are interested in x⋆ instead of f(x⋆) as a result.

In order (A.3) to be a convex optimization problem, f and each gi must
be convex and each hi must be affine. This means that the feasible region
of the problem is convex too. The most important properties of a convex
optimization problem are the following:

• If there exists a local minimum point x⋆, then it is a global minimum
point.

• The set of all global minimum points is convex.

• If the function f is strictly convex, then there exists at most one global
minimum point.

• The solution can be obtained to within any desired accuracy with very
efficient algorithms.

Convex optimization is exceptionally useful in problems related to quantum
mechanical systems, because many objects in quantum mechanics form convex
sets, e.g., measurement outcome probabilities, density operators, POVMs, and
Choi matrices.

A.2.3 The semidefinite programming problem

The semidefinite programming (SDP) problem is a widely used subclass
of convex optimization problems, which generalizes many important problems
like linear or quadratic programming. Its standard form is the following:

maxTr(A0X)

so that Tr(AkX) = bk, k = 1, . . . , n

X ≥ 0

Here the matrices Ai and X are Hermitian matrices. Thus we seek to mini-
mize a linear objective function subject to linear and matrix semidefinitness
constraints (linear matrix inequalities), which are convex constraints.

SDP problems can be solved very efficiently both from theoretical and
practical point of view. The most modern solvers use the so-called interior
point methods which have the following favourable properties:

• Practical efficiency: Performs similar to other methods on smaller prob-
lems, but performs substantially faster on bigger problems.

• Theoretical efficiency: For a fixed accuracy, the resource requirements
grow only polinomially with the problem size.
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• Exploiting problem structure: The used interior point methods are based
on the solution of least squares problems, which can take the problem
structure into account.

There are also many solver programs available, a few of them – the ones in
particular that are free and can be used with MATLAB – are SeDuMi, SDPT3,
MOSEK, and SDPA. A short description and a comprehensive benchmark of
these and other solvers can be found in [46].

A.3 Group theory

This section follows the appendix of [5], concentrating on the most needed
concepts.

A.3.1 General concepts

Definition A.4. A group (G, ·) is a non-empty set G with a binary operation
“·” having the following properties:

• Closure: g1 · g2 ∈ G for all g1, g2 ∈ G,

• Associativity: (g1 · g2) · g3 = g1 · (g2 · g3) for all g1, g2, g3 ∈ G,

• Identity: there exists e ∈ G such that ∀g ∈ G, g · e = e · g = g,

• Inverse: for all g ∈ G, there exists g−1 ∈ G such that g ·g−1 = g−1 ·g = e.

We often leave out the operation · in g1 · g2 and write simply g1g2.
A group G is finite if the number of elements, i.e., the order of G denoted

by |G| is finite. A group G is Abelian if the operation · is commutative, i.e,
g1g2 = g2g1 for all g ∈ G.

A subgroup H of G is a subset of G which forms a group under the same
operation · as G. In notation we write this as H < G. If g1, g2 ∈ G then the
conjugate of g2 with respect to g1 is g1g2g

−1
1 ∈ G. Now we can present two

important notions.

Definition A.5. The centralizer Z(S) of a subset S ⊂ G (not necessarily a
subgroup) is the set {g ∈ G | gsg−1 = s, ∀s ∈ S}.

Definition A.6. The normalizer N(S) of a subset S ⊂ G (not necessarily a
subgroup) is the set {g ∈ G | gsg−1 ∈ S, ∀s ∈ S}.

The study of a group can be greatly simplified by the use of a special subset
of the group as a compact description:

Definition A.7. The elements g1, . . . , gl in a group G are said to be the genera-
tors of G if every element of G can be written as a product of (possibly repeated)
elements from the set {g1, . . . , gl}. In notation we write G = 〈g1, . . . , gl〉.

It can be shown that a group G can always be generated with a set of at
most log2(|G|) independent generators.

The following definition is of essential importance in the thesis:
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Definition A.8. For a subgroup H < G, the left coset of H in G determined
by g ∈ G is the set gH := {gh |h ∈ H}. The right coset Hg is defined similarly.

Elements of a particular coset gH are known as coset representatives of
that coset. Cosets gH define an equivalence relation ∼ on G given by g1 ∼ g2
if and only if g1h = g2 for some h ∈ H. It follows that any two left cosets gH
in G are either identical or disjoint. In other words the set of left cosets G/H
form a partition of G.

An example of groups is the group of n×n unitary matrices U(n) with the
matrix multiplication as binary operation. Another example important in the
thesis is the Pauli group on n qubits Pn < U(2n). It consists of all n-fold tensor
products of the Pauli matrices defined in (2.2) with a possible ±1 or ±i factor.
Thus it is generated as Pn = 〈

⋃n
i=1{Xi, Zi}, i1〉, that is, all Pauli operators

Xi, Yi, and Zi acting only on the ith qubit together with the possible ±1 or ±i
factor. The order of the Pauli group is |Pn| = 22n+2. For example, the Pauli
group for one qubit is P1 = 〈X,Z, i1〉. The most important properties of Pn

are the following:

1. All g ∈ Pn are either Hermitian or antihermitian.

2. Any two elements g, h ∈ Pn either commute or anticommute, i.e., gh =
±hg. Note that this property implies that for any subset S ⊂ Pn for
which −1 /∈ S, the centralizer Z(S) and the normalizer N(S) are the
same.

In many cases group elements g ∈ G can be tought of as transformations
on some other set V . In this context we can speak about stabilizers.

Definition A.9. The group element g ∈ G fixes (stabilizes) x ∈ V if gx = x.
For any x ∈ V the stabilizer subgroup S < G of x is the set of all g ∈ G that
fix x, i.e., S = {g ∈ G | gx = x}.

In particular, if V is a vector space then it is easy to see that the elements
of G stabilize their whole +1 eigenspace. The applications of this property
in quantum information processing is discussed in the followig using the Pauli
group Pn.

A.3.2 The stabilizer formalism

The stabilizer formalism is an advantageous group theoretic approach to a
wide class of actions in quantum mechanics with main application in quantum
error correction (see in appendix A.5.2). The presentation follows [5].

Stabilizers of quantum states

Let S be a subgroup of the Pauli group Pn on n qubits. Then the space
VS is the space of all n-qubit states fixed by the elements of S, i.e., the space
obtained as the intersection of +1 eigenspaces of all g ∈ S. In other words
VS is the vector space stabilized by the stabilizer S: g|ψ〉 = |ψ〉, ∀|ψ〉 ∈ VS,
∀g ∈ S.
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A big advantage of the stabilizer formalism comes from the possibility of
describing a group by its generators. A vector is stabilized by S if and only if
it is stabilized by the generators of S. The fact that any group G has at most
log2(|G|) generators allows a very compact representation and easy handling
of stabilizers. For example an n-qubit state is stabilized by a subgroup of Pn

having n Pauli group generators and a generator is a product of the at most
2n + 2 number of original Pauli group generators. This means that all states
of VS can be described by at most O(n2) amount of information.

In practice we seek the stabilizer of nontrivial vector spaces. It can be seen
that the vector space VS is nontrivial if and only if all element of S commute
and −1 /∈ S. Thus in the following we always assume independent generators
having these properties. For nontrivial VS the following statements hold:

1. If the subgroup S < Pn has n− k generators then VS has 2k dimensions.

2. For the stabilizer generators of every S = 〈g1, . . . , gl〉 there exist g ∈ Pn

such that ggig
† = −gi for some i, but ggjg

† = gj, ∀j 6= i.

Unitary transformations using stabilizers

The stabilizer formalism can also be used to describe unitary dynamics
in vector spaces. Suppose we act with a unitary U on the vector space VS

stabilized by S < Pn. Let |ψ〉 ∈ VS. Then for all g ∈ S

U |ψ〉 = Ug|ψ〉 = UgU∗U |ψ〉 , (A.4)

thus the state U |ψ〉 is stabilized by UgU∗. It follows that the stabilizer of
UVS is the group USU∗ ≡ {UgU∗ | g ∈ S}. Furthermore, if S is generated by
g1, . . . , gl then USU∗ is generated by Ug1U

∗, . . . , UglU
∗. Thus it is enough to

compute the effect of U on the generators.
Note that using these principles, the stabilizer formalism allows an effi-

cient classical simulation of many quantum behaviour. However, it can not
efficiently simulate all of quantum mechanics. The exact limitations are stated
by the famous Gottesman–Knill theorem [5]. In general those unitaries (gates)
U can be efficiently simulated, for which UPnU

∗ = Pn, i.e., elements of the
normalizer N(Pn). Fortunately, encoding, decoding, error-detection and re-
covery for stabilizer based quantum error correcting codes (see Chapter 3) are
all such normalizer gates.

Quantum measurement using stabilizers

Using the stabilizer formalism, measurements made in the computational
basis can also be efficiently described. Apart from a possible −1,±i factor,
g ∈ Pn is self-adjoint and can be seen as an observable. Suppose then g is an
observable and the system is in state |ψ〉 with stabilizer S = 〈g1, . . . , gl〉. Then
there are two possibilities:

1. g commutes with all generators of S.
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2. g anticommutes with g1 and commutes with all other gi, i > 1. This is
not a loss of generality, because if g anticommutes also with gi then it
commutes with g1gi, thus we can just swap gi with g1gi.

In the first case gjg|ψ〉 = ggj|ψ〉 = g|ψ〉 implies g|ψ〉 ∈ VS, i.e., g|ψ〉 is
proportional to |ψ〉, because VS one dimenisonal. The hermiticity of g implies
g2 = 1, thus g|ψ〉 = ±|ψ〉. This means that either g or −g is element of S.
If g ∈ S then g|ψ〉 = |ψ〉 and the measurement result is 1 with 1 probability.
If in turn −g ∈ S then g|ψ〉 = −|ψ〉 and the measurement result is −1 with
1 probability. Furthermore, the measurement does not ruin the state, because
the stabilizer does not change.

In the second case, as the eigenvalues of g are ±1 the spectral decomposition
of g is g = P+ −P−, where P+ = 1+g

2
is the projection onto the +1 eigenspace

and P− = 1−g
2

is the projection onto the −1 eigenspace. Then using the
measurement postulate together with gg1 = −g1g the p+ and p− probabilities
of the +1 and −1 results:

p+ = 〈ψ|P+g1|ψ〉 = 〈ψ|g1P−|ψ〉 = p− =
1

2
.

Then the state after measurement will be

|ψ+〉 =
√
2P+|ψ〉, with stabilizer 〈g, g2, . . . , gl〉 ,

|ψ−〉 =
√
2P−|ψ〉, with stabilizer 〈−g, g2, . . . , gl〉 .

A.4 Matrix algebras

In this section a few notions on matrix algebras is presented, based on
[47, 14].

Let Md(C) denote the full matrix algebra, i.e., the algebra of all d × d
complex matrices.

Definition A.10 (Center of an algebra). The center of an algebra A is the set
ZA := {x ∈ A | xa = ax, ∀a ∈ A}, i.e., the set of elements in A that commute
with all other elements of A.

The center of Md(C) is then ZMd(C) = {c1 | c ∈ C}. This leads to the
following important notions.

Definition A.11 (Complementary subalgebras). Two subalgebras Ai and Aj

of Md(C) are called complementary if their traceless subspaces Ai∩Z⊥
Md(C)

and

Aj∩Z⊥
Md(C)

are orthogonal with respect to the Hilbert–Schmidt inner product.32.

Definition A.12 (Mutually unbiased bases). Two orthonormal bases {|ψ1,j〉}
and {|ψ2,j〉} are said to be mutually unbiased if for all k, l = 1, . . . , d they
satisfy |〈ψ1,k|ψ2,l〉|2 = 1

d
.

32This condition is equivalent to Tr(Ai) = Tr(Aj) = 0 ⇒ Tr(AiAj) = 0, Ai ∈ Ai, Aj ∈ Aj ,
i 6= j
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In d dimensions, the maximal number of pairwise mutually unbiased bases
(MUB) is d+1. Currently, this maximal number of MUB has been found only
in dimensions which are prime power [48].

A general theorem on the number of MUB in d dimensions can be stated
[49]:

Theorem A.5. There exist u MUB in d dimensions if and only if there are u
classes U1, . . . ,Uu each consisting of d commuting unitaries such that Ui∩Uj =
{1} and all operators in

⋃

i Ui are pairwise orthogonal.

It follows that if u = d+ 1 then
⋃

i Ui is a basis of Md(C).
If the complementary subalgebras Ai are maximal Abelian, i.e., commuta-

tive and are not properly contained in any other commutative subalgebra of
Md(C) then Ai = span(Ui), and thus they can be related to mutually unbiased
bases.

Theorem A.6. Two orthonormal bases {|ψ1,j〉} and {|ψ2,j〉} are mutually
unbiased if and only if the maximal Abelian subalgebras A1 and A2 containing
operators diagonal in the bases {|ψ1,j〉} and {|ψ2,j〉} are complementary.

In the following, a unitary generalization of Pauli matrices is given for d
dimensions. Let |ϕ0〉, . . . , |ϕd−1〉 be a d dimensional basis. Let X and Z be
unitary operators such that

X|ϕk〉 = |ϕ(k+1) mod d〉 ,
Z|ϕk〉 = ωk|ϕk〉 ,

with ω = ei
2π
d . Then XZ = ωZX and Xd = Zd = 1. Using these, the general

Pauli matrices are the traceless unitaries Uj,k := XjZk (j, k = 0, . . . , d − 1).
They are pairwise orthogonal with respect to the Hilbert–Schmidt inner prod-
uct, and satisfy the commutation relation Uj,kUl,m = ωkl−jmUl,mUj,k. Together
with 1, these matrices form an orthonormal basis in Md(C).

If d is prime, then the set of Uj,k can be partitioned into cyclic groups, each
of which can be used as Ui in Theorem A.5. Then by taking a unitary other
than 1 from each group, for example Z and XZk for k = 0, . . . , d − 1, their
eigenvectors give us a set of d+ 1 MUB.

When d is not prime, then we can still form an orthogonal basis of unitaries
from tensor products of generalized Pauli matrices. However, only when d is
prime power can we make d+ 1 (not necessarily cyclic) groups of unitaries in
a similar way. Let d = pm for a prime p. Then the elements of the operator
basis are taken from the Pauli group Pp

m:

ωjU[x,z] = ωjX(x)Z(z) = ωj

m⊗

i=1

XxiZzi , 0 ≤ j, xi, zi ≤ p− 1

We are only interested in operators with j = 0. These are uniquely de-
termined by the vectors x and z over the finite field Fp. Their concate-
nation [x, z] is then an element of F

2m
p . The commutation relation of such
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operators is U[x,z]U[x′,z′] = ω〈[x,z],[x′,z′]〉splU[x′,z′]U[x,z], where 〈[x, z], [x′, z′]〉spl =
〈x, z′〉 − 〈x′, z〉 =∑m

j=1 xjz
′
j − x′jzj is the symplectic inner product.

A method for constructing such an operator basis satisfying the conditions
of Theorem A.5 can be found in [49].

A.5 Some more notions and results from QEC

This section provides some examples to quantum channels and error cor-
recting codes. Moreover, some additional material is given on the subject of
Chapter 3.

A.5.1 Example quantum channels

In the following, four quantum noise models are presented as examples.

The depolarizing channel

Under the effect of the depolarizing channel an input qubit will be depo-
larized with probability p, i.e., it transforms into the completely mixed state
ρ = 1

2
1, and with probability 1− p it remains intact. The parameter p of the

channel thus indicates the strength of depolarization.
The Kraus operator elements of this channel are the following:

E0 =

√

1− 3

4
p1, E1 =

1

2

√
pX, E2 =

1

2

√
pY, E3 =

1

2

√
pZ (A.5)

Because each operator element is proportional to a Pauli matrix or to the
identity, this channel belongs to the class of Pauli channels. Another com-
mon set of Kraus operators for the depolarizing channel is obtained using the
reparametrization q = 3

4
p:

F0 =
√

1− q1, F1 =

√
q

3
X, F2 =

√
q

3
Y, F3 =

√
q

3
Z

The affine map T of this qubit channel on the Bloch vector θ can also be
derived, it is T (θ) = (1−p)1θ. This shows that the channel contracts θ equally
in any direction.

The phase damping channel

The phase damping channel describes an exclusively quantum mechanical
noise process, the loss of quantum information without loss of energy.33

The Kraus operator elements of this channel are

E0 =
√

1− p1, E1 =
√
p
1+ Z

2
, E2 =

√
p
1− Z

2
.

33Such process is for example the random scattering of a photon in an optical fiber, or
the disturbation of electron states originating from interactions with distant charges.
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This is also a Pauli channel. To make this apparent from the operator elements,
we must construct another Kraus element set:

F0 =
√

1− q1, F1 =
√
qZ (A.6)

Using the Choi matrix it can be derived that q = p
2
. Substituting this, we can

find the unitary U relating the two operator element sets:

U =








√
2(1−p)
2−p

√
p

2(2−p)

√
p

2(2−p)

0 1√
2

− 1√
2

−
√

p
2−p

√
1−p
2−p

√
1−p
2−p








Here we appended the F2 = 0 operator to the set {F0, F1} to get a 3×3 matrix.
Thus this operator element set also serves as an example on the unitary freedom
of Kraus representation.

The affine map T of this qubit channel on the Bloch vector θ is

T (θ) =





1− p 0 0
0 1− p 0
0 0 1



 θ .

The amplitude damping channel

This channel is physically well motivated. It describes the spontaneous
emission of an atom with excited state |1〉 and ground state |0〉. Thus the
effect of the channel is that with probability g the state transforms into the
state |0〉. The Kraus operator elements of this channel can be written as:

E0 =

[
1 0
0

√
1− g

]

, E1 =

[
0

√
g

0 0

]

In contrast to the previous two example channels, this channel is probably the
most well-known non-Pauli channel. A generalized version of this channel can
also be defined:

E0 =
√
p

[
1 0
0

√
1− g

]

, E1 =
√
p

[
0

√
g

0 0

]

,

E2 =
√

1− p

[√
1− g 0
0 1

]

, E3 =
√

1− p

[
0 0√
g 0

]

Here p parameterizes the output state for g = 1, it takes values from the
interval [0, 1]. This is |0〉 when p = 1, and |1〉 when p = 0 in the computational
basis, thus it can be seen that p = 1 gives back the first simpler definition.

The affine map T of this qubit channel on the Bloch vector θ is

T (θ) =





√
1− g 0 0
0

√
1− g 0

0 0 1− g



 θ +





0
0

2pg − g



 .
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The pure state rotation channel

This channel is physically much less motivated than the other examples. It
serves for us only as a second example for a non-Pauli channel from [24] besides
the amplitude damping, broadening the scope of our results. The single-qubit
operator elements are the following:

E0 = α






cos( θ−φ
2 )

cos( θ
2)

0

0
sin( θ−φ

2 )
sin( θ

2)




 ,

and

E± = β

(
cos
(
θ−φ
2

)
sin
(
θ
2

)
± cos

(
θ−φ
2

)
cos
(
θ
2

)

± sin
(
θ−φ
2

)
sin
(
θ
2

)
sin
(
θ−φ
2

)
cos
(
θ
2

)

)

.

Here α and β are determined by the trace preserving condition. In this channel,
the parameter φ characterizes the strength of the noise.

A.5.2 Stabilizer codes

Continuing appendix A.3.2, we use the stabilizer formalism to compactly
and efficiently describe a wide class of quantum codes, the stabilizer codes or
additive quantum codes. These codes are analogous to classical linear codes
[18]. Stabilizer codes are exceptionally useful against errors that are elements
of the Pauli group defined in appendix A.3.1. Channels defined using Pauli
group operators are a special case of uncorrelated noise. We will assume such
errors in the rest of this section.

Code construction

By definition the [[c,m]]-stabilizer code is the +1 eigenspace CS ⊂ Hcs of the
Abelian subgroup S < Pc given by c−m independent generators g1, . . . , gc−m

with −1 /∈ S. These generators are of course not unique. The codewords
in CS can be described and transformed into each other by the logical Pauli
operators Z̄i and X̄i. These act on the ith logical qubit the same way as Z or
X act on a physical qubit (see in section 2.1.2). These must be elements of the
normalizer N(S) but must be outside S itself so that they act (nontrivially)
within the code subspace CS.34 Then the codeword |b1, . . . , bm〉L is stabilized
by (−1)b1Z̄1, . . . , (−1)bmZ̄m inside the code CS. For example if m = 1 then the
stabilizer of the logical basis vector |0〉L is Z̄ and the stabilizer of |1〉L is −Z̄
in CS.

Error correction conditions

In case of a Pauli error E using a stabilizer code, the syndrome measure-
ment is done by measuring each generator gi. The error either commutes or

34This means that the logical Z and X operators must form an independent and com-
muting set together with the generators. The standard way of selecting them can be found
in [18].

112



A.5. Some more notions and results from QEC

anticommutes with the generators gi (i.e., EgiE
∗ = (−1)µigi) thus the result

µi = 0 or µi = 1 tells us that the corrupted codeword is either in the +1
or in the −1 eigenspace of gi. Therefore, the syndrome µ is obtained in the
form µ = 2c−m−1µc−m + · · · + 20µ1, identifying the Sµ syndrome subspace in
which the corrupted codeword E|ψcs〉 lies (specially µ = 0 for E ∈ S, i.e.,
E|ψcs〉 ∈ S0).

However, in the case when E ∈ Z(S), i.e., E commutes with all generators
but E /∈ S, the error is undetectable thus uncorrectable. We know that for
the Pauli group Pc the centralizer Z(S) is the same as the normalizer N(S),
thus we arrive at the error correcting conditions of stabilizer codes:

Theorem A.7 (EC conditions for stabilizer codes and Pauli errors). Let S be
the stabilizer of the code CS. The set {Ei} ⊂ Pc is correctable perfectly on CS
with some R recovery operation if and only if E∗

iEj /∈ N(S)− S for all j, k.

To recover an error E taken from a correctable set {Ei} after syndrome
measurement, we only need to select an Eµ ∈ {Ei} error operator known to
have the obtained syndrome µ, and apply E∗

µ on E|ψcs〉. Because E∗
µE ∈ S

(they are correctable errors), we get back |ψcs〉.

Comparison to non-stabilizer codes

We can observe the following differences between general quantum codes
and stabilizer codes. For a general code C the set of all errors VR,C correctable
with some R is characterized through the Knill–Laflamme conditions (3.1). An
exact sufficient R is determined by the set {Ei} of errors selected for correction
through the determination of both the syndrome subspace structure – the
Wµ operators – and the unitary rotations Aµ corrected inside each syndrome
subspace, as we described in section 3.1.1.

In contrast, for a stabilizer code CS, the generators gi determine not only
the code, but also fix the syndrome subspaces through the intersections of the
±1 eigenspaces of each generator. Thus we have freedom only in the selection
of the exact Aµ unitaries – or Apµ for Pauli errors – which we would like to
correct as described in section 3.1.2.

A.5.3 The quantum Hamming-bound

Recall from section 3.1.1 that the Knill–Laflamme conditions can tell us
whether a code corrects a set of error operators or not, but we get no infor-
mation on the effectiveness of the code. In fact, there might be better codes,
tipically ones having the same set of correctable errors while requiring only a
smaller amount of physical qubits.

To calculate at least how many physical qubits are needed, i.e., how many
dimensions the code space Hcs must have to correct the desired errors, the
quantum Hamming bound can be used. To correct N independent errors,
i.e., to have N different 2m dimensional syndrome subspaces we must have
dim(Hcs) = 2c ≥ 2mN . On each qubit three independent errors – X, Y and Z
– can happen, thus the number of error operators corrupting exactly l qubits
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is 3l
(
c
l

)
. If we would like to correct all errors affecting at most t qubits then

we have N =
∑t

l=0 3
l
(
c
l

)
. To summarize, the quantum Hamming bound is

2m
t∑

l=0

3l
(
c

l

)

≤ 2c . (A.7)

For instance, let us encode one logical qubit with the requirement of cor-
recting all single-qubit errors on the codeword, i.e., m = 1 and t = 1. What is
the minimum number c of physical qubits for which such a coder exist? From
(A.7) we get the solution c ≥ 5 and in the c = 5 case (A.7) is saturated,
meaning that such a code with 5 physical qubits – a [[5, 1]] code – is a perfect
code. The problem of finding a code with m = 1 and t = 1 was first solved
by the pioneering work of [50] using a [[9, 1]] code. The first [[5, 1]] code –
commonly called five-qubit code – was published not much later by [51]. Such
code was used throughout the thesis, thus let us take a more detailed look at
it in section A.5.4.

A.5.4 The five-qubit code

Many commonly known quantum codes are stabilizer codes. This is true
also for five-qubit codes. Here we present three examples on this code. The first
two are both standard [[5, 1]] codes, the third is special and will be discussed
later. Their generators together with the logical X̄ and Z̄ operators can be
seen in Table A.1. The code in Table A.1(b) is the code of [51] which stabilizes
the subspace given by the following codeword basis vectors

|0〉L =
1√
28

(
|00000〉 − |01111〉 − |10011〉+ |11100〉

+ |00110〉+ |01001〉+ |10101〉+ |11010〉
)
,

|1〉L =
1√
28

(
|11111〉 − |10000〉+ |01100〉 − |00011〉

+ |11001〉+ |10110〉 − |01010〉 − |00101〉
)
.

Table A.1(a) contains the code presented in [5, 52]. This code was used
throughout the thesis. Its codeword basis is given by the logical qubits

|0〉L =
1

4

(
|00000〉+ |10010〉+ |01001〉+ |10100〉
+ |01010〉 − |11011〉 − |00110〉 − |11000〉
− |11101〉 − |00011〉 − |11110〉 − |01111〉
− |10001〉 − |01100〉 − |10111〉+ |00101〉

)
,

|1〉L =
1

4

(
|11111〉+ |01101〉+ |10110〉+ |01011〉
+ |10101〉 − |00100〉 − |11001〉 − |00111〉
− |00010〉 − |11100〉 − |00001〉 − |10000〉
− |01110〉 − |10011〉 − |01000〉+ |11010〉

)
,
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Name Operator
g1 ZXXZ1
g2 1ZXXZ
g3 Z1ZXX
g4 XZ1ZX
Z̄ ZZZZZ
X̄ XXXXX

(a)

Name Operator
g1 X1XZX
g2 ZXZ1X
g3 XY ZY 1
g4 XX1XZ
Z̄ 1X1ZX
X̄ XXY Y X

(b)

Name Operator
g1 X111X
g2 1X11X
g3 11X1X
g4 111XX
Z̄ ZZZZZ
X̄ 1111X

(c)

Table A.1. Generators and logical Pauli operators for five-qubit codes.

It is interesting that this code from Table A.1(a) the stabilizer generators are
cyclic permutations of each other. This means that this code is a cyclic code.

Are there any difference between the error correcting properties of the codes
in Tables A.1(a) and A.1(b)? Assuming uncorrelated noise models the answer
is clearly yes, however, in the context of standard QEC these differences are
of little importance; as the two codes have different syndrome subspaces, they
correct different higher weight (two or more qubit) errors beside the standard
set of single weight errors.

In contrast for the case of optimal QEC the exact form of the code can have
a significant impact on the performance of error correction. This – together
with the code in Table A.1(c) – is discussed in more detail in section A.5.5.

A.5.5 Comparison of standard and optimal QEC

We now mention three cases in which the correction operation based on
optimization could give significantly better result than the standard strategy.
In these cases, one should study carefully which are the most probable errors.
When

1. the noise does not act independently on each qubit, i.e., an error operator
is not the tensor product of single-qubit operators,

2. the noise is not weak,

3. even though the channel is tensor product and the noise is weak, it can
still occur that a single-qubit error has smaller probability than a several-
qubit error.

A good example on this third case is the phase damping channel, in which
X- and Y -type errors do not occur at all. Let us take the representation of
this channel given by the Kraus operators (A.6) substituting q = p

2
. If we use

against this noise the five-qubit code from Table A.1(a) and, according to the
standard strategy, we use the 15 syndrome subspaces to correct all the fifteen
different single-qubit errors then we get significantly worse channel fidelity
than in the optimal case, when we use the 2×5 syndrome subspaces originally
designed to correct the single-qubit X and Y errors to correct the two-qubit
Z errors instead. Actually, all the two-qubit Z errors can be corrected in this
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Figure A.1. The channel fidelity for the phase damping channel using the code in Table
A.1(a) and (i) the optimal error correction operation: solid curve, third order in p; (ii) the
standard QEC operation: long-dashed line, second order in p; using the code in Table A.1(b)
and (iii) the optimal error correction operation: dotted-dashed line, second order in p; and
(iv) the standard QEC operation: short-dashed line, second order in p; finally, the case of
no error correction (dotted line) is also included for comparison.

way by this five-qubit code. The result can be seen in Figure A.1, where the
solid line shows the channel fidelity computed by the optimized QEC operation
R⋆; this curve is cubic in the noise parameter p in contrast to the long-dashed
curve which is only quadratic, showing the channel fidelity computed by the
standard QEC operation. We also see that the optimal correction is better on
the full domain of the noise parameter 0 ≤ p ≤ 1 not only than the standard
curves but also than the no error correction curve.

As we have mentioned in section A.5.4, there is a difference between the
standard and optimal QEC also from the point of view of the coder. The
difference between the two codes for the standard QEC case can be seen from
the short- and long-dashed lines in Figure A.1. In the optimal case we used
the coder from Table A.1(a) previously, but we can also use the five-qubit code
defined by the generators of Table A.1(b) to correct the errors of the phase
damping channel. In fact the two codes defined in Table A.1(a) and (b) follow
essentially the same standard strategy, i.e., both are [[5, 1]] codes which correct
perfectly all one-qubit errors. However, the optimal QEC operations based on
these codes are very different. As can be seen from the dotted-dashed line in
Figure A.1, using the code from Table A.1(b) the correction of all two-qubit
errors is not possible; therefore, the curve is only quadratic!

This observation raises the question whether it is possible to reach the
optimal performance against the phase damping channel shown by the solid
curve in Figure A.1 using the standard strategy. It turns out that this can
be done. The extreme asymmetry of the phase damping channel allows us
to construct a code which corrects all two-qubit errors without optimization.
According to section A.5.2 we can select the generators of the code in multiple
ways. A five-qubit code has 15 syndrome subspaces (plus the code subspace),
which is just enough to correct all 5 possible one-qubit Z errors and all 10
possible two-qubit Z errors. Using the method described in [18] the generators
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and logical Pauli operators of such a code can be constructed, it can be seen
in Table A.1(c). Note that this code construction can also be viewed as an
example of channel adapted code optimization, which is a similar to recovery
optimization (see [19]).

Contrary to the above-mentioned three cases, the standard QEC strategy
is acceptable in most cases, when the channel is not very asymmetric, i.e., the
probability of each single-qubit error is about the same. In this case, it is easy
to see that the most likely errors will be the single-qubit errors and the tra-
ditional QEC correction operation is just designed to correct these; thus, it is
clearly optimal. A good example on this is the depolarizing channel, for which
the optimal entanglement fidelity just equals with the value obtained from the
conventional QEC error correction. This result – considered surprising by the
authors of [16] – is obvious in light of the above.

A.6 Numerical simulation tools

Most of the main results of this thesis involved numerical computations,
primarily convex optimization. The used software tools were the following:

• All simulations were done in MATLAB environment.

• The semidefinite programming problems were solved using YALMIP
modeling language [53] and the SDPT3 solver [54].

• Global optimization was done using MATLAB built-in algorithms.

The simulation of quantum measurements is also a fundamental part of
the numerical experiments. The measurement of a quantum system in state
ρ using an apparatus represented by the POVM M = {Mα} was simulated
by generating a random number from the probability distribution p( . ) of the
measurement outcomes p(α) = Tr(ρMα). This number α then determines the
corresponding state after measurement.
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Appendix B

Supplementary material on

channel parameter estimation and

experiment design

This appendix shows some additional results to the ones given in Chapters
6 and 7.

B.1 Further examples for Pauli channel estima-

tion

In this section, we provide further experimental results for the case studies
in section 6.3 with different channel parameters, which were taken from the
interior and the border of the parameter space. These examples also use the
configurations defined in sections 6.3.2 and 6.3.2 together with the two and
three-level optimal configuration sets.

B.1.1 Qubit Pauli channel

Here are some additional examples to the qubit case studies in Chapters 6
and 7 depicted in Figures B.1-B.16.

The three subfigures on each Figure show the performance indicators de-
fined in section 6.3.1 respectively, in function of the number of complete exper-
iments. The dotted-dashed line corresponds to tomography with unstructured
Choi matrix, the dashed line shows results from parameter estimation using
Choi matrix structure, and the solid line is obtained using the optimal config-
uration set. The chosen λ vectors are written in the Figure captions.

B.1.2 Pauli channel for a 3-level quantum system

Here are some additional examples to the qutrit case studies in Chapters
6 and 7 depicted in Figures B.17-B.24. The chosen λ vectors together with
other information are written in the Figure captions.
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Figure B.1. Minimal tomography with λ = (0.4,−0.2,−0.4) taken from the interior of the
parameter space.
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Figure B.2. Standard tomography with λ = (0.4,−0.2,−0.4) taken from the interior of the
parameter space.
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Figure B.3. Minimal tomography with λ = (−0.6, 0.7,−0.5) taken from the interior of the
parameter space.
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Figure B.4. Standard tomography with λ = (−0.6, 0.7,−0.5) taken from the interior of the
parameter space.
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Figure B.5. Minimal tomography with λ = (0.6, 0.5, 0.3) taken from the interior of the
parameter space.
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Figure B.6. Standard tomography with λ = (0.6, 0.5, 0.3) taken from the interior of the
parameter space.
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Figure B.7. Minimal tomography with λ = (0,−0.3, 0.1) taken from the interior of the
parameter space.
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Figure B.8. Standard tomography with λ = (0,−0.3, 0.1) taken from the interior of the
parameter space.
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Figure B.9. Minimal tomography with λ = (0,−0.4, 0.6) taken from a face of the parameter
space.
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Figure B.10. Standard tomography with λ = (0,−0.4, 0.6) taken from a face of the parameter
space.
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Figure B.11. Minimal tomography with λ = (−0.4,−0.4,−0.2) taken from a face of the
parameter space.
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Figure B.12. Standard tomography with λ = (−0.4,−0.4,−0.2) taken from a face of the
parameter space.
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Figure B.13. Minimal tomography with λ = (−0.4, 0.4,−1) taken from an edge of the
parameter space.
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Figure B.14. Standard tomography with λ = (−0.4, 0.4,−1) taken from an edge of the
parameter space.
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Figure B.15. Minimal tomography with λ = (1,−1,−1), a vertex of the parameter space.
The solid line is zero here, because extremal Pauli channels can be estimated with perfect
accuracy using the optimal method.
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Figure B.16. Standard tomography with λ = (1,−1,−1), a vertex of the parameter space.
The solid line is zero here, because extremal Pauli channels can be estimated with perfect
accuracy using the optimal method.
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Figure B.17. 3-level tomography with λ = (0.55, 0.1, 0.1, 0.1) taken from the interior of the
parameter space.
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Figure B.18. 3-level tomography with λ = (−0.275, 0.175,−0.35, 0.175) taken from the
interior of the parameter space.
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(c)

Figure B.19. 3-level tomography with λ = (0.1, 0.025, 0.175,−0.125) taken from the interior
of the parameter space.
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Figure B.20. 3-level tomography with λ = (−0.2,−0.125,−0.025, 0.25) taken from the inte-
rior of the parameter space.
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(c)

Figure B.21. 3-level tomography with λ = (−0.35,−0.2, 0.1,−0.05) taken from a face of the
parameter space.
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Figure B.22. 3-level tomography with λ = (0.25,−0.2,−0.2, 0.55) taken from a face of the
parameter space.
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Figure B.23. 3-level tomography with λ = (−0.5,−0.5, 0.1, 0.4) taken from an edge of the
parameter space.
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Figure B.24. 3-level tomography with λ = (−0.5, 1,−0.5,−0.5), a vertex of the parameter
space. The solid line is zero here, because extremal Pauli channels can be estimated with
perfect accuracy using the optimal method.
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