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Tartalmi kivonat

Termelési folyamatok egy fontos aspektusa az er®forrás-allokáció és az ütemezés,
költségminimalizálás szempontjából is fontos részcél a termelési folyamatok lehet®
legrövidebb átfutása. A rövidebb termelési folyamat általában kisebb környezeti
terhelést is jelent. Egy másik lényeges területe a hatékony vállalati m¶ködésnek
az, hogy miképpen reagál az esetlegesen el®forduló meghibásodásokra. Amennyiben
a rendszer már eleve hibat¶r® módon volt tervezve, egy fellép® hiba elhárítása és
a kívánt m¶ködés visszaállítása gyorsabban és olcsóbban kivitelezhet®, mint ilyen
tulajdonságú rendszer hiányában.

A disszertációm három f® részb®l áll. Az els® két nagy egység a termeléstervezés
és az ütemezés témaköréhez tartozik. A harmadik rész egy kiszállítási problémák
hibat¶r® tervezését és végrehajtását lehet®vé tev® módszert mutat be.

Az ütemezésr®l szóló fejezetekhez használt problémamodell hipotetikus. Úgy lett
megalkotva, hogy kihívásokat tartalmazó, de mégis egyszer¶en áttekinthet® feladatot
írjon le. A munkafolyamatok feladatai közt jól de�niált sorrendiség van, ugyanakkor
a folyamatok összeszerelési feladatot is tartalmaznak. A modell tömegtermelést
modellez, er®forrásai függetlenek.

Az els® nagy egység egy heurisztikus algoritmust mutat be az ütemezési feladat
megoldására. Alapötlete az eredeti probléma felosztása kisebb részproblémákra. A
megoldás során olyan lépéseket használtam, mint néhány egyszer¶sít® feltétel beve-
zetése, egy preemptív megoldás kiszámolása, kerekítés, majd a talált megoldás javí-
tása. Ugyanaz a kiindulási probléma egy egzakt módszerrel is megoldásra került. A
két módszer által kapott eredményeket összehasonlítottam, valamint azt vizsgáltam,
hogy a heurisztikus algoritmus milyen mértékben képes segíteni az egzakt módszert.

A második nagyobb témakör egy, az els® nagy rész tömegtermelésre felírt üteme-
zési feladatának szállítási feladatokkal és szállítóeszközökkel kib®vített változatának
megoldására fejlesztett genetikus algoritmust mutat be. Az algoritmus az er®forrá-
sokhoz rendelt rendezett feladatlistákat használja kódolásként. A feladat hatékony
megoldására genetikus operátorokat fejlesztettem és számos algoritmus-speci�kus
paramétert határoztam meg. Az algoritmust több irodalmi feladaton is teszteltem.

Végül egy tetsz®leges, id®ablak nélküli kiszállítási probléma megoldásának hi-
bat¶r® kiegészítése kerül bemutatásra. Ez a módszer a megoldás minden járm¶ve
számára egy olyan bejárási irányt javasol azok körútjain, amely egy esetleges járm¶-
meghibásodás esetén a kisegítés extra költségét átlagosan minimalizálja amellett,
hogy meghibásodás hiányában az útvonalakat nem változtatja meg. A fejezet a
segítséget jelent® tevékenység javasolt végrehajtását is tartalmazza. Az algoritmus
hatékonyságát mind egy egyszer¶ esettanulmányon, mind a népszer¶ Solomon tesz-
teken megvizsgáltam.



Abstract

In production planning, resource allocation and scheduling are signi�cant problems.
When the production process with the shortest makespan is found, it helps to min-
imize the production costs. The shorter production also has a lower impact on the
environment. Another important aspect that in�uences the e�ciency of a company
is its reaction to faults. If a system was designed to be fault-tolerant, eliminating the
fault and the reconstruction of the intended operation could happen more quickly
and cheaply than without this type of design.

The dissertation is composed of three main parts. The �rst two units belong to
the topics of production planning and scheduling. The �nal part presents a fault-
tolerant planning and execution method for vehicle routing problems.

The model of the scheduling problem is hypothetical. It was constructed to be
challenging but easily perspicuous. There are well-de�ned precedence constraints
between the operations of each work�ow/job; moreover, each job has an assem-
bly operation, too. The considered problem models mass production, where the
resources are unrelated machines.

First, a heuristic algorithm is proposed for solving the problem. The basic idea
behind this is the separation of the original problem into smaller sub-problems.
The algorithm applies di�erent steps/tricks, like some simpli�cations, creation of a
preemptive solution, rounding, and improvement of the solution. The same problem
was also solved by an exact method. The results of the two methods are compared,
and it is investigated how the heuristic algorithm can support the exact method.

Second, a genetic algorithm is presented to solve an extended variant of the pre-
vious part's scheduling problem. Here, the original problem for mass production is
extended by transportation operations and transportation devices. The algorithm
codes a solution into ordered operation sequences that are assigned to machines.
I have developed genetic operators and determined several algorithm-related pa-
rameters to solve the problem e�ciently. The algorithm also was tested on several
benchmarks from the scienti�c literature.

Finally, a fault-tolerant extension is introduced for a solution to a general vehicle
routing problem without time windows. This method proposes an execution direc-
tion for all the vehicles on their circular routes that minimizes the extra cost of a
helper action for a broken-down vehicle on average but does not modify the routes
unless vehicle breakdown happens. Moreover, the suggested execution of the helper
action is also described. The algorithm's e�ciency is analyzed on both a simple case
study and on common benchmarks - the Solomon instances - too.



Auszug

In der Produktionsplanung sind Ressourcenzuweisung und -planung von besonderen
Bedeutung. Wird der Produktionsprozess mit dem kürzesten Durchlauf gefunden,
hilft dies, die Produktionskosten zu minimieren. Eine kürzere Produktion hat auch
geringere Auswirkungen auf die Umwelt. Ein weiterer wichtiger Aspekt, der die E�-
zienz eines Unternehmens beein�usst, ist die Reaktion auf Fehler. Wenn ein System
fehlertolerant ausgelegt wurde, kann die Beseitigung des Fehlers und die Rekon-
struktion des Betriebes schneller und kostengünstiger erfolgen, als ohne diese Art
der Konstruktion.

Die Dissertation besteht aus drei Hauptteilen. Die ersten beiden Einheiten gehö-
ren zu den Themen Produktionsplanung und -terminierung. Der letzte Teil enthält
eine fehlertolerante Planungs- und Ausführungsmethode für Tourenplanungsproble-
me.

Das Modell des Planungsproblems ist hypothetisch. Es wurde so konstruiert,
dass es herausfordernd, aber leicht verständlich ist. Es gibt genau de�nierte Prio-
ritätsbeschränkungen zwischen den Operationen jedes Work�ows / Jobs. Darüber
hinaus verfügt jeder Job auch über eine Montageaufgabe. Das betrachtete Problem
modelliert die Massenproduktion, bei der die Ressourcen unabhängig sind.

Das erste groÿe Thema zeigt uns einen heuristischen Algorithmus zur Lösung des
Problems. Die Grundidee dahinter ist die Aufteilung des ursprünglichen Problems
in kleinere Teilprobleme. Der Algorithmus verwendet verschiedene Schritte / Tricks,
wie z. B. einige Vereinfachungen, die Erstellung einer vorbeugenden Lösung, die
Rundung und zuletzt die Verbesserung der Lösung. Das gleiche Problem wurde auch
durch eine exakte Methode gelöst. Die Ergebnisse der beiden Methoden werden
verglichen und untersucht, wie der heuristische Algorithmus die exakte Methode
unterstützen kann.

Zweitens wird ein genetischer Algorithmus vorgestellt, um eine erweiterte Varian-
te des Planungsproblems des vorherigen Teils zu lösen. Hier wird das ursprüngliche
Problem der Massenproduktion durch Transportvorgänge und Transportvorrichtun-
gen erweitert. Der Algorithmus codiert eine Lösung in geordnete Betriebssequenzen,
die den Maschinen zugewiesen sind. Ich habe genetische Operatoren entwickelt und
verschiedene algorithmische Parametern bestimmt, um das Problem e�zient lösen
zu können. Der Algorithmus wurde auch an mehreren Benchmarks aus der wissen-
schaftlichen Literatur getestet.

Schlieÿlich wird eine fehlertolerante Erweiterung zur Lösung eines allgemeinen
Tourenplanungsproblems ohne Zeitfenster eingeführt. Diese Methode schlägt eine
Ausführungsrichtung für alle Fahrzeuge auf ihren Rundstrecken vor, die die zusätz-
lichen Kosten einer Hilfsaktion für ein kaputtes Fahrzeug im Durchschnitt minimiert,



die Routen jedoch nicht ändert, wenn eine Fahrzeugpanne auftritt. Darüber hinaus
wird auch die vorgeschlagene Ausführung der Hilfsaktion beschrieben. Die E�zienz
des Algorithmus wird sowohl anhand einer einfachen Fallstudie als auch anhand
gängiger Benchmarks - der Solomon-Instanzen - analysiert.
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Chapter 1

Introduction

1.1 Scope

In this thesis, two phases of industrial logistics are investigated: the production
scheduling and the distribution of products. The appropriate optimization of both
phases has a huge �nancial impact and in�uences environmental protection, too.
An e�cient production schedule means huge aid in the production planning process.
The de�nition1 of production planning by [5] is as follows:

De�nition 1. Production planning: Decisions upon the use of production resources
in order to satisfy forecast demand over a certain planning horizon at a reasonable
cost.

The outcome of production planning is one or more production processes.

De�nition 2. Production process: Mechanical or chemical steps used to create an
object, usually repeated to create multiple units of the same item. Generally involves
the use of raw materials, machinery, and human resources to create a product.2

Operations research applies the concept of "job" for the process.

De�nition 3. Operation: An elementary step of a production process. This thesis
also uses the synonyms activity and task for this concept.

The classic review on production planning by Gelders and van Wassenhove [5]
classi�es production and production processes related to the type of manufacturing.
The classi�cations are shown in Figure 1.1.

Figure 1.1. Classes of production and production processes.

1Some basic concepts have di�erent kinds of de�nitions, depending on their source. Here only
one of them - the one that suits the best to this thesis's aspect - is used.

2http://www.businessdictionary.com
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Process production means continuous production of the commodity in bulk (e.g.,
�uid or gas). Both mass production and batch production produce discrete products
- batch production in less number - by executing the same sequence of operations.
On the contrary, job production deals with made-to-order products. The topic of
this thesis can not be classi�ed clearly into any of these groups: the algorithms
presented here deal with production that produces more than one types of products
like job production (2 in the presented example); however, they are produced in a
high number for mass production for each product type.
This thesis's production processes - because of the high cardinality of the same type
of products - belong to the repetitive process class. When custom-made products
are produced, the processes are intermittent.
As the de�nition of production planning shows, decisions have to be made on the
resources: which resource has to be assigned to an operation and when to start it.

De�nition 4. Resource: An actor that is capable of operating an operation. Usu-
ally a resource is a machine (as it can be seen in most of the scienti�c papers on
production planning or scheduling - e.g. [6]); however, the human workforce belongs
to this concept, too.

De�nition 5. Operation time: The amount of time that a resource needs to carry
out an operation from its beginning until its end without interruption.

Since this thesis deals with constant operation times, resources can be handled
as machines.

De�nition 6. Resource allocation: The assignment of a resource from the available
resource set to an operation that can be operated by this resource.

De�nition 7. Schedule: For each operation, an allocation of one or more time
intervals to one or more resources [7].

In this thesis, exactly one time-interval is allocated on exactly one resource for
each operation of each process. This short-term scheduling supports the medium-
term production planning by giving an e�ective algorithm for determining an opti-
mal or near-optimal schedule [8].
In complex processes, an exact solution often does not exist or cannot be detected.
Instead, heuristic methods are applied to obtain an already acceptable near-optimal
solution. Results of heuristics are commonly applied to increase the e�ciency of
exact solvers.
Despite e�cient algorithms for the operation of a system, real-life always can pro-
duce immediate unwanted cases, e.g., the fault of a resource. Having quick answers
and/or appropriate prevention methods, the loss of e�ciency can be decreased.

De�nition 8. Fault: The adjudged or hypothesized cause of an error [9].

The concept of "error" is de�ned by Avi�zienis et al. in [9] as follows:

De�nition 9. Error: The deviation of a state of a system from its correct state.
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During the computation process, an error can propagate from component to
component in the system. When the error reaches an external interface of the
system, it causes service failure. To prevent that, the system has to be designed to
be fault-tolerant. For example, Hohl et al. [10] presents a multiprocessor system
(MEMSY) with fault tolerance, Arlat et al. [11] models and evaluates two signi�cant
fault tolerance software approaches, and Poola et al. [12] presents a survey on fault-
tolerant work�ow management systems.

De�nition 10. Service failure: An event that occurs when the delivered service
deviates from the correct service [9].

De�nition 11. Fault tolerance: Avoids service failures in the presence of faults [9].

The third thesis point gives a fault-tolerant solution for the supply chain's dis-
tribution phase, related to vehicle routing.

The mission statement of my work is - on the one hand - to create e�cient
scheduling algorithms for specially structured problems (see in subsections 2.2 and
3.1). On the other hand, I intend to design and implement a fault-tolerant exten-
sion for Vehicle Routing Problems (VRP) solutions that can compensate for the
immediate breakdown of a vehicle (an operation unit) e�ciently.

1.2 Motivation

Both scheduling and routing have a wide application area, and because of that, rich
scienti�c literature.
Scheduling has great importance - besides production process scheduling - in, e.g.,
scheduling a batch of applications either on multiprocessors [13] or in a client-server
environment [14]. An example of an exciting mixture of these applications is the
reservation problem of both computing and networking resources in an optical grid
system for big data applications [15].
A big challenge of ICT (Information and Communication Technology) networks is
the problem of channel allocation. It becomes more complex in wireless networks
and sensor networks, where the requirement of energy e�ciency is added to the
expected QoS (Quality of Service). Advanced dynamic channel allocation meth-
ods must adapt to the current needs and the current state of the communications
system's environment [16�19]. An example of the intensity of the evolution of this
research area can be seen in [20]. In this paper, Dezfouli et al. present a distributed
and concurrent link scheduling algorithm applied for data gathering in wireless sen-
sor networks. In their work, the slot reservation of a node is performed one hand
by the node itself, while on the other hand, each node participates concurrently
in the slot reservation of its neighbours. They achieve 50%-170% higher network
throughput with half energy consumption than other methods from the literature.
Routing also arises in several practical application areas - besides vehicle routing -
as a signi�cant problem. Next to the common distribution or transportation tasks,
maintenance routing is also a challenging task, e.g., in the case of aircrafts [21]. In
packet-switched telecommunications networks, data packets have to be routed across
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the elements of the subnet. Tanenbaum and Wetherall compose a valuable presen-
tation of network routing protocols in [22]. An interesting ad-hoc network type is
created by handheld devices, where the nodes closely follow human movement pat-
terns. Amah et al. give an exhaustive analysis and classi�cation of existing routing
protocols in these PSNs (Pocket Switched Network) [23]. Routing has a notable role
in the case of public utility systems, too, both in designing their trajectory [24] and
in the aggregation and forward of the data from their smart meters [25].
An interesting combination of scheduling and distribution-related location change
is crew scheduling in transportation. Heil et al. [26] review more than 100 publi-
cations on railway crew scheduling from 2000 to 2019 and classi�es the approaches
according to model formulation, objectives, constraints, and solution methods.
In the last decades, these two phases of the supply chain - production and distribu-
tion - started to be handled jointly.

Integrated Production and Outbound Distribution Scheduling

The separate and sequential optimization of production and distribution phases
leads to sub-optimal decisions regarding the supply chain's overall performance. It
is one reason why researchers started to coordinate and handle these interdependent
functions together [27�30]. In industries that can create production plans for long
terms - e.g., vehicle manufacturers with a time horizon of weeks or even a year -
both the joint planning of the two phases are easier [31], and the usage of e�cient
distribution types (rail or water transport) is yielded. The integration of production
and distribution planning becomes especially important in the case of perishable
products [32, 33], like fruits, vegetables, �owers, nuclear medicines (110 minute
is the half-life of a special radioactive substance that is applied in the treatment
of many cancer types), blood, concrete, for example. This integrated approach is
called IPODS (Integrated Production and Outbound Distribution Scheduling).

De�nition 12. Integrated Production and Outbound Distribution Scheduling: The
joint decision of scheduling of production and distribution operations in a supply
chain environment.

Chen presents a state-of-the-art survey on IPODS problems in [34], then classi�es
the existing models, gives an overview of both solution algorithms and the optimality
properties for each class [35].

The complexity of IPODS problems varies on a wide scale - just like its com-
ponents. There are problems where there is only one manufacturer [36]; however,
in other problems, the production phase happens in a multifactorial environment.
Behnamian et al. give a review on multi factory supply chains [37]. Based on the
interaction of the factories, parallel, series, and network structures can be distin-
guished [38]. In a series structure, each factory produces semi-�nished products for
the next plant. The network structure is a combination of parallel and series struc-
tures. The shop con�guration in each factory is a scheduling problem (see Figure
1.2), including either a single machine [36] or parallel machines [38, 39], and can be
handled, e.g., like �ow shop, job shop, or open shop (see in subsection 1.3).
Some problems have inventories for temporary storage. Either from the factory or
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Figure 1.2. The connection between the production and the distribution phases of
the supply chain.

an inventory, products have to be delivered. Simple delivery methods include direct
shipping or batch delivery to a single customer and batch delivery to multiple cus-
tomers with direct shipping. Contrary, complex delivery methods determine routes
where multiple customers are visited. Because of the integration of production and
distribution scheduling, the vehicle routing part of IPODS problems depends on
the production phase, too [40]. Kesen and Bekta³ give a chronological summary of
IPODS literature where routing is considered [39]. The distribution phase's com-
plexity depends on the vehicles (homogeneous or heterogeneous �eet, limited or
unlimited number of vehicles, capacity constraints), and the customer needs (e.g.,
time windows constraints).
The objective of an IPODS problem is usually the minimization of the system cost
that includes production, inventory holding, and transportation costs; in some cases,
the customers' satisfaction is also taken into account. For example, Liu and Liu con-
sider a single machine, multi-customer IPODS problem with �nite, homogeneous
vehicles with capacity constraints, and the objective is to minimize the total order
weighted delivery time [33]. Even this paper is from 2020, the needs for simpli-
�cation (a single machine, homogeneous vehicles) are highlighted because of the
high complexity of real IPODS problems. Kesen and Bekta³ solve a single factory
IPODS problem with time windows, where production happens on identical parallel
machines, the �eet has a limited number of vehicles, each product has to be shipped
to a unique customer, and the objective is the minimization of total earliness and
tardiness of all orders [39]. Fu et al. consider a single manufacturer, single machine,
single customer IPODS problem where each job has a release date and a delivery
deadline [36]. The paper investigates the splittability of both the production and
delivery phases, and the objective is to minimize the transportation cost subject to
the production release dates and delivery deadline constraints.

5



The approaches to �nd acceptable solutions to IPODS problems includes exact meth-
ods [32], branch-and-bound algorithms [41], problem-speci�c heuristics, or meta-
heuristic methods [42] - like, e.g., multi-objective genetic algorithm [43], ant colony
optimization [44] -, and hybrid strategies [45], similarly to other problems of opera-
tions research (see detailed in subsection 1.3).

Both production scheduling and distribution, separately, and their integration
(an IPODS problem) are complex problems. They have lots of variants, determined
by the application area's special constraints. Because of the practical problem's
size and complexity, exact solutions are often impossible to �nd or take too much
time. In these cases, approximation algorithms are applied to �nd an acceptable
near-optimal solution. Although a near-optimal solution is a solution with reduced
quality, the optimum is often undeterminable for practical reasons: in several cases,
some problem parameters can be estimated only, e.g., operation time or setup time
(especially considering human resources). It has to be noted that even a few days
computation time of problem-solving in the industry is less critical than the qual-
ity of the solution. One of its reasons is that the cost of computation on powerful
resources is relatively small compared to other costs of the supply chain (and to
the value of the available improvement). Another reason is that the computation is
usually o�ine - without a strict deadline - in the planning phase.
Based on the facts presented in this section, both scheduling and distribution al-
gorithms' practical importance and the need for simpli�cation of the real-life-sized
problems are justi�ed. My thesis contributes to both the scheduling and distribution
phases of the supply chain. On the one hand, it introduces e�cient algorithms for
production scheduling in mass-production that can be applied in scheduling prob-
lems even with special inner structure (see Chapter 2 and Chapter 3). It is also
investigated how the developed heuristic algorithm o�ers e�cient aid to an exact
solver. On the other hand, an algorithm is developed for vehicle routing solutions
without time windows - and composed by circular routes -, that makes them fault-
tolerant e�ciently (see Chapter 4).

1.3 Scheduling: a wide area in Operations Research

Operations research (OR) is a part of applied mathematics that applies advanced
analytical methods for decision support. OR - often by solving an extreme value
problem - gives aid in decision preparation, determines the economic optimum or a
near-optimal solution [46]. In several cases, the optimal solution can not be found
in a reasonable time or at a reasonable cost; in these cases, near-optimal solutions
are accepted. The investigated problems of OR include network optimization, as-
signment, scheduling, routing, transportation, for example [47]. The British Opera-
tional Research Society originates the modern OR from 1937, related to improving
the UK's early warning radar system [48]. Soon after that - mainly because of World
War II. - its importance increased, e.g., in the �elds of transportation and logistics.
Nowadays, both engineering sciences and economic informatics apply OR.
Scheduling is a signi�cant research area in operations research. Its practical im-
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portance was justi�ed in subsection 1.2. The main goal of scheduling is to allocate
resources to activities over time [6]. Nagar et al. classi�ed scheduling problems [49];
Figure 1.3 is based on their classi�cation and contains �ner partitioning of job-shop
problems, following some recent papers [50, 51].

Figure 1.3. The classi�cation of scheduling problems.

The early studies include methods to �nd the optimal solution for simple prob-
lems. The models of these problems contain a single machine. There are related
papers that aim to �nd the solution with the smallest maximum tardiness [52] or
obtain the solution with the minimal sum of weighted completion times of the sched-
uled processes [53].
Contrary to single machine problems, in more complex cases, there are multiple
machines. If they have the same function, they are called parallel machines. The
machines can be identical, uniform, and unrelated [54].

De�nition 13. Identical machines: Machines of a problem, where the operation
time does not depend on the machine.

De�nition 14. Uniform machines: Machines that may have di�erent operation
speeds, however, are identical in all the other senses.

De�nition 15. Unrelated machines: Machines of a problem, where the operation
times depend on the machine assignment.

The problem model of this thesis contains unrelated machines.
Regarding the inner structure of processes (jobs), single-stage and multi-stage pro-
duction systems can be di�erentiated.

De�nition 16. Single-stage systems: One job is composed of only one operation.
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De�nition 17. Multi-stage systems: Jobs are composed of multiple operations.

A multi-stage system is usually called a "shop problem".

De�nition 18. Shop problem: There are n jobs J1, ..., Jn andm machinesM1, ...,Mm.
Each Ji job consists of a set of operations Oi,j (j = 1, ..., ni) that must be processed
on machine µi,j ∈ {M1, ...,Mm}. There may be precedence relations between the
operations of all jobs. Each job can be processed only by one machine at a time.
The objective is to �nd a feasible schedule that minimizes some objective function of
the �nishing times Ci of the jobs Ji, i = 1, ..., n.

Three general shop problem's three important variations are the open-shop prob-
lem, �ow-shop problem, and job-shop problem [7, 54, 55].

De�nition 19. Open-shop problem (OSP): Each Ji job consists of m operations Oi,j

(j = 1, ...,m), where Oi,j must be processed on machineMj. There are no precedence
relations between the operations. This problem class is denoted by Om||Cmax, where
m is the number of machines and the objective function is the minimization of the
makespan (minimization of the maximal �nishing time of the jobs).

De�nition 20. Flow-shop problem (FSP): Each Ji job consists of m operations Oi,j

(j = 1, ...,m), where Oi,j must be processed on machine Mj. There are precedence
relations between the operations: Oi,j → Oi,j+1 (j = 1, ...,m − 1) for each Ji, i =
1, ..., n. The objective is to �nd a job order πj on each machine Mj, that minimizes
the makespan. This class of the general shop problem is denoted by Fm||Cmax. If
π1 = π2 = ... = πm, then the problem is called permutation �ow-shop problem.

De�nition 21. Job-shop problem (JSP): Each Ji job consists of ni operations Oi,1,
Oi,2, ..., Oi,ni

which must be processed in this order. There are precedence rela-
tions between them: Oi,j → Oi,j+1 (j = 1, ..., ni − 1). There is a machine µi,j ∈
{M1, ...,Mm} associated with each operation Oi,j. It is assumed that µi,j 6= µi,j+1

for j = 1, ..., ni − 1. The general notation of a job shop problem is Jm||Cmax. If
there are other constraints, they are noted in the middle part of the notation. For
example, if each job has maximum 3 operations, then the notation Jm|ni ≤ 3|Cmax

is applied.

Figure 1.3 shows that this classi�cation of deterministic scheduling problems can
be re�ned.

De�nition 22. Hybrid �ow-shop problem (HFS): Multiple parallel machines are
applied at a stage of a �ow-shop problem [56]. In practice, an HFS problem often
has further assumptions and constraints [57]. Despite its di�erent variants, an HFS
problem has most of the following characteristics [56]:

• The number of stages is at least 2.

• Each stage can have more parallel machines, and there is at least one stage
with at least 2 parallel machines.

• All the jobs follow the same sequence of stages; however, some stages can be
skipped.
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De�nition 23. Assembly job-shop problem (AJSP): It starts with JSP and appends
an assembly stage to the completed jobs [58].

De�nition 24. Job-shop problem with multi-purpose machines (MPM-JSP): An
extension of a JSP, where for each operation, a subset of machines is associated
from which exactly one machine must be chosen to perform the operation [59].

De�nition 25. Flexible job-shop problem (FJSP): An extension of an MPM-JSP,
where the operations may have di�erent operation times on the di�erent machines
[51, 60].

De�nition 26. Multi-mode job-shop problem (MMJSP): There is a set of machine
sets (processing modes) associated with each operation. Each processing mode has
its own processing time. Exactly one machine set must be chosen for each operation,
and the operation has to be performed on each machine of the selected machine set,
in parallel [61, 62].

De�nition 27. Multi-resource shop scheduling with resource �exibility (MULFLEX-
SP): Each operation must be executed on a pre-speci�ed number of distinct machines
in parallel, where each machine must be chosen from a speci�ed set of machines. An
operation may have more than one predecessor and/or more than one successor in
its job [51, 63].

De�nition 28. Job-shop scheduling with processing alternatives (AJSP): An exten-
sion of a JSP, where the directed graphs of job routings contain additional dummy
nodes that identify and-subgraphs representing partial order of operations and or-
subgraphs whose branches mean alternative subroutes [51].

This thesis's scheduling problem (described in detail in subsections 2.2 and 3.1)
has common characteristics with some of these extensions; however, it does not �t
completely into any of these categories. It deals with multi-stage, multi-product,
multi-machine system with more than one parallel machines at the stages. In this
sense, the problem belongs to HFS. However, not all the jobs follow the same se-
quence of stages. In the problem, there are 2 types of jobs that are nearly the same:
one of the job types has an additional operation compared with the other. Both
job types have to be executed several times since many products must be produced
of both product types. In this sense, the problem belongs to mass production re-
garding each job type. For both job types, the precedence constraints between the
operations are well de�ned, including one operation in each job type with exactly
two predecessors. This operation realizes an assembly stage (see assembly job-shop
problem) and ensures the parallel execution of the connected branches (an and-
subgraph of AJSP). However, opposite to the AJSP presented in [51], here, two
operations of the same job - located on the parallel branches - may be processed in
parallel. The problem belongs to FJSP in the sense that there are operations that
can be executed on di�erent machines with di�erent operation times. However, in
the presented problem, the assumption "µi,j 6= µi,j+1 for j = 1, ..., ni − 1" does not
exist since successive activities of a job can be processed on the same machine. These
properties result in a really complex problem. Following the three-�eld-notation [6],
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the scheduling problem of this thesis is a special variant of the problem that can
be denoted as Rm|prec|Cmax, i.e., given m unrelated machines, there are precedence
constraints between the activities, and the objective is to minimize the makespan.
In fact, the considered problem is located at the frontier of Rm|prec|Cmax and FJSP
problems. Classifying the problem into one of these groups, some characteristics of
the problem are lost.

Optimization algorithms were developed to solve search problems: the search for
the optimum. They can be used, for example, to solve scheduling problems. Based
on [64], [65] and [66], Figure 1.4 classi�es them and enumerates some signi�cant
members for each class.

Figure 1.4. The classi�cation of optimization algorithms.

Heuristics vs. exact methods and genetic algorithms are presented in the fol-
lowing subsections in detail because they have the main role in solving this thesis's
scheduling problem.

1.3.1 Exact methods and heuristics in scheduling

The more complex the problem is, the more computation is required to �nd its op-
timal solution. Complexity theory [67] deals with the hardness of solving problems.
Scheduling problems are usually classi�ed as polynomially solvable or NP-hard. As
the job-shop scheduling problem (JSP) is NP-hard [68], it is impossible to �nd its
optimal solution in a reasonable time as the search space of the problem increases.
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For less complex problems, enumerative algorithms, like branch and bound, or dy-
namic programming can be used e�ciently. It is a trend in OR that after preparing
the problem model, a solver is applied to that to �nd its solution. For example,
such solvers/tools are the freely available GLPK (GNU Linear Programming Kit)
and the commercial CPLEX, CP Optimizer or Gurobi.

An introduction to production planning with mixed-integer programming tech-
niques can be found in [69]. Other books on the topic of production planning and
scheduling are [70], [71] and [72]. In [73] two extreme cases of batching (i.e., a suc-
cessor item can only be produced if the full batches of the predecessor items are
�nished) and lot-streaming (i.e., the successor item can be produced simultaneously
with its predecessor items as long as it uses a di�erent resource) are considered.
The problem of this thesis is a mix of these two variations. In [74], precedence con-
straints are applied; however, only on a single machine. This case can be regarded
as a subproblem of the model of this thesis. A single resource model (for producing
di�erent kinds of products) is considered in [75], too. The paper gives an exact
algorithm based on a Cut and Branch procedure. An earlier paper [76] treats a
similar model where a single product is produced. This thesis's production model
applies a multi-machine environment and has two product types, each of them with
high cardinality (see subsections 2.2 and 3.1).

Unfortunately, the method that builds the problem model and uses an exact
solver to �nd its solution has limits. The required computational complexity may
cause that we have to be satis�ed with a near-optimal solution instead of �nding an
optimal solution. Local search methods, constructive heuristics, and metaheuristics
are used commonly instead of exact solution methods.

De�nition 29. Heuristic method: A problem-dependent solving technique that tries
to get full advantage of the particularities of the problem. Heuristic methods are
applied when results have to be obtained quickly, and a near-optimal solution is
enough.

That is the reason why these greedy algorithms are special and get trapped often
in a local optimum.

1.3.2 Metaheuristics and a special method: the Genetic Al-
gorithm

Contrary to heuristic methods, metaheuristics can be applied more generally.

De�nition 30. Metaheuristic: A high-level problem-independent algorithmic frame-
work that provides a set of guidelines or strategies to develop a heuristic [77].

As Figure 1.4 shows, metaheuristics include tabu search (TS) [78], simulated
annealing (SA) [79], ant-colony optimization (ACO) [80], or genetic algorithm (GA)
[81], for example.

De�nition 31. Genetic algorithm: A global search metaheuristic method inspired
by evolutionary biology, belonging to a special class of evolutionary algorithms. John
Holland originated the basic idea of GA [81].

11



GA belongs to population-based metaheuristics, as it maintains a pool of solu-
tions and changes its instances from generation to generation to �nd the solutions
to optimization problems. Like the evolution process in biology, it tends to create
new instances that accommodate better to the (environmental) challenges than the
instances of the former generations. The most relevant concepts are:

De�nition 32. Generation: The set of solutions with the same age (originated from
the same iteration of the algorithm).

In GAs, the size of the generations of a problem is usually constant.

De�nition 33. Population: The set of solutions of the same generation.

De�nition 34. Instance: One solution of a population.

De�nition 35. Chromosome: The set of the variable values of the problem that the
genetic algorithm is trying to solve, encoded in an instance.

De�nition 36. Fitness function: A function that maps chromosomes into real num-
bers, expressing how the instance is adequate to the desired purposes.

De�nition 37. Fitness value: Function value of the �tness function.

Random instances can �ll up the initial population of a GA, or some/all of its
instances can be constructed in a "clever" way, e.g., by applying a heuristic. Then,
the next generation is constructed from the instances of the previous generation,
applying genetic operators. During this process, the intention is - on the one hand
- to increase the (average) �tness value from generation to generation. On the
other hand, genetic diversity should be ensured, avoiding stuck in a local optimum.
Elitism, crossover, and mutation are applied to create all the instances of the new
generation.

De�nition 38. Elitism: Instances with high �tness value are copied without any
modi�cation from a generation to the next generation.

De�nition 39. Crossover: Pairs of instances of the population are selected for
recombination. The results of this genetic operation are placed in the new generation.

De�nition 40. Mutation: A small modi�cation of a chromosome of an instance. In
GA, the objective of applying mutation is to jump out of a local optimum, conducing
to the discovery of the whole search space.

Unless meeting the termination condition, the creation process of a new genera-
tion is repeated. Otherwise, the instance with the best �tness value is chosen to be
the solution, and the algorithm stops. The work�ow of general GA is illustrated in
Figure 1.5.

Alba and Chicano [82] prove that GA is an appropriate tool for project scheduling
and can be applied for automated task assignment e�ciently. Jans and Degraeve
[83] review various metaheuristic methods for di�erent lot-sizing models. Several
papers consider very special models, like [84]. Chang et al. [85] - extending their
former work [86] - present a GA with improved representation, which takes into
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Figure 1.5. The work�ow of a general GA.

account human resource factors more. Moreover, as the representation introduces
a time-line axis as a third dimension (next to tasks and resources), suspension and
resumption of tasks and reassignment of resources are possible.

Sadegheih uses simulated annealing to determine the e�ect of GA parameters on
the schedule [87]. In his work, there are 8-jobs and 7-machines. He found that the
mutation rate is important; however, the e�ect of the crossover rate is not signi�cant.

Zhang et al. [88] review some GA for FJSP and introduce their e�ective problem
representation and genetic operators. They demonstrate that a high-quality initial
population is crucial in an e�cient GA. Li and Gao [89] hybridize GA - which has
a good global searching ability - with tabu search - that has powerful local search
ability. This way, they e�ciently solve FJSP problems. Kis [51] creates a GA for
job-shop scheduling problems with processing alternatives, where the chromosomes
are schedules. The size of the problem of Pongcharoen et al. [2] is similar to the
size of the problem considered in this thesis (similar number of resources and tasks).
However, their problem has a less complex structure. They determine the optimal
parameters of their GA and describe how they face and eliminate time-loop (circle
in the directed graph of the problem; they call it deadlock). When they get an
infeasible schedule, they swap the problematic operation with a random one. This
thesis handles this problem in another way.

Here, in one of my thesis points, a GA is also presented that is applied for schedul-
ing in a multi-project environment, where resources may have multiple functions,
and they can substitute each other. The feasibility of instances is guaranteed by the
manner how genetic operators are constructed. The production planning model that
is considered in this thesis is quite special (for the details, see subsections 2.2 and
3.1), as despite the number of products can be huge, there are only a few di�erent
product types (i.e., 2), and each product consists of only a few components. None
of the cited papers is devoted "just" to this problem. The results related to the
constructed GA are published in [90].
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1.4 Vehicle Routing - the �nal phase of the supply

chain

When products get ready - e.g., in a production process scheduled to be e�cient
-, they have to be distributed. The cost of product delivery is decreased as the
total length of the routes of delivering vehicles becomes shorter. Motivated by this
fact, a signi�cant amount of research in applied optimization is devoted to design
strategies of optimal vehicle or vehicle �eet operation, where the problem of vehicle
routing is of primary importance. Therefore, a large number of papers and a lot of
research aim to optimally determine the routes of a vehicle �eet serving consumers
under di�erent conditions. Problems of routing vehicles are classi�ed based on these
conditions. Following the taxonomy presented in [91], [92], [93] and [94], Figure 1.6
shows the most signi�cant and most relevant variants of the problem. It is also
worth mentioning the paper of Wang and Wasil [95] that reviews all the signi�cant
VRP-related papers published by the journal Networks in the last 50 years.

Figure 1.6. Signi�cant variants of Vehicle Routing Problem.

De�nition 41. Travelling Salesman Problem (TSP): An agent starts from the depot,
visits all customers exactly once, and returns to the depot. This route has to be done
with minimal cost. The problem is equivalent to �nding the minimal Hamiltonian
cycle in the graph that describes the road-system. TSP is NP-hard [96�98].

De�nition 42. Vehicle Routing Problem (VRP): A multi-agent generalization of
TSP. Here, the procedure of solving TSP is extended by partitioning the customers
into disjoint routes [99].
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De�nition 43. Capacitated VRP (CVRP): A VRP that contains constraints related
to the amount of customer demands and the capacity of the vehicles.

Because of the evident nature of capacity constraints, CVRP is often re�ected
as - simply - a VRP.

De�nition 44. VRP with Time Windows (VRP-TW): A VRP, where every cus-
tomer has a time window and serving time. If the vehicle arrives at the customer
before the lower bound of the customer's time window, it has to wait. When the ar-
rival is later than the upper bound of the customer's time window, the vehicle missed
the customer. In some cases, the depot has a time window, too [100�103].

De�nition 45. Multi-Depot VRP (MD-VRP): A VRP with more than one depot.
Each vehicle starts from a depot, and it has to return to the same depot after per-
forming the delivery tasks [104].

De�nition 46. MD-VRP with Inter-Depot Routes (MD-VRPI): An MD-VRP, where
the replenishment of vehicles at intermediate depots is allowed [105].

De�nition 47. Periodic VRP (PVRP): A VRP version, where the transfer has
to happen at certain times in a well de�ned time interval (e.g., two times a week)
instead of a single delivery [106].

De�nition 48. VRP with Pickup and Delivery (VRPPD): In this VRP version,
the customers are allowed to send goods by the vehicles besides receiving products
[107, 108].

De�nition 49. VRP with Multiple Use of Vehicles (VRPM): A VRP, where one
vehicle can be used for more than one trip. It often happens when a company has a
small cardinality vehicle set, or the average distance between the customers and the
depot is small.

Aside from various constraints, di�erent objectives of the delivery also generate
their VRP variants.

De�nition 50. VRP with Route Balancing (VRPRB): A VRP, where the objective
is to minimize the di�erence between the shortest and the longest route [109].

Extra demands of customers, a technical problem of the vehicle, or a closed road
necessitates modifying the prede�ned transports. Recent advances in information
technology made it possible to process additional data and do modi�cations while
vehicles are on the road.

De�nition 51. Dynamic VRP (DVRP): A VRP, where modi�cation of problem-
related data during the transport is allowed, and the trips can be adjusted to that
[110�112].

There are problem variants, in which some data are not determined as static
values but are random variables. These data can be customer demand, the travel
times, or the service/waiting times, for example.
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De�nition 52. Stochastic VRP (SVRP): A VRP variant, where some data are
stochastic variables [113, 114].

De�nition 53. VRP with Stochastic Demands (VRPSD): An SVRP where cus-
tomer demands are stochastic [115�117].

An important class of time-varying circumstances is when the reason for the
change of the problem state is an error during execution, caused by a fault of an
element of the system, e.g., the engine of a vehicle or a blocked road. Despite the
modi�ed state of the system, the main goal is to avoid service failure, i.e., servicing
all the customers. Fault-related topics, like fault detection, diagnosis, or tolerance,
are extensively examined, e.g., in the case of control and technical systems of both
military [118] and public applications for a long time [119].
In [120], the threat is either an unknown future request or a tra�c problem. The
authors apply a fuzzy fault-tolerant control approach: all customer requests whose
future servicing is a�ected by a problem will be reassigned as new requests. In
VRPSD literature, the notion of "route failure" is used when a vehicle does not
have enough capacity to service the customers who are assigned to its route. Usual
solution methods for this problem have two stages: the �rst one speci�es a route for
each vehicle, then the second stage deals with the recourse action in case of route
failure [111]. It means that an appropriate response may be signi�cantly delayed.
In [121], the traditional recourse action - when in case of route failure, the vehicle
may return to the depot and then perform an extra trip - was completed by a new
recourse strategy. In this strategy, a vehicle that has completed its own original route
and has remaining capacity can serve customers from the failed route. (However,
it needs to be emphasized that contrary to the deterministic demand that is used
in our research, Novoa et al. [121] deals with stochastic demands. Moreover, their
concept of "route failure" also di�ers from ours.)
The aid one vehicle o�ers another is one of the main priorities in my third thesis
point - however, the threat to the service considered here is the breakdown of a
vehicle before it has served its last customer. Based on the fault classi�cation in
[122], this kind of fault belongs to the category of "abrupt faults". Moreover, in this
thesis, the routes' execution is already prepared in the route planning phase, which
minimizes the fault-related extra costs without changing the set of routes itself.
To achieve fault tolerance, the fault has to be detected. In my thesis, it is assumed
that when a fault - e.g., the fault of the engine of a vehicle - causes a vehicle failure
- e.g., a vehicle breakdown - and the �eet's vehicles communicate with one another,
fault detection is trivial. Speci�c fault detection methods can be found for other
VRP-related fault concepts in [120] and [122].
The execution of a VRP program can be made less sensitive to vehicle breakdown by
considering the possibility of cooperation among vehicles. Cooperation has a positive
e�ect on transportation costs, even in cases where there are no unforeseen events.
This is demonstrated in [123]. The concept of "cooperation" here means that a
vehicle takes over the servicing of a customer or a set of customers originally assigned
to another vehicle. In the common case of multiple vehicles servicing customers, two
questions need to be considered: selecting which vehicle should take over the task
and its costs.
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1.5 The structure of the thesis

The part of my thesis that is related to production scheduling covers - on the one
hand - the development of a speci�c heuristic scheduler, the exact solving of a
MILP (Mixed-Integer Linear Programming) model of the same problem that the
heuristic solver was applied to, and the investigation of their combination. On the
other hand, I developed a genetic scheduler for a di�erent problem with a similar
structure. The GA was tested on several FJSP problems and compared to other
results from the scienti�c literature. After production scheduling - considering the
supply chain's �nal phase - a fault-tolerant execution proposal related to the Vehicle
Routing Problem (VRP) is considered.
The detailed content of the chapters of the thesis are:

Chapter 2 presents a complex scheduling problem model, a heuristic approach
for solving the problem, and analyses the applied heuristic method's e�ciency. Here,
it is also investigated how e�ciently the heuristic algorithm can support an exact
solver. Since the problem was also solved by an exact solver, the chapter contains
the problem's MILP model. The essence of this chapter was published in [124].

Chapter 3 covers the presentation of a genetic scheduler algorithm. The GA was
developed for a slightly di�erent problem model - related to the previous chapter.
First, the specialities of the problem are introduced. Then the details of my GA
are presented: the applied encoding technique, the developed genetic operators, and
other specialities of the algorithm. After this presentation, the e�cient settings of
the genetic parameters are investigated. Finally, the quality of the GA is compared
with other results from the scienti�c literature on some FJSP problems. The results
contained in this chapter are published in [90].

In Chapter 4, a method for Vehicle Routing Problem (VRP) is given that im-
proves the fault tolerance of an arbitrary VRP solution without Time Windows.
Here, the idea behind the algorithm is introduced, then the algorithm is presented,
and also a fault-tolerant execution of the algorithm is proposed. Finally, the so-
lution's e�ciency is proved both by a simple example and through the Solomon
test instances that are commonly applied as VRP benchmarks. The content of this
chapter is published in [125].

Finally, Chapter 5 concludes my work, presents the new scienti�c contribution
(thesis points) and suggests further research.

The main part of this thesis contains my work and the closely related knowledge
that helps to understand it. The description of other researchers' methods and the
details of the comparisons can be found in the Appendices.
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Chapter 2

Production planning with multi-level
heuristic scheduling

2.1 Background

Heuristic methods (see De�nition 29) usually only approximate the optimal solu-
tion, but they do it far quicker than exact solvers �nd the optimum. Moreover, often
only small or moderately-sized problems can be practically solved to provable opti-
mality by exact solvers. This property makes heuristics especially useful when time
and cost are critical factors for decision making, like, e.g., in production planning
[126]. A heuristic approach creates solutions by applying rules determined during
the conscious exploitation of the problem's specialities. The initial solution is often
improved progressively by the application of a series of modi�cations.
The evaluation of the e�ciency of a heuristic algorithm considers both the qual-
ity of the solution and the way how it was obtained. If the optimal solution of
the problem is known, the distance between the optimum and the solution of the
heuristic gives a measure for the quality. Heuristic search is based on the problem
space hypothesis - de�ned by Newell and Simon [127] -, which states that every
possible state of the problem can occur in the problem space. Thus the e�ciency of
a heuristic search algorithm is usually measured by the number of the visited states.
However, because of the di�erence in the state expansion overheads, CPU time is
also considered during the comparison of heuristic algorithms [128]. In his Ph.D.
thesis [128], Dillenburg proposes di�erent techniques that improve the e�ciency of a
heuristic search algorithm, including an e�cient data structure, cycle checking that
prevents the generation of duplicate states caused by cycles in the search space, and
improved search algorithms.
Both heuristics and exact optimization techniques have speci�c advantages that
complement each other. By combining them, higher performance can be reached.
A survey of Puchinger and Raidl classi�es the combinations of exact methods and
metaheuristics and justi�es its usefulness [129]. Figure 2.1 shows the major classes.

In collaborative combinations, the algorithms exchange information but are not
part of each other, unlike the algorithms of integrative combinations. In the case of
sequential execution of the collaborative algorithms, two di�erent approaches exist.
In the �rst one, the exact solver is used before the heuristic method, e.g., �rst, a
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Figure 2.1. Main classes of the combination of an exact solver and a heuristic algo-
rithm.

relaxation of the original problem is solved to optimality, and this optimum helps
in the construction of the starting solution of the heuristic that is applied to �nd
solutions for the complex problem. The other approach is applied to obtain the
optimal solution in a shorter time, e.g., by using the near-optimal solution obtained
by a heuristic to narrow the time horizon of an exact solver in its search for the
optimum. I followed the second approach and developed a speci�c heuristic for
a complex scheduling problem - the problem is presented in subsection 2.2 - and
investigated how much the heuristic algorithm's result can support the operation of
an exact solver. The essence of this chapter is published in [124].

2.2 The model of the problem

The problem that is the subject of the multi-level heuristic scheduler is presented
in this section. This problem contains two types of production processes and four
types of machines. To de�ne processes, process models are adequate tools. Process
models are used in various �elds, e.g., to describe business processes, production pro-
cesses, communication protocols, or software's operation. Contrary to state-based
models (like state machines), in the case of process models, state transitions have a
temporal dimension - so, they are not instantaneous. A process model emphasizes
the activities of its processes and their relation [130]. As one of the �ve process
modeling paradigms presented by Conradi et al. [131], task net is used to present
the model of the scheduling problem of this chapter.
Figure 2.2 shows the process models of the two types of production processes of the
considered problem, represented by UML activity diagrams. Both process types are
executed several times; the number of their execution is n(p1) and n(p2), respec-
tively. The �gure contains the resource set and illustrates - by di�erent patterns on
the operations - the allowed resource assignments. E.g., a tC-type operation can be
performed either by a D1-type resource or by a D2-type resource.

D1-type andD2-type resources can perform both tB-type and tC-type operations;
however, the operation time depends on both the resource type and the operation
type. Switching between operations with di�erent types on a machine requires setup
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Figure 2.2. The production processes, the resource set, and the resource allocation
possibilities of the scheduling problem.

time. This setup time depends on the machine type and the operation sequence.
The objective is to �nd the schedule with minimum makespan.

De�nition 54. Makespan: The distance in time between the start and end time of
a schedule. It is the di�erence between the �nish time of the latest operation and the
start time of the earliest one.

The formal description of this problem can be found in Appendix C, using the
notations introduced in Appendix B. The notations presented in Appendix B covers
the scheduling problem of both Chapter 2 and Chapter 3.
I developed a heuristic algorithm that e�ciently solves this scheduling problem. Its
e�ciency is analyzed on di�erent problem sizes, where the numbers of the products,
the operation times, and the setup times are varied. Then the e�ect of the result of
the heuristic algorithm on an exact solver's performance is analyzed.
This production problem includes several special features of a huge class of industrial-
type automated manufacturing problems. It realizes mass production; both process
models are executed several times. The problem belongs to FJSP (see De�nition
25) since an operation's operation time depends on the performing machine. More-
over, the problem includes multi-purpose machines. On the other hand, both pro-
cess models include an assembly operation. These - tD-type - operations can be
found directly after the join notations in the UML activity diagrams. They result
in and-subgraphs (see job-shop scheduling problems with processing alternatives in
De�nition 28). The two joint branches of any process can be executed parallel. It
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means that there is only a partial ordering of the operations of the parallel branches.
E.g., a process of the second process type can be executed in 3 di�erent ways, where
the sequence of the operations is (regarding their type): tA,tB,tC ,tD or tB,tA,tC ,tD

or tB,tC ,tA,tD. Moreover, some of the operations may be performed at the same
time or partially covered in time. Then, the two parallel branches are synchronized
at the join (before the assembly operation).
Although both [132] and [133] deal with unrelated machines, no of them considers
the same model that is treated here. Papers that consider scheduling problems with
unrelated machines in the presence of precedence constraints discuss mainly pro-
cesses that are chains. In the production processes of this thesis, some components
are assembled. It means that there are nodes in the precedence graph with more
than one predecessor. Kumar et al. [134] consider a similar problem; however, in
their paper, approximation algorithms are proposed with approximation guarantee.
My thesis proposes a complex heuristic algorithm and also provides the optimal
solution by an exact solver. Kis [51] developed a GA and a TS algorithm for job-
shop scheduling problems with processing alternatives. His algorithms can handle
problems where precedence constraints include and-subgraphs and/or or-subgraphs.
Contrary to this thesis, he assumes that no two operations of the same job may be
processed in parallel. In [135], an e�ective priority rule-based heuristic algorithm is
provided for a Rm|prec|Cmax problem (the three-�eld notation is based on [54], and
it means that there are m unrelated parallel machines, there are precedence con-
straints on the operations, and the objective is to minimize the makespan). In [136]
its variant is considered, where each job has to be assigned to a unique machine.
However, the problem of this thesis is an extended FJSP problem and contains
multi-purpose machines.

2.3 The speci�c heuristic algorithm

I created a heuristic algorithm that e�ciently solves the introduced problem. It pro-
duces a "good enough" solution quickly for any input. The algorithm was designed
for the speci�c problem; however, the basic ideas of the algorithm's construction can
be applied to schedule other production processes, too.
The main idea was to separate the master problem into subproblems that can be han-
dled individually. The separation was based both on the structure of the processes
that have to be scheduled and the resources' characteristics. The initial scheduling
problem was cut into three subproblems; the concept "room" was introduced for
these subproblems. They are illustrated in Figure 2.3.

When separating the initial problem into subproblems, those operations got into
the same room that

• has a common machine that can perform them (e.g., both tB-type and tC-
type operations can be performed by a D1-type resource - and it is valid to a
D2-type resource, too),

• and there is no operation from other room that is inserted between them in
the operation sequence of their process.
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Figure 2.3. The subproblems of the initial problem are handled in separate "rooms".

Based on it, when separating a set of general process models into subproblems,
necessary conditions could be that (1) the operations that can be performed by
machines that can substitute each other have to belong to the same subproblem
and (2) in the process graph there can not be two nodes of the same room that are
connected through a node of another room. Here, only two - possible - necessary
conditions are noted; the general problem separation can be the topic of future
research.
Every room can be handled individually by a scheduling technique that �ts the best
for that. There can be, of course, some dependencies between the di�erent rooms
that have to be cared for. The details are presented in the following.

room1: initial operations

It is easy to con�rm that in this room, a greedy method is su�cient. Since both
tasks of this room have task type tA, they are handled by both r5 and r6 machines
in the same way (they have the same processing time). Moreover, there is no release
time and no deadline dedicated to the tasks, so they can be distributed equally
(or almost equally if the number of machines does not divide the number of tasks)
among the machines, which must be an optimal solution for this subproblem.

room3: the �nal assembly

For the problem that is represented by this room, another greedy method is su�cient.
Here, the solution is a bit more di�cult than in room1. As soon as a product piece
in room1 is ready and another product piece created in room2 is also available, and
there is a free machine in room3 to start a new operation, the two product pieces'
assembly can be started. This is an optimal strategy if both process models are
identical regarding their assembly times. (In a more general case, dedicated products
could have to be created for di�erent customers, where a high-quality product needs
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larger processing time compared to a common quality product. However, this is not
the case in the considered model.) Hence, this room's subproblem can be solved by
a simple list scheduling algorithm, which also considers release times.

room2: the complex part of the problem

This is the hardest subproblem among the three, which can be still easy in some
cases, depending on the processing times of the operations (including the processing
times of other rooms' operations, too). If the "bottleneck" occurs in the �rst room
(the operation time in room1 is higher than the other operation times in the other
rooms), then a "lazy" schedule in room2 is still good enough to reach an overall
optimal schedule. Otherwise, if the time in room2 is very constrained (compared
to the time required for the work in the other rooms), it is still possible to get
a quite good overall schedule with the help of some tricks. These tricks include
a list of simpli�cations, a relaxation, a rounding technique, and �nally, a kind of
improvement. They are described in the following in more detail.

2.3.1 Simpli�cations related to job assignment and schedul-
ing; and the main steps of the heuristic algorithm

A sequence of simpli�cations has been applied for the subproblem of the second
room. There are 4 machines that can perform the operations of room2. These
machines are of two types: r1, r2 and r3 are D1-type machines, while the type of
machine r4 is D2. Following the notations of Appendix B, n(Dy) denotes the number
of machines with type Dy. In this concrete case, n(D1) = 3 and n(D2) = 1. Either
machine type can carry out both operations of type tB and operations of type tC

(it means that all the 4 machines of room2 can execute all operations of room2).
Suppose that D1 and D2 machine types di�er in their e�ciency as follows: the three
machines of type D1 are better in executing tB-type operations and less e�ective
in executing operations of tC-type. Moreover, the D2-type r4 machine is better at
executing tC-type operations and less e�ective in performing operations of tB-type.

The question is how to distribute the tB-type operations and the tC-type oper-
ations among the four machines. At this point, several simpli�cations were made.
It has to be emphasized that some of the simpli�cations surely hold in any optimal
solution to the problem. Some others do not hold in general; however, now the goal
is only to �nd a feasible approximate solution, which can be used to �nd an optimal
solution using a MILP solver.

2.3.1.1 Exclusion of setup times by a good job sequence if possible

The simplifying assumptions made for room2 (S1-S5) are based on some aspects of
the optimal solution's suspected form. The �rst two simpli�cations are:

(S1) On each machine, setup time occurs at most once.

(S2) On each machine, any tB-type operation precedes any tC-type operation.
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Reasoning: Suppose that there are operations that have already been assigned
to some machine. In this case, the moving of a tB-type operation to the beginning of
its machine's queue will not increase the makespan. Recall that tB-type operation
precedes tC-type operation in the process model (see Figure 2.2). By the running
of some computer simulations, it was found that assumptions S1 and S2 hold in
many cases. However, in some rare cases, assumption S1 is not satis�ed. In these
cases, the optimum is better than the solution provided by the heuristic, and some
tC-type operations must be made before tB-type operation(s) so that the assembly
operations of the third room can be started earlier. In these cases, setup time has
to be applied more than once on some machines. The satisfaction of S1 and S2
assumptions strongly depends on the di�erent operations' processing time; however,
they are often satis�ed.

2.3.1.2 Pick an appropriate subcase from the set of all possible scenarios

The third simpli�cation is:

(S3) Either D1-type machines make no tC-type operation, or the D2-type machine
makes no tB-type operation.
(The second part of the assumption more generally - in case of two types of
machines in the room - is: "or D2-type machines make no tB-type operation".
However, in the model under consideration, there is only one D2-type machine
(r4).)

Reasoning: Suppose that the opposite of the assumption happens. It means
that there is a D1-type machine which carries out also tC-type operation (in per-
forming a tC-type operation, this machine type is less e�cient than the D2 machine
type), and also, the single D2-type machine of the concrete model executes tB-type
operation(s), too (in performing tB-type operation this machine is less e�cient than
a D1-type machine). If the two operations in consideration are swapped, the number
of operations of the di�erent task types remains. Moreover, the operation time of
both machines under consideration decreases. Unfortunately, in general, it does not
hold that also, the makespan decreases.

According to S3, there are two cases to consider:

Case 1: The (in general: any) D2-type machine makes only tC-type operations.

Case 2: Any D1-type machine makes only tB-type operations.

Moreover, within Case 1, the following possible situations can be distinguished:
There are i ∈ {0, 1, 2, 3} (in general: i ∈ {0, 1, . . . , n(D1)}) D1-type machines that
will have only tB-type operations, and the other 3 − i (in general: n(D1) − i) D1-
type machines perform both tB-type operations and tC-type operations (and the
one /in general: all the n(D2)/ D2-type machine performs only tC-type operations).
Similarly, within Case 2, there are 2 (in general: n(D2) + 1) possible subcases,
according to the number of D2-type machines that perform both operations (in the
concrete case 0 or 1 machine). All these 5 (in more general: n(D1)+1+n(D2)+1−1 =
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n(D1) + n(D2) + 1) possible subcases are considered one by one, and �nally, the
subcase with the best solution is chosen. (The reason for the "-1" term in the
previous sentence is that both Case 1 and Case 2 have the subcase where the number
of machines carrying out both operation types is 0, and these two subcases are
identical.)

From now on, let us suppose that a subcase within Case 1 is considered (a subcase
within Case 2 can be handled similarly), that can be characterized by the following
properties (simplifying the notation):

• there are α D1-type machines that perform only tB-type operations,

• there are β D1-type machines that perform both tB-type operations and tC-
type operations,

• and there are γ D2-type machines that carry out only tC-type operations.

(For the considered model 0 ≤ α ≤ 3, α + β = 3, and γ = 1. In general: 0 ≤ α ≤
n(D1), α + β = n(D1), and γ = n(D2).) From now on, this subcase is referred to
as "the chosen subcase". For simplicity, it is also assumed that all the values α, β, γ
are positive. If any of them equals zero, that subcase should be handled similarly.

The simpli�cations introduced so far concern only the machine assignment and
the sequence of the operations. To calculate the makespan, the start time of each
operation of a feasible assignment has to be determined. The result of this timing
process is the schedule.

The fourth simpli�cation is related to the timing of the operations.

(S4) The (in general: any) D2-type machine can make all its work without any
idle time (except that the /in general: any/ D2-type machine can start its
processing at time dur(tB, D1), where dur(tB, D1) is the processing time of a
tB-type operation on a D1-type machine - see the notations introduced in Ap-
pendix B.). Moreover, any D1-type machine that makes tC-type operation(s),
too, can work on the tC-type operation(s) continuously after the setup time is
inserted after its last tB-type job.

Reasoning: The start of a tC-type operation necessitates a �nished tB-type
operation as its pair. Following (S2) and based on the number of D1-type and
D2-type machines, (S4) is generally ful�lled. Both the simpli�cations regarding the
machine allocation/operation sequence (S1-S3) and the simpli�cation regarding the
timing (S4) make it easier to create an e�cient assignment and schedule since they
signi�cantly reduce the search space. The main task is to �nd an optimal assignment.
An optimal schedule from this assignment can be easily obtained as follows:
Any tB-type operation has to be started without idle time. The consequence of the
simpli�cations is that in the "chosen subcase", when a tC-type operation is started,
we do have an appropriate �nished tB-type operation for whose result the tC-type
operation can be applied.

It means that on any D1-type machine that carries out both types of opera-
tions, the tC-type operations can be started immediately after inserting a setup
time between its last tB-type operation and its �rst tC-type operation. Moreover,
the machine (in general: any machine) that makes only tC-type operations starts its
operation just when the �rst tB-type operation is �nished on a D1-type machine.
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2.3.1.3 Creation of the preemptive solution

This part focuses on �nding a good assignment for the chosen subcase. It is done by
constructing a preemptive (optimal) assignment of the operations on the machines.
(Preemptive schedule means that some machine makes some part of an operation,
and then, the remaining part of this operation is continued on the same, or possibly
on some other machine, without overlapping in time.)

The question is: how to partition the united set of the tB-type and the tC-type
operations among the machines? In the preemptive solution, the �nish time of the
machines is aimed to be balanced. In the chosen subcase, the singleD2-type machine
(in general: the D2-type machines) gets only tC-type operations. (In the general
case - because of the preemptive solution - it can be assumed that all of the D2-type
machines get the same - possibly fractional - amount of tC-type operations.) Let
the number of the tC-type operations on one D2-type machine be x. Also, the α
D1-type machines that get only tB-type operations get all the same number (y) of
tB-type operations. Finally, it is assumed that each D1-type machine (their number
is β) gets v tB-type operations and w tC-type operations.

The optimal values of x, y, v, w can be found easily by solving the next equation
system. Recall that - following the notations introduced in Appendix B.:

• setup(D1, t
B, tC) denotes the setup time between the tB-type operation execu-

tion and the tC-type operation execution of a D1-type machine,

• dur(tB, D1) is the processing time of a tB-type operation on aD1-type machine,

• dur(tC , D2) is the processing time of a tC-type operation on aD2-type machine,

• dur(tC , D1) is the processing time of a tC-type operation on aD1-type machine,

• n(p1) is the number of products of type p1 (they need only the execution of a
tB-type operation but no tC-type operation in room2),

• and n(p2) is the number of products of type p2 (they require the execution of
both a tB-type operation and a tC-type operation in room2).

α · y + β · v = n(p1) + n(p2) (2.1)

β · w + γ · x = n(p2) (2.2)

γ · dur(tB, D1) =

v · dur(tB, D1) + w · dur(tC , D1) + setup(D1, t
B, tC) =

x · dur(tC , D2) + dur(tB, D1)

(2.3)

There are four variables (x, y, v, and w) and four equations. In (2.1), the number
of tB-type operations is summed up for the whole model. Equation (2.2) does it
similarly for the tC-type operations. Finally, (2.3) expresses that each machine's
completion time is the same in the optimal preemptive solution. For those D1-type
machines that make both tB-type operations and tC-type operations (their number is
β), this equation takes into account setup time. Moreover, the D2-type machine can
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start its work only after a tB-type operation has been �nished (on another machine).
Its reason is that - based on the presented model - any tC-type operation has to be
preceded by a tB-type operation for every p2-type product.

Previously it was shown that the D2-type machine (in general: any D2-type ma-
chine) starts its work at time dur(tB, D1), at the time point when D1-type machines
�nish their �rst tB-type operation. The other part of the assumption (S4) (i.e.,
tC-type operations are made without idle times) not surely holds for any subcase
(within the 5 - in more general n(D1) + n(D2) + 1 - subcases). Still, it is assumed
that there will be such a subcase among all subcases, for which this part of the
assumption also holds. In fact, this optimal subcase will be the chosen subcase. It
implies the next assumption:

(S5) The solution of the above equation system (2.1)-(2.3) is composed of only
nonnegative values, i.e., x, y, v, w ≥ 0.

Reasoning: If at least one variable is negative, that subcase is not considered
(it cannot be the chosen subcase). The negative value of a variable happens, for
example, if there are too many D2-type machines and too few D1-type machines.
In this case, equation (2.3) cannot hold with non-negative values of the variables.
However, in the case of the best possible subcase, the assumptions are assumed to
be valid.

Appendix D presents an example of the calculation of the preemptive solution
of a small example. In that example, all the obtained variables are non-negative;
however, their values are fractional. Only integer number of tasks can be assigned
to the machines, so this result has to be modi�ed. It is done by rounding.

2.3.1.4 Rounding

In the rounding procedure, a non-preemptive solution is created from the preemptive
one. The resulted solution is no longer an approximation but a real solution to the
problem. For getting this solution, rounding is applied with the following steps:

Step 1: Truncate all variable values (round them down).

Step 2: Starting from the �rst D1-type machine progressing one-by-one for-
ward to the n(D1)th D1-type machine, increase the number of the tB-type
operations assigned to the machine by one until the required number of the
assigned tB-type operations (n(p1) + n(p2)) is reached.

Step 3: Starting from the last (n(D2)th) D2-type machine progressing one-by-
one backward to the �rst D2-type machine, increase the number of the tC-type
operations assigned to the machine by one until the required number of the
assigned tC-type operations (n(p2)) or the �rst D2-type machine is reached.
If the �rst D2-type machine is reached and there remains an unassigned tC-
type operation, continue the increase of the number of the assigned tC-type
operations by one on the D1-type machines that make both tB-type operations
and tC-type operations (there are β pieces of them), starting with the last
machine with this type, towards the �rst one.
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The rounding procedure is demonstrated on the small problem of Appendix D
in Appendix E.

2.3.1.5 Improvement with Metaheuristics

After the rough job-assignment for the subproblem of room2 is determined, the re-
sult's improvement is attempted by applying a metaheuristic method. For judging
whether the improvement was successful or not, the evaluation of the job-assignment
is required both before and after applying the metaheuristics. For this evaluation,
the schedule has to be created from the assignment.
Based on the introduced simpli�cations and assumptions - that always results in a
feasible job-assignment - a schedule can be obtained in the following simple way:
the tB-type operations are executed as early as possible. The resulted half-ready
products are stored in a virtual warehouse. Then any tC-type operation is started
as early as possible, suppose that there is a free machine that can start its execution
and there is a half-ready product that waits for a tC-type operation in the virtual
warehouse. By applying this simple (greedy) method, a feasible schedule is obtained
from the given assignment. The makespan of the schedule is used for the evaluation
of the schedule.
In the Improvement phase, two di�erent approaches were investigated. One of them
is a Local Search (LS) that simply moves or swaps operations, and the other one is
Tabu Search (TS) that is based on the paper of Hurink et al. [1].

Local Search

The �rst version of the Improvement phase - whose input is the job-assignment
that is resulted by the rounding procedure - uses the following two elementary steps:

• MOVE: A tB-type operation or a tC-type operation assigned to a certain ma-
chine is picked and moved to another machine.

• SWAP: A tB-type operation assigned to a certain machine is swapped with a
tC-type operation of another machine.

Two MOVE steps are illustrated in Figure 2.4 by arrows. They are applied -
one-by-one - on the small example of Appendix E, after the rounding procedure.
The resulted schedule is presented in Figure 2.5. It can be seen that the schedule
was improved by Local Search since the makespan was decreased by 7 units.

When MOVE or SWAP is applied, the machine-related constraints are taken
into account: e.g., if it was already decided that some machine will not perform
tB-type operations, this machine cannot get tB-type operation in the Improvement
stage neither. Two di�erent approaches are applied for managing the local changes.
One of them is the directed way, i.e., the machine with the maximum completion
time is chosen, and in the case of the "MOVE" elementary step, an operation from
this machine is moved to another machine. The second approach is to choose the
operations randomly.
If the schedule's makespan after applying an elementary step of LS is better (lower)
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Figure 2.4. The two "MOVE" steps that are applied to the small problem of Ap-
pendix E - example for Local Search.

Figure 2.5. The resulted schedule for the small problem of Appendix E, after the
two "MOVE" steps of the Local Search. The makespan decreases from 79 to 72.

than that of the initial schedule, the local change is accepted. Otherwise, it is re-
jected. The local changes are performed several times, where the number of trials is
prescribed in advance.

Tabu Search algorithm

The second version of the improvement is the Tabu Search algorithm. In its
implementation, the ideas of Hurink et al. [1] were followed: the reposition of some
operations of some blocks of the critical path. The related concepts and the basics
of TS by Hurink et al. are summarized in Appendix F.
There can be more than one critical path in the graph of the schedule; Figure
2.6 shows an example. This illustration is simpli�ed for better understanding; the
total number of processes (work�ows) are reduced to 14, the labels on the operations
identify the process they belong to, and operation times and setup times were chosen
randomly.

The implemented Tabu Search algorithm starts from an initial solution (it is the
rough job-assignment obtained after the rounding procedure), just like the Local
Search. At most, 20 valid neighbours are generated in each iteration from at most
100 attempts (its method is detailed in Appendix F), and the best one - the one
with the minimal makespan - is selected at the end of the iteration.

De�nition 55. Valid neighbour: A neighbour of an instance (according to the neigh-
bourhood property of Hurink et al., that is described in Appendix F) that is (1) fea-
sible, (2) is di�erent from the starting instance, and (3) is not an element of the
tabu list.
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Figure 2.6. Example of two critical paths in a schedule.

The content of the tabu list is stored in the format of sequences of the allocated
operations. The output solution of an iteration (the best valid neighbour of the
20 schedules) is added to the tabu list, avoiding to select it again shortly. The
Tabu Search algorithm stops when it reaches the 100th iteration, and the best of
the found solutions is considered the solution of room2. The structure of the imple-
mented Tabu Search algorithm is illustrated in Appendix G.
The instances (and their neighbours) are in the format of allocated operation se-
quences; however, they have to be scheduled to calculate their makespan. An al-
located operation sequence de�nes the schedule, following the scheduling method
presented at the beginning of this subsection.
It has to be highlighted that contrary to the problem of Hurink et al. [1] - and
to other papers in this topic -, here, a tC-type operation is paired with a tB-type
operation only in the scheduling phase. During the phase of neighbour creation, all
the tB-type operations are equivalent. This is the case for the tC-type operations,
too. It means that the operation-process pairs (which process an operation belongs
to) are determined only in the scheduling step. Because of that, the instance often
remains the same after moving an operation from a block. An example is shown
in Figure 2.7, where a schedule with only one block (constructed by the tC-type
operations labelled by w1, w2, w3, w5 and w6) is presented. If any operation of this
block is moved to the beginning or to the end of the block, the obtained operation
sequence will be the same as the initial one was. In the case of this kind of block,
the neighbours di�er from the initial instance only if they are created by moving the
selected operation to another machine. My algorithm handles it and accepts only
neighbours that di�er from the instance under consideration.

Comparison of the applied Metaheuristics

Two alternative approaches were applied in the Improvement phase of the heuris-
tic algorithm: the �rst one was Local Search (with "MOVE" and "SWAP" opera-
tions), and the other one was Tabu Search. Originally, following Hurink et al., the
Tabu Search algorithm was implemented without keeping (S1) and (S2) simpli�ca-
tions. It means that such an operation sequence of a machine can exist, where a
tC-type operation precedes a tB-type operation. Moreover, more than one setup time
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Figure 2.7. Example of a useless move of an operation to the beginning or to the
end of its block.

can occur on any machine. The only restriction regarding the operation sequence is
that it has to result in a feasible schedule, i.e., a matching preceding tB-type oper-
ation has to be found for every tC-type operation. Since the Local Search method
holds both (S1) and (S2), for the sake of comparability, �rst, Tabu Search was also
implemented with the simpli�cations (S1) and (S2) [137].
Another modi�cation of the original Tabu Search algorithm was related to the selec-
tion of the operation for reposition. In the original version, only a block-element can
be a candidate for moving. However, in several cases, the reposition of a standalone
operation also can improve the schedule, see Figure 2.8, for example. In the �gure -
for the sake of better illustration - the total number of processes is reduced to 6, the
labels on the operations identify the process (work�ow) they belong to, operation
times were chosen randomly, and setup times were chosen 0. If the initially assigned
operation sequence was the one in the right upper part of the �gure, it is worth
moving the critical path's last operation; even it is not an element of any block.

That is why a new version of the Tabu Search algorithm was also implemented,
where any operation of the critical paths can be selected to move. This variant was
created both with and without (S1) and (S2) restrictions.
The results obtained by all 4 di�erent versions of the Tabu Search algorithm were
compared with the results of the Local Search algorithm. In this investigation, the
size of the tabu list was varied between 10 and 100. The executions were made for
1000 random instances; these instances are presented in detail in subsection 2.4.1.
The results are illustrated in Figure 2.9.

Figure 2.9 (a)-(d) shows the improvement and the number of occurrences of the
di�erent improvements when Tabu Search is applied instead of Local Search. Here,
improvement means the shortening of the whole schedule's makespan (not only after
scheduling room2 but when �nishing room3, too). For example, when Tabu Search
allows the movement of operations only from the blocks of the critical path(s) and
(S1) and (S2) simpli�cations hold, then in the case of 70-80 instances, the shortening
of the makespan is 1 unit, there are also cases with 6 units of improvement, however,
in one case a worsening (increase) of the makespan with 8 units is experienced (see
Figure 2.9 (c)).
It is useful to change Local Search to Tabu Search since there are much more in-
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Figure 2.8. An example of why it can be useful to move not only the block elements
but standalone operations of a critical path, too.

stances on the positive side of all the 4 �gure-parts than on the negative side. How-
ever, in most cases, the same makespan is obtained (it means that the improvement
is 0 unit in the highest number of the 1000 cases). Since the sum of the number
of the instances presented in any �gure part is about 100-280, in the cases of the
remaining 720-900 instances, the application of both Local Search and Tabu Search
in the Improvement phase of the heuristic algorithm results in the same makespan
in the end. The improvement happens in higher number when (S1) and (S2) hold,
e.g., a tC-type operation can not precede a tB-type operation (so, there is at most
one setup per machine); however, this case results in a small increase of the number
of worse results, too. This result con�rms the assumption that in most cases, the
higher freedom in operation sequence may abduct from the optimum, it is worth to
execute tC-type operations only after the tB-type operations and to minimize the
need for setup time. Another conclusion is that if the move of any operation of
the critical path(s) is allowed (so, it is not restricted only to the block-elements)
in the Tabu Search, then a small increase in the improvement can be reached, but
the measure of worsening also can increase a lot (even 12 units of worsening of the
makespan is experienced). Finally, the �gure-parts show that tabu list size 70 gives
the best result; however, there are not high di�erences from the surrounding values.
In the case of a short tabu list, the performance decreases (most likely because it
lets frequent repetition of the same schedules), just like when the tabu list is long
(the reason for this latter case can be that the algorithm sticks in a local optimum).
The conclusion is that the best result is obtained when Tabu Search is used with
tabu list size 70 in the Improvement phase of the heuristic scheduling algorithm
instead of Local Search, the constraints regarding the operation sequence (S1) and
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Figure 2.9. Comparison of the four implemented variants of Tabu Search with Local
Search.

(S2) are kept, and only operations that are elements of a block of a critical path are
allowed to move.

2.3.1.6 Summary of the heuristic algorithm

As the heuristic algorithm's detailed presentation showed, the main idea was to
divide the initial problem into three subproblems (room1 - room2 - room3). The
subproblem of the �rst room was solved optimally by a simple greedy method. The
ready products from room1 are then transported into a virtual warehouse (the cost of
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the transportation was not dealt with in the problem). Any product was transported
as soon as it was ready.
Then the subproblem of room2 was considered. Simpli�cations were made, and the
subproblem was divided into several (n(D1) + n(D2) + 1, in case of the concrete
problem 5) subcases. A preemptive optimal solution was calculated for any subcase
(if there was at least one negative variable in a solution, that subcase was excluded
from the subsequent considerations, all the other subcases remained). Then, by
applying a rounding procedure, a rough non-preemptive solution was obtained for
the subcases. Finally, the solutions were attempted to improve by performing a
metaheuristic method. During this method, schedules had to be calculated from
the job-assignments. Afterward, the solutions of all the subcases that remained in
the competition were compared, and the best one was chosen (it was the moment
when the "chosen subcase" was determined). The ready items of room2 were also
transported from room2 into the virtual warehouse.
In room3, the assembly of the products of room1 and the products of room2 takes
place by another greedy method. As soon as a product of room1 and also a product
of room2 is ready, and a machine of room3 is free, the two parts are assembled,
resulting in a �nal product.

2.4 The e�ciency of the heuristic-aided scheduling

To analyze the e�ciency of the developed heuristic algorithm, its result has to be
compared with the real optimum of the problem on a wide variety of input values and
parameters. Exact solvers provide the optimal solution to a problem if they can solve
the problem in a reasonable time. For this purpose, the Mixed-Integer Linear Model
of the scheduling problem of this chapter was created. It is presented in Appendix H.
Instead of creating the MILP model, other approaches could also have been applied.
For example, for a CP model of the problem, the IBM ILOG CP Optimizer is
supposed to e�ciently provide a solution; applying the Optimizer's e�cient interval
variables and the related tools and functions, instead of the "traditional" arithmetic
constraints [47]. However, here, the goal is �rst to give and analyze a heuristic
algorithm, the determination of its quality, and the analysis of its interplay with
an arbitrary exact solver. Here, CPLEX was used to solve the MILP model of the
problem.
The computation time an exact solver requires increases highly with the complexity
of the problem. The search space can be narrowed with the help of the result of the
heuristic algorithm. This section shows the e�ciency of the support o�ered for the
exact solver by the developed heuristic algorithm.

2.4.1 The method of the evaluation

For getting the exact solution to the problem that is introduced in Appendix H, IBM
ILOG CPLEX 12.7.0.0 was run as the exact MILP solver. The solver requires the
time horizon T as an input value. When the time horizon is far from the optimum
of the problem, the search space is huge, and the exact solver requires unreasonable
time to �nd the optimal solution. That is why a common way to solve a complex
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problem is the support of the exact solver by a near-optimal solution (that de�nes
the time horizon), that is obtained by a much quicker algorithm, e.g., by a heuristic
method (for details, see subsection 2.1). It narrows the search space, thus decreases
the computation time signi�cantly.
Usually, when an exact solver is applied, a feasible solution is found soon.

De�nition 56. Gap: The di�erence between the objective value of the feasible so-
lution and the lower bound.

The running can be stopped if the feasible solution is satisfying (the gap is small
enough), or the solver can be enforced to close the gap completely, i.e., the execution
carries on until a proven optimal solution is found. I intended to know the optimal
solution to the problem.
When the optimum is obtained, the heuristic algorithm's quality can be judged by
comparing its output with the optimal solution. Moreover, by providing the solu-
tion obtained by the heuristic algorithm to the exact solver as its time horizon, the
question "How the performance of the exact solver can be improved by the solution
that is provided by the heuristic solver?" also can be answered for the presented
scheduling problem.
For the sake of the comparison, �ve di�erent methods are applied. In the �rst two
of them, the standalone execution of the exact solver is performed (without the help
of the heuristic solver), and the other three variants use the result of the heuristic
algorithm to help the exact solver.

Method1: starting at a coarse upper bound and decreasing it by one,
iteratively. The upper bound approach utilizes an estimation of T from above.
Using this upper bound, it is decreased one by one until there is not a feasible so-
lution. In this way, the variable space is large enough to host an optimal solution.
However, a coarse estimation leads to large instances and results in long solution
times for the MILP solver. The calculation of the coarse upper bound is presented
in Appendix I. The estimation is based on the idea that all the resources in one
room operate in parallel, but the next room's operations start only after all jobs
in the previous room are �nished. This bound can be computed directly from the
given input data in O(1), but it turned out to be rather sloppy.

Method2: starting at a coarse lower bound and increasing it by one,
iteratively. The lower bound approach estimates T from below. The calculation of
the coarse lower bound is described in Appendix I. In this estimation, an idealized
situation is considered where all machines can work in parallel in all rooms, and
there is no setup time between the processes. In general, setting up the model with
such value for T will lead to an infeasible MILP. It turned out that the solver is
quite fast in detecting this infeasibility. Then T is incremented by 1, and this whole
procedure is iterated until a feasible (thus optimal) solution is found.

Method3: starting at an upper bound that is provided by the heuristic
and decreasing it by one, iteratively. The mixed-integer model is set up with a
time horizon of T heu = makespan(W ), where makespan(W ) is the makespan of the
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solution that is provided by the heuristic algorithm for the problem, whose process
set is W (see the notations that are introduced in Appendix B). So, the exact solver
gets the feasible solution provided by the heuristic solver as a starter. Then, this
upper bound is decreased by one, iteratively, and the solver stops when no feasible
solution is found. The last feasible solution is optimum.

Method4: starting at an upper bound that is the result of the heuristic
minus 1 and decreasing it by one, iteratively. In this upper bound approach,
the time horizon is set to be T heu-1 = makespan(W ) − 1, where makespan(W ) is
the makespan of the solution that is provided by the heuristic algorithm for the
problem, whose process set is W (see the notations that are introduced in Appendix
B). In this approach, it can happen that no feasible solution is found in the �rst step;
it means that the solution provided by the heuristic solver is optimal (this method
further reduces the burden for the MILP solver). Otherwise - like in the other upper
bound approaches - the upper bound is decreased by one, iteratively, until optimality.

Method5: starting at a coarse lower bound and applying logarithmic
search in the interval bounded by the result of the heuristic from the up-
per side. This is a variant of the lower bound approach: instead of increasing the
lower bound of the exact solver by one, iteratively, starting at the initial coarse lower
bound and stop when a feasible solution is found (like it was done in Method2), the
increase of the lower bound is done by a logarithmic step size (getting T lblog), i.e.,
taking into account the makespan of the result of the heuristic solver as an upper
bound.

The role of both the upper bound and the lower bound is the estimation of the
exact solver's time horizon. The approach of the optimal solution's T value is started
from their value. Of course, these estimations do not in�uence the value of the �nal
solution (the optimum), but they signi�cantly in�uence the required computations,
and thus, on the speed of the exact solver.

To analyze of the quality and the supporting capabilities of the result of the
heuristic algorithm, a test set of 1000 random instances was generated. Their pa-
rameters were chosen according to a uniform distribution over the integers in the
intervals shown in Table 2.1.

2.4.2 The results of the evaluation

First, both the heuristic algorithm and the exact solver were separately executed for
the 1000 random instances. Figure 2.10 illustrates the comparison of their results,
where the makespan obtained by the heuristic solver is drawn by blue color, and the
optimal makespan resulted by the exact solver is shown by red color. The makespan
is illustrated on the �gure's vertical axis, and the index of the instance is shown
on the vertical axis after the 1000 random instances were ordered on their optimal
makespan into an increasing sequence.
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Table 2.1. Intervals for random data.
name interval name in the MILP model constraints
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Figure 2.10. The comparison of the makespans obtained by the heuristic (blue) and
the exact solver (red) for the 1000 random test instances.

Based on the �gure, an interesting fact can be noticed. Consider the intervals
where the change of the optimal makespan of the successive instances is close to
zero (instances 305-365 and instances 685-889). Here, the heuristic solution was
almost always optimal. This is not the case in other instances. Let the remaining
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instances be separated into three parts: the �rst part is where the instance's index
is at most 304, part 2 is in the middle section, where the indexes are between 366
and 684, while the third part is where the indexes are higher than 889. For these
parts, the slope of the graph of the optimal makespan signi�cantly di�ers from 0.
The heuristic scheduler performed the worst in the �rst part; it is much better in
the middle part and almost optimal in the third part. Its reason can be that the
heuristic algorithm cannot correct a prior wrong decision if the optimal makespan
is relatively small. When the makespan is relatively high (its reason can be the
higher number of desired products), the heuristic scheduler has some opportunity
to correct the wrong decisions later.

Figure 2.11 shows the number of the instances as the function of their relative
error (the di�erence between the makespan obtained by the heuristic solver and
the makespan of the optimal solution is divided by the makespan of the optimal
solution). It can be seen that in about half of the cases, the heuristic solver found
the optimum, and in 80% of the cases, the relative error is at most 2%. Moreover,
the relative error is at most 5% in 95% of the cases. Based on these results, it can
be stated that the heuristic algorithm is e�cient.

Figure 2.11. Relative error distribution of the heuristic scheduler. Horizontal axis:
relative error (x) of the heuristic solver, vertical axis: number of the cases.

Besides the quality of the heuristic solver's solution, the speed of the algorithm
related to the exact solver was analyzed, too. The heuristic solver's computation
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time was short: 2 minutes for the 1, 000 instances (including the generation of the
output text �le that contained the solution - later, it was used by the exact solver).
That means 0.12 seconds for one instance on average. The exact solver's calculation
usually took more time: there were cases when 10, 000 seconds were not enough for
scheduling one instance.

During the analysis of the e�ciency of the support that the heuristic solver
can give to the exact solver, the exact solver's computation times - applying the
methods introduced in subsection 2.4.1 - are compared. It has to be noted that
a 10, 000 seconds time limit was applied: in all the illustrated cases, the 10, 000
seconds computation time means that in those cases, the exact solver did not �nd
the optimum in 10, 000 seconds. The calculations were run on a 2014 MacBookPro
with a 2.8 GHz Intel Core i7 CPU and 16 GB 1600 MHz DDR3 RAM. In Figure
2.12, the horizontal axis shows the computation time (in seconds) required by the
exact solver with the upper bound that was set to be the makespan obtained by the
heuristic solver (Method3). The vertical axis represents the exact solver's runtime
with the coarse lower bound approach (Method2). Points above the red line mean
that the CPLEX with the aid of the heuristic solver's result beats the coarse lower
bound method, and points below the red line are those where the coarse lower
bound based method is better. As the �gure shows, the heuristic solver's result can
be closer to the optimum than the coarse lower bound - especially in the cases with
lower runtime. (The correlation of the runtime of the two methods �ts the best onto
the function y = 104.9 ∗ x0.2805, where x is the runtime of Method3 and y is the
runtime of Method2. It means that for x < 643, Method3 works faster on average.)

Figure 2.12. Comparison of computation time required by Method3 (heuristic-aided)
and Method2 (coarse lower bound) approaches.

In judging whetherMethod3 (the makespan obtained by the heuristic solver was
set as the upper bound of the exact solver, then going down step-by-step) orMethod4
(the makespan obtained by the heuristic solver minus 1 was set as the upper bound
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of the exact solver, then going down step-by-step) works quicker, Figure 2.13 helps.
This �gure shows the correlation between the run of Method4 (on the horizontal
axis) and Method3 (on the vertical axis) on a double-logarithmic scale. A good �t
is the function y = 1.1424 ∗ x0.9769. This function returns the average expected time
y for the "makespan-aided run" (that is, CPLEX using the result of the heuristic
solver as the starter), given the time for the "'makespan minus 1'-aided run" as x.
For x < 300, Method4 works faster; for x > 300, Method3 is quicker. From the
experiments, it is concluded that there is no signi�cant di�erence between them. Its
reason can be that the heuristic scheduler found the optimum often.

Figure 2.13. Comparison of computation time required by Method4 ("'makespan
minus 1'-aided") and Method3 ("makespan-aided") approaches.

The applied lower bound approaches also were compared. Figure 2.14 shows the
computation time required by Method5 (the strategy where the lower bound was
incremented by a logarithmic step size) compared to the computation time required
by the simple one-by-one increasing method (Method2). The runtime ofMethod5 is
illustrated on the vertical axis, while the horizontal axis represents the computation
time required byMethod2. The Figure expresses that - as it was expected - it makes
sense to apply the logarithmic step size instead of step size 1 in the increase of the
lower bound. It means that the makespan of the schedule provided by the heuristic
algorithm is closer to the optimum than the coarse lower bound since in the method
that uses logarithmic step size, the application of the result obtained by the heuristic
solver is included.

The vertical axis of Figure 2.15 shows the computation time forMethod3 (where
the makespan obtained by the heuristic solver was set as the upper bound of the
exact solver) and the runtime of Method5 (the strategy where the lower bound was
incremented by a logarithmic step size) is illustrated on the horizontal axis. As one
could expect, the logarithmic search beats Method3, too.

When comparing the results obtained by Method3 (the makespan obtained by
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Figure 2.14. Comparison of computation time required by Method2 (lower bound
with "one-by-one increment") and Method5 (lower bound with "logarithmic incre-
ment") approaches.

Figure 2.15. Comparison of computation time required by Method5 (lower bound
with "logarithmic increment") and Method3 (upper bound by the makespan resulted
by the heuristic solver) approaches.

the heuristic solver was set as the upper bound of the exact solver, then going down
step-by-step) with the results obtained by Method1 (when the exact solver was
started at a coarse upper bound and the time horizon was decreased one-by-one), of
course, Method1 requires at least as much computation time as Method3, for every
instance.
Finally, it also can be observed in Figure 2.12 and Figure 2.15 - bordered by the
broken lines - that in case of short computation times, the heuristic-aided exact
solver (where the heuristic algorithm provides the upper bound) performs better
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than the exact solver started from a coarse lower bound, however, the logarithmic
search case (also started from the coarse lower bound) beats the exact solver that
starts from the upper bound provided by the heuristic algorithm. Of course - as
it was mentioned earlier - the heuristic algorithm also has a role in the logarithmic
search case.

2.5 The contribution of this chapter

The contribution of this chapter has three main parts: (1) it suggests an approach
for solving a scheduling problem by a heuristic, (2) it gives the quality of the devel-
oped heuristic in case of a concrete problem, and (3) it determines the e�ciency of
the heuristic in aiding an exact solver in case of the concrete problem.
It was experienced that the separation of the initial problem into smaller subprob-
lems and the heuristic algorithm that was applied on the not trivial subproblem
combining the following steps:

• exclusion of setup times if possible,

• pick an appropriate subcase,

• creation of a preemptive solution,

• rounding,

• improvement,

were able to support the exact solver signi�cantly. It can be seen that the smart
combination of the heuristic method and the exact solver is very e�cient and fast.

2.5.1 The concerned problem class and the e�ciency of the
applied method

The presented approach can be applied for any scheduling problem that has the
following properties:

• there is a prede�ned arbitrary set of resources; each resource can perform at
most two di�erent operation types (this constraint is because of the applied
simpli�cations),

• there is a prede�ned arbitrary set of operations,

• there is a prede�ned arbitrary set of processes, each of them can be described
by an acyclic directed graph (allowing forks and joins) where each node is an
operation,

• any process can be performed several times (mass production is assumed),

• the operation time depends on both the operation and the applied resource,

• operations are uninterruptable,
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• for any operation, there is a non-empty subset of the resources that contains
machines that can perform the operation,

• for each operation, exactly one resource is assigned,

• setup time can be applied,

• operation times, setup times, and the number of the required products (the
number of the execution for any process) can be arbitrary,

• the goal is the minimization of the makespan.

After dividing the initial problem into subproblems, the presented steps of the heuris-
tic scheduler can be applied. However, the investigation of the separability of com-
plex work�ow systems and the separation method into smaller sub-problems is not
trivial. It requires further research. Brie�y, the presented heuristic can be applied
to any scheduling problem that can be described by the problem model of Appendix
B and keeps the following constraints: (1) any resource can perform at most two
di�erent operation types, (2) there is no transportation operation in the process,
where the resource has to go back to its initial place after performing the operation
(the dur() and durRe() functions of the model of Appendix B are identical) and (3)
the problem is separable.
The e�ciency of the heuristic was investigated for one model structure (see in Fig-
ure 2.2) through 1000 di�erent parameter settings. The relative error was 0.37% in
general (averaging the relative error for the 1000 random instances, based on Figure
2.11), and the computation time was signi�cantly short, related to the exact solver.
Finally, the heuristic algorithm's result was able to help the exact solver e�ciently
by reducing the computation time required to �nd the optimum (see subsection
2.4.2).
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Chapter 3

Presentation of the Genetic
Scheduler

In this chapter, a genetic algorithm is presented and analyzed that was created
for solving an extended variant of the scheduling problem of the previous chapter.
Thus, the problem of this chapter is more complex than the problem of the previous
chapter.

3.1 The extended problem model

The extension means longer processes that include additional operations. These
operations are transportation tasks that are performed by special means of trans-
portation. These resources change their places/positions, and after a transportation
resource �nishes an operation, it has to get back to its start place/position before
it can begin a new operation. It requires setup time; however, this setup time is
applied after each operation of a transportation resource, contrary to another kind
of setup time applied in the model. This latter kind of setup time - which was also
part of the previous chapter's model, is an "operation sequence"-dependent setup
time. In the followings, the phrase "setup time" is applied only to the "operation
sequence"-dependent setup time, and the transportation-related setup time is re-
ferred to in another way (e.g., "the duration after a resource is ready again") for the
sake of being able to distinguish the two phenomenons.
The problem of this chapter is illustrated in Figure 3.1. A transportation opera-
tion is inserted between each successive operation of the previous chapter's problem
and besides both to the beginning and the end of each process. Each transporta-
tion operation has its own machine type, and one (half-ready) product belongs to
each transport (like, e.g., in the case of robotic arms). Moreover, there is only one
resource of each transportation resource type. The other features of the problem
remain, and the objective is still to �nd the schedule with minimum makespan.

The problem is still an extended FJSP problem with multi-purpose machines
that realizes mass production. The model of the problem contains assembly oper-
ations and allows the operations of the same job to be processed in parallel. All
the comparisons with the model of other scienti�c papers presented at the end of
subsection 2.2 are valid here, too.

44



Figure 3.1. The production processes, the resource set, and the resource allocation
possibilities of the extended scheduling problem.

Appendix J contains the formal description of this problem, using the notations of
Appendix B.
I developed a genetic algorithm (GA) to solve this scheduling problem. The setting of
the parameters of the algorithm was performed on a problem variant with predeter-
mined parameter values. After that, the e�ciency of the algorithm was investigated
on random parameter valued variants of the problem. The obtained results were
compared with other approaches' results (coarse lower bound and simulated anneal-
ing). The algorithm and the results were published in [90]. The e�ciency of the
GA was investigated on some benchmark FJSP problems. Because of the speci�city
of this thesis's problem, the benchmark problems from the scienti�c literature lack
some properties that the GA can handle. Contrary to the benchmark problems, the
GA was developed to solve mass production problems and can handle processes that
contain parallel branches, deals with transportation operation and setup time, too.

3.2 Genetic algorithms, genetic operators

In this chapter, a genetic algorithm is presented that was developed to solve the com-
plex scheduling problem of subsection 3.1. Here, the simpli�cations of the heuristic
algorithm of Chapter 2 are released, and a popular metaheuristic method - a genetic
algorithm - was chosen to solve the problem. Both the elements and the parameters
of the GA were developed for this special problem.
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The structure and the operation of a general GA were presented in subsection 1.3.2.
A GA maintains a pool of solutions and - starting from an initial population - the
next population's instances are created from the selected elements of the current
population. It is done from generation to generation, applying genetic operators
until the termination condition is not met. The selection and the genetic operators
have to ensure improvement and genetic diversity. In the literature, several di�erent
realizations can be found, even for scheduling problems.

Solution representation: encoding/decoding

In some common encoding methods of genetic algorithms, a sequence of numbers is
matched with each solution [138].

De�nition 57. Binary encoding: A solution is encoded by a bit string, where each
position (a gene of the chromosome) represents a particular characteristic of the
problem.

In binary encoding, one bit usually de�nes the presence or absence of the property
encoded by this position (e.g., in the case of the knapsack problem, a bit expresses
if the corresponding object is in the knapsack). As a signi�cant advantage, it is
easy to develop genetic operators for binary encoding. In problems where binary
numbers can not characterize the problem well, value encoding is a popular choice.

De�nition 58. Value encoding: A modi�cation of binary encoding, where each
solution is encoded by a string of some values instead of a binary number. Here,
values can be, e.g., integers, real numbers, characters, objects, etc.

In value encoding, the set of values can be chosen that suits the problem the
best. However, this encoding requires the development of speci�c genetic operators.
Ordering problems prefer permutation encoding to binary or value encoding.

De�nition 59. Permutation encoding: A string of numbers encodes each solution,
and the order of these numbers determines the sequencing property of the problem.

For example, in the Travelling Salesman Problem, a number is assigned to each
city to be visited - in a bijective way -, and their order in the chromosome determines
the sequence of cities on the path of the salesman. Permutation encoding also has
its common genetic operators that maintain the feasibility of the instances.

In project scheduling, especially in FJSP, the presented methods of encoding
are often mixed. In [139], four di�erent chromosome representations for FJSP are
compared. Since the problem can be divided into two subproblems (resource al-
location and sequencing), some papers encode the two subproblems separately. In
[88, 89, 140], a solution is encoded by two strings: OS string and MS string.

De�nition 60. OS (Operation Sequence) string: A string that is built up by numbers
that are indexes of the processes of the problem. The OS string's length is equal to
the sum of the number of operations of all processes of the problem. Each process's
index appears in the OS string as many times as many operations the process has.
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The kth appearance of a process index refers to the kth operation of this process.
By reading left to right, the OS string determines the sequence of the operations to
schedule.

Any permutations of an OS string (together with an MS string) represents a
feasible schedule. OS string is an example of permutation encoding.

De�nition 61. MS (Machine Selection) string: Determines the assigned machine
for each operation of the problem. The length of the MS string is equal to the sum
of the number of operations of all processes of the problem. Each position of the
string represents an operation. Their sequence follows an increasing order on the
process index and the sequence of the operations within the process (e.g., if the �rst
process has k operations, then the �rst k positions of the MS string represent the
�rst process's operations). The value of each element of an MS string is equal to an
index of the vector of the resources that can perform the operation that is represented
by the position.

MS string is an example of value encoding. To decode a pair of an OS string
and an MS string, a greedy algorithm is applied. Based on the sequence de�ned
by the OS string, each operation is scheduled to the earliest time on the resource
that is de�ned for it by the MS string in such a way that (1) the start time of the
operation is not earlier than the end time of its preceding operation in the process
and (2) the time interval occupied by the operation on its machine does not collide
with another operation's time interval that was previously reserved on this resource.
An example for encoding and decoding based on MS string and OS string is shown
in Figure 3.2.

Figure 3.2. Encoding and decoding by OS string and MS string.

It is important to note that both the OS string and the MS string presumes a
de�ned and unambiguous order of the operations for each process.
Kacem et al. [141] propose task sequencing list representation.

De�nition 62. Task sequencing list: A string of triples that encodes a schedule. The
length of the string is equal to the sum of the number of operations of all processes
of the problem. Each triple represents a scheduled operation, ordered by their start
time (operations with the same start time are ordered on their process index). In
an (i, j, k) triple, i is the index of the process of the operation, j is the index of the
operation within its process, and k is the index of the assigned resource.
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Based on the de�nition, the task sequencing list applies value encoding mixed
with permutation encoding. For example, the task sequencing list of the schedule
of Figure 3.2 is illustrated in Figure 3.3.

Figure 3.3. Task sequencing list of the schedule of Figure 3.2.

The decoding of a task sequencing list follows the same way as in the case of
OS string and MS string (because a task sequencing list expresses both operation
sequence and machine allocation). Since the second element of triples is the index of
the operation within its process, task sequencing list representation also presumes
a prede�ned ordered sequence of a process's operations.
The most straightforward representation of a schedule is a two-dimensional data
structure, where the resources are listed in the �rst dimension and the second di-
mension expresses the time. The scheduled operations are placed into this data
structure. In the GA of [51], chromosomes are schedules. This is the most direct
mapping of a schedule; however, it is di�cult to design genetic operators for this
representation because of its complexity.

Selection and �tness value

There are several di�erent methods for selecting instances from a generation to
recombine them and create new instances of the next generation. Usually, the
probability of choosing an instance for crossover depends on its �tness value. Fitness
value characterizes the quality of the instance. In the case of FJSP, the �tness value
is often determined by the makespan: a better instance has a lower makespan.
However, in the case of multi-purpose scheduling problems, additional goals can
exist, too, like balancing the load of the resources, the minimization of earliness
or tardiness, etc. When the probability of choosing an instance is desired to be
proportional with its �tness value, roulette wheel selection is used often.

De�nition 63. Roulette wheel selection: The probability of choosing an instance -
that has �tness value fi - from an n-sized pool is fi∑n

j=1 fj
.

One variant of roulette wheel selection is linear ranking.

De�nition 64. Linear ranking: The instances of the n-sized population are ordered
on their �tness value in an increasing sequence. The natural numbers from 1 to n
are assigned to them, respectively, so the ith instance's rank is ri = i. The probability
of choosing the instance that has a rank with the value ri is 2∗ri

n∗(n+1)
.

If the scaling of the instances' �tness values is problematic, tournament selection
is also a popular choice for selection.

De�nition 65. Tournament selection: In each tournament, the instance with the
best �tness value is chosen from a subset of the instances.
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Zhang et al. [88] applies tournament selection and compares three randomly
chosen instances in each tournament, while [89] mixes tournament selection with
elitism. In the paper of Pezzella et al. [142], the binary tournament gave better
results than the n-size tournament and linear ranking. After obtaining the selected
instances, they are recombined.

Crossover

Genetic operators - crossover and mutation - depend on solution encoding. When
binary or value encoding is applied, the most common crossover methods are single-
point crossover, two- (or k-)point crossover, and uniform crossover [143]. Figure 3.4
gives an example for them.

De�nition 66. Single-point crossover: Within the length of a chromosome, a point
is picked randomly. The two children are designed by swapping those genes of the
two parents that are to the right of that point.

De�nition 67. k-point crossover: Within the length of a chromosome, k points
are picked randomly. These points cut both parents into k + 1 segments. The two
children are obtained by swapping every second segment of the parents.

De�nition 68. Uniform crossover: Each gene of the child is chosen from either
parent with equal probability.

Figure 3.4. Single-point crossover, two-point crossover, and uniform crossover.

Because MS string uses value encoding, the crossover stage of GA in [88] applies
half-part two-point crossover and half-part uniform crossover for the recombination
of MS strings. In the case of permutation encoding, these methods often would not
result in a feasible solution. Several precedence-preserving crossover methods were
developed. Two of them are precedence preserving order-based crossover (POX) and
job-based crossover (JBX), see Figure 3.5.

De�nition 69. Precedence-preserving order-based crossover (POX): The set of pro-
cesses are divided into two groups (W1 and W2). The genes of the �rst parent that
belong to W1 are copied into the same position of the �rst child as it was in the par-
ent. The second parent's genes that belong to W1 are copied into the same position
of the second child as it was in the second parent. Then, the genes of the �rst parent
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that belong to W2 are copied into the remaining positions of the second child, and
the second parent's genes that belong to W2 are copied into the remaining positions
of the �rst child, keeping their sequence.

De�nition 70. Job-based crossover (JBX): The set of processes are divided into
two groups (W1 and W2). The genes of the �rst parent that belong to W1 are copied
into the same position of the �rst child as it was in the parent. The second parent's
genes that belong to W2 are copied into the same position of the second child as it
was in the second parent. Then, the genes of the �rst parent that belong to W1 are
copied into the remaining positions of the second child, and the second parent's genes
that belong to W2 are copied into the remaining positions of the �rst child, keeping
their sequence.

Figure 3.5. POX crossover and JBX crossover.

Both of them are applied to recombine OS strings in [89]. In [142] - where the
representation is task sequencing list - also POX is applied, expanded by a simple
assignment crossover that is a uniform crossover on parts of the task sequencing
list's objects.
When more complex encoding is applied, a special crossover operator has to be
de�ned. For example, Kis - who applied schedules as chromosomes - designs a
master/apprentice-based crossover in [51] that focuses on or-subgraphs' critical op-
erations.

Mutation

The mutation genetic operator also depends on the chosen encoding. When binary
encoding or value encoding is used, mutation is usually realized by the change of the
chromosome's selected genes. In the case of binary encoding, it means the inversion
of the selected bit(s), while in value encoding, the new value is chosen from the set of
the allowed values. In the latter case, the selection can follow a certain probability
distribution, or one bound of the interval of the allowed values can be selected. For
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MS string, this mutation is well applicable: [89] changes the value in half of each MS
string's positions to the index of a random alternative machine for the corresponding
operation. In [88], the new value selection is made in a driven way: instead of a
random method, the machine with the shortest processing time is selected. This
method is improved in [142], where the gene that represents the machine with the
maximum workload is chosen as the gene to change.
For getting a feasible outcome, the mutation of a permutation encoded solution is
di�erent. In those cases, the swap of the values of two positions or the move of
a value is the most common method. To mutate the OS string, [142] applies the
move operation, and [88] uses swap. In the GA of Li and Gao [89], the swap is
mixed with neighbourhood mutation for OS strings. Their neighbourhood mutation
selects three genes with di�erent values, creates all neighbours of the chromosome
by permutating the three values, and chooses one random neighbour as the outcome
of the mutation.

Other important features of a GA

The creation of the initial generation

The instances of the initial generation can be generated randomly (e.g., [89] �lls the
initial population with instances that have both random MS strings and random OS
strings); however, Shahryar et al. [144] showed that the initial population in�uences
both the convergence speed of the algorithm and the quality of the �nal solution
signi�cantly. That is why several researchers �ll the �rst generation of their GA in
a driven way, also with good quality instances that can be obtained quickly. Zhang
et al. [88] start with a generation that is populated by random instances in 10%, by
instances obtained by their global selection method in 60%, and the remaining 30%
of the population is �lled with instances that are the result of their local selection
method. In global selection, they allocate the machine with minimum processing
time to an operation, while in the case of local selection, they choose the resource
with minimum processing time per job. In [141, 142], the processing times and the
machines' workload are taken into account in the creation of the initial population.
To get di�erent initial assignments in di�erent runs, they also permute the jobs and
the machines randomly. The ideas for getting an e�ective initial population vary on
a large scale and highly depend on the problem.

Parameters of the algorithm

Besides the chosen encoding and the design of the genetic operators, the values of
di�erent parameters also signi�cantly impact the behaviour of the algorithm. Such
parameters are, e.g., the size of the population, the crossover rate, and the mutation
rate.

Termination condition

The run of a GA usually stops when (1) the prede�ned number of generation is
reached, or (2) the optimal or a good enough solution is found (it necessitates
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the known optimum), or (3) when the improvement decreases under a prede�ned
threshold for generations. These conditions can also be combined.

3.3 My Genetic Algorithm

This section presents the design of the elements of the genetic algorithm that was
developed to solve the problem of section 3.1.

The applied encoding

For chromosome representation, a two-dimensional data structure was chosen: the
resources are listed in the �rst dimension, and the second dimension is the ordered
sequence of the operations assigned to the certain resource. The reason for this choice
is that more compact encodings (like, e.g., OS string/MS string or task sequencing
list, see subsection 3.2) require a prede�ned sequence of all the operations for each
process. Here, because of the model processes' and-subgraphs (see Figure 3.1), the
sequence of the operations of a process is not prede�ned, e.g., the operation sequence
of the second process model can be either tA− tB− tC or tB− tA− tC or tB− tC− tA,
regarding the types of the operations.
Figure 3.6 shows an example for the applied chromosome representation, for the
sake of simplicity with only two processes (n(p1) = n(p2) = 1, the process of each
operation is marked after the operation type in parentheses, and the two processes
are di�erentiated with the used colors, too).

Figure 3.6. An example of the applied encoding.

This representation includes only sequences; it deals with neither exact timing
data nor task duration.
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Instance creation and the initial population

Each instance of the initial population is created randomly, applying the following
steps:

Step 1. If there is at least one unscheduled work�ow (wi) in the set of work-
�ows (W ), select one of them randomly. Otherwise, STOP.
Step 2. For each operation of the selected work�ow, do:
Step 2.1. Collect all the resources that are capable of carrying out the operation.
It results set R+. (Following the notations of Appendix B and considering operation
ti,j, R+ = {ri ∈ R|capable(RT (ri), TT (ti,j)) = 1}).
Step 2.2. Select one random element (resource) from resource set R+.
Step 2.3. Select a random feasible position in the operation sequence of the selected
resource.
Step 2.4. Insert the operation into the selected position.
Step 3. GOTO Step 1.

The concept of "feasible position" used in Step 2.3 has to be explained in more
detail. If the feasibility is not checked during the insertion of an operation, there
may be cases when the timing of the operations is impossible. It happens when
the union of the directed graphs of the work�ows' successive operations and the
directed graphs of the successive operations of the resources contains a loop. Here,
this problem is called "time-loop". The source of the problem can be either the
infeasible sequence of the operations of a work�ow on one machine (Figure 3.7)
or the infeasible sequence of multiple processes' operations on multiple resources
(Figure 3.8).

Figure 3.7. Time-loop related to one work�ow and one resource.

An operation ti,j of a process must not be inserted after an operation ti,k in the
ordered operation sequence of a resource if ti,k is later operation than ti,j in the
partially ordered operation sequence of the same process (using the notations of
Appendix B, ti,j ∈ allPre(ti,k)). Otherwise, from the point of view of the resource,
operation ti,k should be performed before operation ti,j, and - from the aspect of the
operation order of the work�ow - operation ti,j should be performed before operation
ti,k. This infeasible sequence is illustrated in Figure 3.7.
In case of careless operation insertion, a more complex infeasible sequence can be
obtained that spreads over multiple resources. Two examples for them are illustrated
in Figure 3.8. The timing of the operations of infeasible solutions is impossible. That
is why the concept of "feasible position" in Step 2.3 is critical. The selected position's
feasibility is checked recursively, taking into account the operation sequence both in
processes and on the resources.
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Figure 3.8. Time-loops related to multiple work�ows and multiple resources.

The initial population is �lled up with random, feasible instances. One parameter
of the algorithm predetermines the size of the GA's population. It has to be noted
that every genetic operator is constructed so that it produces feasible instance(s).
It means that all the instances are feasible, not only in the initial population but
also in every further generation.

The �tness value and the timing of the operations

The objective of the developed GA is to �nd the schedule with the minimum
makespan. Selection also necessitates the quali�cation of the instances. The lower
makespan an instance has, the better it is. Based on these requirements, the inverse
of the makespan is chosen to be the �tness value.
The determination of the makespan (and thus, the �tness value) of an instance
requires the timing of each of its operations. The timing is based on:

• the instance that is an ordered sequence of operations for each resource,

• the work�ows' model that orders the operations of the work�ows partially,

• the operation time for each allocated operation,

• the duration of the return that a transportation resource needs after it �nished
an operation to start a new one,

• and the "operation sequence"-dependent setup times of the other type of re-
sources.

Timing applies the following principles:

• Each operation has to be started as early as possible.

• An operation can not be started until its direct prior operation in the operation-
queue of its resource is not �nished, and the resource has not been transferred
to the state in which it is ready to start a new operation.
(Applying Appendix B's notations and considering the subsequent ti,j and
tk,l operations on resource X(ti,j), it means that start(tk,l) ≥ start(ti,j) +
durRe(TT (ti,j), RT (X(ti,j))) + setup(X(ti,j), TT (ti,j), TT (tk,l)); of course
X(ti,j) ≡ X(tk,l).)
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• An operation can be started only after all of its prior operations in its process
have �nished.
(Formally, based on the notations of Appendix B,
start(ti,j) ≥ end(ti,k), ∀ti,j, ti,k ∈ Ti, where ti,k ∈ allPre(ti,j).)

These principles result in a greedy algorithm for scheduling. After the creation
of the schedule, its makespan and �tness value can be determined.
(Following the notations of Appendix B, makespan(W ) = max

ti,j∈T
end(ti,j), and the

instance's �tness value is 1
makespan(W )

.)

The derivation of the further generations

Starting from the initial population, the next generations' instances are derived by
three di�erent methods/genetic operators: elitism, crossover, and mutation. As
usual (when a GA is developed), two objectives were kept in mind when the applied
genetic operators were designed: (1) to �nd the schedule with the maximum �tness
value (so, the good instances should be kept and the worse instances should be
rejected) and (2) to explore the search space to prevent getting stuck in a local
optimum.

Elitism

My GA contains two elitism-related parameters:

• the percentage of the instances of a generation that are obtained by elitism
(this value is constant, regarding the generations of the GA),

• and a logical value that shows whether an elite instance can be reselected when
the remaining part of the new generation is created (actually, this parameter
determines whether the elites are copied or moved from a generation to the
next generation before all other genetic operations are applied on the instances
of the earlier generation to create the new instances of the new generation).

Crossover and selection

The solution encoding used in the developed GA does not make the use of the com-
mon, simple crossover methods possible. A special crossover operator was developed
that can be controlled through several variables. After applying elitism, the new
generation's missing part is populated by random instances of the previous gener-
ation. One parameter - described in the latest subsection - controls whether elites
can be reselected in this phase. Then, another parameter is used that shows the
probability of applying crossover between the instances of a (half-ready) generation.
Based on this parameter's value, a binary decision is made for each generation, sep-
arately, one-by-one. If the crossover is applied in a generation, another parameter
shows the percentage of the new generation's instances created by crossover.
The basic variant of the GA randomly selects the instances that are intended to
be recombined. This random selection is changed later; see subsection 3.6. Each
instance that is created by crossover is the result of the following steps:
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Step 1. Select two di�erent instances randomly from the new (half-ready)
generation (parent1 and parent2).

Step 2. A parameter of the algorithm determines what percentage of the work-
�ows are inherited from parent1 (the remaining part origins from parent2).
Based on the value of this parameter:

Step 2.1. Select randomly as many processes from parent1 as the value of
the parameter indicates.

Step 2.2. Create a new instance where the resource assignment for each
operation of the selected work�ows is the same as in parent1. The sequence of
the operations is random, on the condition that it results in a feasible instance
(using the same feasibility check during the operation insertion as that of the
initial population creation step).

Step 2.3. The resource assignment of the operations of the remaining work-
�ows is the same as in parent2. The sequence of the operations is also random,
taking care of obtaining a feasible instance.

Finally, randomly chosen instances of the (half-ready) new generation are re-
placed with the resulted children. Because crossover is applied to the instances
of the new generation, a parameter was introduced that determines whether the
instances selected by elitism can be replaced with the results of crossover or not
(originally, GAs operate like this GA with false value for this parameter).

Mutation

The developed GA also has a global parameter for mutation, which gives the prob-
ability of applying mutation for a generation. Based on its value, a binary decision
is made for each generation, separately, one-by-one. It means that there may exist
generations whose instances are not in�uenced by mutation genetic operation at all.
Another parameter shows the probability of mutation per instance. It has to be
taken into account if the mutation is applied to a certain generation. In this GA,
mutation means the execution of the following steps on the instance that is intended
to be mutated:

Step 1. Select one process from the model of the problem randomly.

Step 2. Delete every operation of the selected process from the instance.

Step 3. Do the following steps for each operation of the selected process:

Step 3.1. Collect the resources that can carry out the operation.

Step 3.2. Select randomly one from these resources.

Step 3.3. Insert the operation into a random, feasible position of the operation
sequence of the selected resource.
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The GA has a parameter that shows whether an elite can be mutated or not
(usually, GAs operate like this algorithm with true value for this parameter).

The next generation is �nalized after applying these steps (elitism, crossover,
and mutation). The size of the population remains unchained during the whole
execution of the algorithm.

Termination condition

My GA stops when it reaches a prede�ned number of generations.

3.4 Parameter values of the Genetic Scheduler and

computational results

This section presents the computational results for the previously introduced prob-
lem obtained by the developed genetic scheduler. For �nding a good solution ef-
�ciently, the appropriate setting of the parameters of the algorithm is necessary.
The search for the e�ective values of the genetic operator related parameters was
started from the values suggested by Pongcharoen et al. [2]. Because the problem
of this thesis di�ers from their problem, their proposed values have to be adjusted
to �nd the appropriate ones. After �nding the parameter values for a �xed input
problem, the genetic scheduler's behaviour is investigated on a random input set,
where both the number of products and the operation times are chosen randomly
from a predetermined interval.
In both cases (deterministic and random input), the following algorithm-speci�c
parameter settings are applied:

• The number of the generations: 400

• The percentage of elites in a population: 20%

• The probability of applying crossover on a generation: 100%

• The percentage of the processes that originate from the �rst parent in the
crossover: 50%

• The probability of applying mutation on a generation: 100%

• Crossover and mutation cannot rewrite the instances that were resulted from
elitism.

3.4.1 Genetic operator related parameter values for the de-
terministic problem

This subsection presents the way to �nd the appropriate values of the population
size, the crossover rate, and the mutation rate of the genetic algorithm when the
problem's parameters are �xed. The product numbers are: n(p1) = 15, n(p2) = 20.
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Table 3.1. Fixed and random operation times of the problem.
Resource(s) Operation type Operation time Duration of the comeback

of the transportation resource

Fixed Random Fixed Random

r1, r2, r3 tB 6 [4,8] - -
r1, r2, r3 tC 10 [8,12] - -
r4 tB 10 [8,12] - -
r4 tC 6 [4,8] - -
r5, r6 tA 6 [4,8] - -
r7, r8 tD 4 [3,5] - -
r9 tF 3 [2,4] 3 2*(the selected op.time)
r10 tE 5 [3,7] 5 2*(the selected op.time)
r11 tH 3 [2,4] 3 2*(the selected op.time)
r12 tI 5 [3,7] 5 2*(the selected op.time)
r13 tG 4 [3,5] 4 2*(the selected op.time)
r14 tJ 3 [2,4] 3 2*(the selected op.time)
r15 tK 4 [3,5] 4 2*(the selected op.time)

The setup time on r1, r2 and r3 machines is 5 time units, and on machine r4, it
is 6 time units (both switching from a tB-type operation to a tC-type operation
and vice versa). The �xed operation time of all machine-operation pairs and the
�xed duration that a transportation resource needs to start a new operation after
�nishing a previous task are indicated in Table 3.1. Appendix K presents these
input parameter settings regarding the notations of Appendix B.

First, the algorithm's parameters were set to the values suggested by [2] for their
problem. These are:

• The percentage of the instances of a generation that origin from crossover:
70%

• The probability of applying mutation on an instance: 18%

• The size of the population: 60.

Figure 3.9 shows the average of the minimum, the average, and the maximum
makespans of 50-sized generation groups for one run of the GA with these set-
tings (10 di�erent runs of the genetic algorithm are illustrated - with one generation
resolution - in Appendix L.1). It can be seen that the big generation number is
reasonable since there are improvements even in the latest generations. The compu-
tation takes a quite long time: 422-436 minutes for the 400 generations on a Fujitsu
Lifebook with a 1.7 GHz Intel Core i5 CPU and 8 GB RAM.

While analyzing the impact of the values of population size, crossover rate, and
mutation rate on the GA's e�ciency, the number of the generations was �xed to 400,
and the 3 examined parameters were changed independently from each other. First,
the size of the population (ps) was varied between 10 and 150, and the algorithm
was executed 5 times for each value. The results are shown in Table 3.2. The
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Figure 3.9. Computational results of the unaided genetic algorithm - with the genetic
operator related parameter values suggested by [2] - for the deterministic problem.

Table 3.2. The best makespans and the average/standard deviation of the makespans
of 5 runs of the GA - with di�erent population sizes - on the deterministic problem
/values are in time units/.

generation: 400, crossover rate: 0.7, mutation rate: 0.18, population size: ps
ps=10 ps=20 ps=30 ps=40 ps=50 ps=60 ps=80 ps=100 ps=150

The best 829 796 779 792 767 740 743 732 732
Avg. 850 810.2 811.6 807.6 781.2 778.4 771.4 763.8 744.4
Std.dev. 16.96 9.97 20.26 18.70 12.09 24.69 21.30 19.96 10.61

best makespan was obtained when the population size is 100 or larger; moreover,
the average makespan decreases with the increase of the population size (however,
the standard deviation is quite large). This result was predictable since a larger
population size means more opportunity to generate/produce an instance with high
�tness. For the further experiments, ps = 100 was applied as a balance between the
good enough result and the necessary computation time.

The second examined parameter is the percentage of the instances of a genera-
tion that is resulted by crossover (cross). Originally, its value was set to 0.7, but the
genetic scheduler's behaviour was analyzed for other values, too. Table 3.3 shows
the results. The best makespan and the smallest average makespan were obtained
when cross = 0.3 (however, the standard deviation was the highest in this case).
The results show that the percentage of the instances of a generation that is resulted
by crossover - in contrast to the experiences of Pongcharoen et al. [2] - in�uences
the quality of the result. Its reason can be the di�erence in the design of the genetic
operators. The results show (taking into account the small value of mutation rate
and elitism usage, too) that a small modi�cation of the chromosomes is advanta-
geous. However, too much alteration is harmful (because the algorithm progresses
toward the population of higher quality chromosomes on average).

Finally, the impact of the change of the mutation rate (mut) was investigated.
Till now, this parameter was set to 0.18, following the results of [2]. The results for
various mutation rate values (with unchanged values of the other parameters) are
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Table 3.3. The best makespans and the average/standard deviation of the makespans
of 5 runs of the GA - with di�erent percentages of the chromosomes of a generation
that are resulted by crossover - on the deterministic problem /values are in time
units/.

generation: 400, population size: 100, mutation rate: 0.18, crossover rate: cross

cross=0.7 cross=0.5 cross=0.3 cross=0.1

The best 732 689 660 684
Avg. 763.8 706.8 687.6 703.6
Std.dev. 19.96 9.62 20.24 11.89

Table 3.4. The best makespans and the average/standard deviation of the makespans
of 5 runs of the GA - with di�erent probabilities of applying mutation on a chromo-
some - on the deterministic problem /values are in time units/.

generation: 400, population size: 100, crossover rate: 0.3, mutation rate: mut
mut=0.08 mut=0.18 mut=0.28 mut=0.38 mut=0.48

The best 698 660 674 648 648
Avg. 750.2 687.6 694.8 667 674.2
Std.dev. 70.83 20.24 21.75 11.17 14.59

shown in Table 3.4. Some increase in mutation rate results in better performance,
but above a certain value, the average makespan increases. Mutation rate value 0.38
performed the best (out of the examined ones): it gave the smallest makespan, the
smallest average makespan, and the smallest standard deviation. Presumably, this
quite high mutation rate makes the algorithm often jump out of the local minimum,
but the GA's construction does not let to leave a better part of the search space for
a worse part.
After determining the most promising values for the three parameters, the search for
the best values could have been started again for the population size, the crossover
rate, and the mutation rate from this point of the 3D search space. However, the
experiences revealed that the new iterations do not signify.

3.4.2 Investigation of the performance of the genetic algo-
rithm on random inputs

After determining e�cient values of the genetic operator related parameters for
the deterministic problem, the behaviour of the GA with this parameter setting
(population size: 100, crossover rate: 0.3, mutation rate: 0.38) was investigated on
random inputs. Both the number of the work�ows (desired products) and operation
times were chosen from prede�ned intervals randomly, following uniform distribution
on integers. The desired product numbers are: n(p1) ∈ [10, 20] and n(p2) ∈ [15, 25].
It means that there are 25-45 work�ows per problem that have to be scheduled. The
intervals of that the operation times are chosen randomly, and the duration that a
transportation resource needs to start a new operation after �nishing a previous
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Table 3.5. The random parameter values of 6 inputs and the obtained makespans
by the GA.

Run1 Run2 Run3 Run4 Run5 Run6

n(p1) (pieces) 17 16 13 14 13 18
n(p1) (pieces) 17 23 21 22 15 21

Resource(s) Operation type Operation time
Run1 Run2 Run3 Run4 Run5 Run6

r1, r2, r3 tB 8 6 6 8 5 6
r1, r2, r3 tC 11 10 10 12 9 11
r4 tC 5 4 4 5 4 4
r4 tB 10 11 12 10 11 9
r5, r6 tA 6 7 6 7 5 6
r7, r8 tD 5 5 5 4 5 3
r9 tF 2 4 4 2 2 2
r10 tE 4 5 4 3 4 3
r11 tH 2 2 4 4 4 2
r12 tI 4 7 4 7 6 6
r13 tG 3 3 5 3 4 4
r14 tJ 2 2 2 4 4 3
r15 tK 5 5 3 5 4 4

obtained makespan (time units) 567 700 724 658 529 630

task are shown in Table 3.1. All the other properties of the problem remain the
same as in the deterministic case. Several random inputs were generated and solved
by the GA. 6 runs of them are shown in Table 3.5, where both the chosen random
parameter values and the resulted makespans can be seen for each run. An example
of the convergence of the algorithm is given in Figure 3.10. This �gure shows the
best makespans for each generation of Run2.

Figure 3.10. The convergence of the developed GA on the random input of Run2.

The following statements can be concluded from the results:

• the obtained makespan of the random cases that have a similar size to the
deterministic problem was similar to that of the deterministic case (this result
was enforcement for the consistency of the algorithm),
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• the chosen number of generations (400) is reasonable, especially in cases where
the best makespan of the initial population is quite high, and

• the input parameter values signi�cantly in�uence the resulted makespan.

Further works may discover the impact of the input parameters - e.g., the operation
times and the cardinalities of the di�erent product types - on the GA's performance
through sensitivity analysis.

3.5 Comparison of the GA with other solution ap-

proaches regarding the results

Genetic Algorithm is not the best candidate to solve such a problem, where the
calculation of the �tness of one instance requires complex computations, since GA
necessitates to do this computation several times (for every instance of the popula-
tion of all generations). There are also other methods to �nd a good enough solution
in the search space. For example, the simulated annealing-based algorithms modify
only one instance in each step of the algorithm. There are also ant colony-based
methods, tabu search, hill-climbing, etc., to discover the search space (see Figure
1.4).
To determine the quality of the results obtained by the developed GA, three other
approaches were applied to solve the scheduling problem: calculation of a coarse
lower bound, simulated annealing (SA), and a fusion where the result of simulated
annealing was placed into the �rst generation of the genetic algorithm. The results
of the di�erent methods are compared on their quality.

3.5.1 Coarse lower bound

During the analysis of the scheduling problem, it can be realized that the trans-
portation resources cause a signi�cant bottleneck: they can transport only one raw
material/product at a time, they have to get back to their initial location/position
before they start a new operation, and the operation time they require is compara-
ble with the operation time of the operations of type tA, tB, tC or tD (that can be
performed by more than one resources).
Based on this observation, a coarse lower bound of the makespan can be calculated.
In the case of the deterministic problem (see Table 3.1), the coarse lower bound is
calculated as follows:
Considering the longest branch of the second work�ow model (see Figure 3.1), all of
its transportation operations have to be performed n(p2) = 20 times, and from these
20 executions, the transportation devices have to return to their initial position 19
times.
These actions require (3 + 3 + 5 + 4) ∗ 20 + (3 + 3 + 5 + 4) ∗ 19 = 585 time units.
This result has to be increased with the minimal operation time of at least one
tB-type, one tC-type, and one tD-type operation. This way, the coarse lower bound
is:
585 + 6 + 6 + 4 = 601 time units.
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This calculation assumes that there is no delay between the operations of the work-
�ow. In real it is surely not the case, so the obtained lower bound is coarse. However,
the calculated lower bound �ts well with the deterministic problem's obtained results
(see the 10 �gures in Appendix L.1).

3.5.2 Simulated annealing

For comparison purposes, a simulated annealing algorithm was also implemented
to solve this chapter's deterministic scheduling problem. This algorithm modi�es
its instance by the mutation genetic operator of the previously presented genetic
algorithm (see subsection 3.3). It means that all the operations of one randomly
chosen process are reallocated.
The algorithm was executed in two di�erent ways: �rst, the start temperature was
set to 1000, and the cooling rate was 0.03; second, the start temperature was set to
1000, and the cooling rate was 0.000172679. The reason for choosing 0.000172679
as the cooling rate is to get an SA algorithm comparable with the GA, regarding
their size: the genetic algorithm had 400 generations and 100 instances in each
generation. It means 40000 instances altogether. The same size - 40000 iterations
- can be reached by SA if the cooling rate is set to 0.000172679 (assuming that the
start temperature is 1000).
The �rst case (the start temperature is 1000 and the cooling rate is 0.03) resulted in
228 iterations, and the runtime of the algorithm was only about two minutes. The
results of one run with these settings are illustrated in Figure 3.11; 10 di�erent runs
can be found in Appendix L.2.

Figure 3.11. The results, obtained by SA through 228 iterations for the deterministic
scheduling problem.

The blue curve shows the makespan of the instance of the current iteration. The
red curve represents the accepted makespan in the iteration (it is either the makespan
of the current instance or the makespan of the previous iteration's instance). Finally,
the green color shows the best makespan that is obtained until the current iteration.
The �rst way of execution resulted in a rapid run (2 minutes instead of 7 hours);
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however, the solution's quality was much worse than the result of the GA (800-900
instead of 600-700). Its main reason is the small number of iterations (228).
The results of one execution of the SA through 40000 iterations are illustrated in
Figure 3.13. As expected, 40000 iterations result in a similar quality solution - and
within similar runtime - as GA does with 400 generations and 100 instances in each
generation.

3.5.3 Simulated annealing-aided genetic algorithm

It was also examined how the genetic algorithm performs if the solution resulted
from the simulated annealing is inserted into the �rst generation of the GA. As
a time/quality trade-o�, the �rst version (228 iterations, about two minutes total
runtime) of SA was applied. The results - as the function of the generation number
- are illustrated in Appendix L.3 for 10 runs. Figure 3.12 shows one run of them;
the average of the minimum, the average, and the maximum makespans of 50-sized
generation groups are presented.

Figure 3.12. Computational results of the SA-aided genetic algorithm for the deter-
ministic problem.

It can be realized that the genetic algorithm initialized by the result of simulated
annealing approaches the optimum quicker in the �rst generations; however, in the
later generations, no signi�cant di�erence was experienced related to the unaided
GA.

3.6 The analysis of the GA's e�ciency on FJSP

benchmark problems and the improvement of

the algorithm

Although the genetic algorithm was developed to solve the presented scheduling
problem (see subsection 3.1) that is even more than a "simple" FJSP problem, the
design and the implementation of the GA makes it possible to be applied on a wider
class of problems. This problem class origins from the presented problem; however,
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Figure 3.13. The results, obtained by SA through 40000 iterations for the determin-
istic scheduling problem.
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(1) the number of the resource types and the resources can be arbitrary, (2) the
number of the production process types and the number of the processes can be
arbitrary, and (3) the structure of a process can be an arbitrary directed acyclic
graph (thus, with an arbitrary number of and-subgraphs). This design made the
GA possible to solve the benchmark FJSP problems that can be found in the scien-
ti�c literature. The e�ciency of the algorithm was analyzed on some of them.
The benchmark FJSP problems for the analysis were chosen from Brandimarte [3],
Hurink et al. [1], and Barnes and Chambers [4]. In these problems, the number
of jobs is between 7 and 20 (mostly 10, 15, or 20), the number of operations per
job is between 3 and 15, and the number of machines varies from 4 to 15. The
average number of the machines that can perform an operation is 1 in case of the
benchmark problems of Barnes and Chambers, 1.15 in case of the edata, and 2 in
case of the rdata test problems of Hurink et al., and varies between 2 and 3.5 in the
test problems of Brandimarte. All of the benchmark FJSP problems' jobs have a
simple sequential structure: they contain neither and-subgraphs nor or-subgraphs.
It has to be highlighted that the GA was developed to solve more general prob-
lems. The di�erences were summarized in subsection 2.2, where the basic scheduling
problem was introduced, which is extended in this chapter. The considered prob-
lem contains setup time, applies multi-purpose machines, deals with transportation
operations, requires the execution of the same process model several times (because
of mass production), but there are also di�erent process models; moreover, it in-
cludes and-subgraphs where the operations of the parallel branches can be executed
in parallel, in contrary to the benchmark FJSP problems. That is why it can not be
expected that the developed GA outperforms the algorithms that were developed
especially to solve FJSP problems.

Table 3.6. The makespans obtained on the mk01 problem by the GA.
Results of the GA*

optimum minimum maximum average

40 48 60 55.7

*from 10 runs

First, the GA's e�ciency was tested on the benchmark problem mk01 of Brandi-
marte [3]; the obtained results are presented in Table 3.6. The experiences showed
that the decrease of the population size to 50 does not in�uence the solution's qual-
ity signi�cantly; however, the increase of the generation number is useful for this
problem. 1200 was chosen as the number of generations. Minimum 136 generations
were needed to obtain the best solution of one run, and the maximum number of
generations - when the best result of execution was reached - was 1145 during the
10 runs. The average number of the generations when the best solution of the run
is reached was 604.1. These numbers give a reason for choosing 1200 as the number
of generations. The GA was also tested on the mk02 test input of Brandimarte [3].
Its results are presented in Table 3.7.

Since the results obtained by the GA were far from the optimum, the GA was
improved. The steps of the improvement attempt are detailed in Appendix M and
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Table 3.7. The makespans obtained on the mk02 problem by the GA.
Results of the GA*

optimum minimum maximum average

26 47 73 55.75

*from 8 runs

Table 3.8. Summary of the attempts for the improvement of the GA.
Step Description Accepted

1. Creation of the initial population by a heuristic yes
that works from job to job

2. Modi�cation of the heuristic that creates the initial population yes
to schedule from operation to operation in a greedy way

3. Modi�cation of the crossover to apply scheduling from operation yes
to operation instead of from job to job

4. Modi�cation of the �tness function and yes
introduction of controlled selection

5. Modi�cation of the mutation by inserting each rescheduled operation no
into the earliest feasible position

6. Application of heuristic also for crossover no
7. Complete review of the mutation genetic operator yes

are summarized in Table 3.8. Most of them improved the solution; however, some
of them proved to be ine�cient. The useful improvements are built into the �nal
GA (this decision is highlighted in the last column of Table 3.8).

3.6.1 The �nal GA and its test on some FJSP benchmarks

The GA found the best results when (1) the initial population was �lled by good-
quality instances that were generated by the developed heuristic that schedules from
operation to operation, (2) the scheduling in the crossover also happens from oper-
ation to operation, (3) the �tness calculation involves the loads and the completion
times of the machines (next to the makespan of the schedule), (4) selects both par-
ents to recombine from the elites, and (5) applies the new mutation - that reschedules
all the operations that are subsequent to a randomly chosen operation of a resource
whose completion time is equal to the makespan in the directed graph of the schedule
(the randomly chosen operation is also rescheduled, changing the allocated machine
only of this operation) - for the best 20 instances of the population (mutating each
of them 20 times and accepting the best result as the mutated instance). In each
execution, the population's size was 50, and the initial population was �lled by the
best 50 of the 1000 instances generated by the heuristic.
This improved GA was executed on several test instances of the scienti�c literature,
the results are summarized in Appendix O. As it was stated, it was not expected
that the developed GA outperforms the algorithms (see, e.g., [51, 88, 89] or [142])
that were developed especially to solve FJSP problems and found the optimum in
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Table 3.9. Comparison of the results obtained by the initial and the �nal variants of
the GA on the mk01 and the mk02 problems.
problem optimum result obtained by the initial GA result obtained by the �nal GA

mk01 40 48 41
mk02 26 47 30

most of the cases. Although, the developed GA approximated the optimum well in
the case of several instances. The GA's improvement is demonstrated on the mk01
and the mk02 test inputs of Brandimarte [3] in Table 3.9.

3.7 The contribution of this chapter

The contribution of this chapter can be summarized in three points: (1) it proposes
a genetic algorithm for solving a scheduling problem, (2) it sets the parameters of
the GA for the case of a concrete problem, and (3) it determines the e�ciency of
the algorithm on some well-known FJSP test problems.
It was experienced that the developed GA only approximates the optimum of the
benchmark problems (contrary to the algorithms that were created to solve FJSP
problems); however, it can handle a much wider problem class than the classic FJSP
problems.

3.7.1 The problem class that can be solved by the developed
GA

The problem class that can be handled by the presented GA is much wider than
that of the heuristic algorithm of Chapter 2 since this algorithm works without the
simpli�cations of the previous chapter. This GA can approximate the solution of
any scheduling problem that has the following properties:

• there is a prede�ned arbitrary set of operations,

• there is a prede�ned arbitrary set of resources; each resource is able to perform
operations of an arbitrary subset of operation types,

• it is allowed that some resources are transportation devices with a capacity
of 1, that require time to return to their initial position after �nishing an
operation, to start a new operation (like, e.g., robotic arms),

• there is a prede�ned arbitrary set of processes, each of them can be described
by an acyclic directed graph (allowing forks and joins) where each node is an
operation,

• any process should be performed a certain number of times (mass production
is assumed),

• the operation time depends on both the operation and the applied resource,
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• operations are uninterruptable,

• for any operation, there is a non-empty subset of the resources that contains
machines that can perform the operation,

• for each operation, exactly one resource is assigned,

• setup time can be applied,

• operation times, setup times, transportation, and the number of the required
products (the number of the execution for any process) can be arbitrary,

• the goal is the minimization of the makespan.

This problem class covers any scheduling problem that can be described by the
formal notations of Appendix B.
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Chapter 4

Fault-tolerant extension of Vehicle
Routing Problem solutions

The �nal destinations of the products of the production processes are the users.
The distribution of the products also has to be cost-e�cient. It means - besides the
short planned routes - e�cient handling of vehicular faults. This chapter proposes
a fault-tolerant extension for route executions.

4.1 Background of the research

Depending on the way of describing faults, a special stochastic or deterministic
extension of a given VRP solution method can be developed. This way, the costs re-
lated to fault occurrences can be decreased or minimized. When the implementation
of an optimal plan determined earlier leaves some room for optimal execution, this
freedom can be used to adjust the plan if the need arises. The aim of such a post-
planning change can be to optimally adapt the execution of the trips in question to
the changing circumstances. When the cause of the changes the breakdown of some
of the vehicles is, a goal can be to still deliver all of the goods to the customers with
a minimum extra cost. Preparing a plan for the implementation of this minimal
goal can be regarded as a fault-tolerant extension of the VRP solution. In order to
minimize the extra cost that results from providing aid to another vehicle in case of
a breakdown, an algorithm is intended to be created that determines the starting
direction for each vehicle on its route without changing the routes. So, the goal is
to select the best possible route orientation considering the case of an unexpected
event. Another requirement is that the e�ciency of the solution should not decrease
without a fault. This makes the execution of the original routes fault-tolerant since,
in case of a fault, all the customers are serviced, and the cost of the correction action
is minimized on average. The probability of a parallel breakdown of more than one
vehicle is extremely low. Moreover, the computation is based on presumed concrete
vehicle failures, which results in case-speci�c recourse action. The improvement ob-
tained in comparison to action taken without using the presented method is also
case-speci�c. It justi�es the use of this deterministic procedure. Unlike papers that
present recourse action for unforeseen events described by a probability model, here,
the average extra cost of vehicle failure is calculated using well-determined break-
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down locations. Probability models are presented for power outages in power grids
by Al-Kanj et al. in [145].

If a breakdown of a member of a �eet occurs during distribution, the company's
goal is to (1) solve the problem with minimal additional cost and (2) to cause an
as small delay in customer service as possible. The presented approach intends to
reach this goal by inserting the assistance action into an ideal place on the helper
vehicle's route. The vehicles are allowed to give aid even before �nishing their own
routes. If the capacity constraint is not satis�ed in the case of giving aid, the vehicle
in question is allowed to visit the broken-down vehicle. My algorithm �nds the
directed route set in which aid can be o�ered with minimal additional cost by only
one vehicle. In my thesis, I propose a fault-tolerant execution for the solution of a
Capacitated Single Depot VRP without Time Windows with symmetrical distances
between points and making such execution optimal by changing only the direction
of vehicle routes. The method determines the direction of the circular routes, which
start and end at the depot so that the shortest extra route will be part of the solution
in cases when a vehicle needs to take over another one's tasks. The content of this
chapter was published in [125].

4.2 The formal description of the Vehicle Routing

Problem

The version of the Vehicle Routing Problems considered in this thesis is the Capac-
itated Single Depot VRP without Time Windows. In this problem, vehicles start
from a common depot, visit and service customers and return to the depot. During
its trip, no vehicle may exceed its own capacity by the sum of visited customers'
demands. Also, the overall cost of the routes should be minimal.

In order to state the VRP formally, the following notations are introduced:

Notations 4.2.1. Vehicle-, customer-, and route-related notations:

m: the number of customers.

M = {m1, . . . ,mm}: the set of customers.

n: the number of vehicles.

N = {n1, . . . , nn}: the set of vehicles.

xi: the capacity of vehicle ni (1 ≤ i ≤ n).

dj: the amount of the demand of customer mj (1 ≤ j ≤ m).

r: the number of routes. If the problem contains only one depot (Single
Depot VRP) and all the vehicles have exactly one route, then r = n.

R = {R1, . . . , Rr}: the set of routes.

Ri: the route of vehicle ni (1 ≤ i ≤ n) that is a vector of customers.
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Ri = [d,mi,1,mi,2, . . . ,mi,ki , d], where d is the depot (the initial and �nal
location of any vehicle), mi,j is the jth customer of vehicle ni, and the
number of customers who are serviced by vehicle ni is ki.

Ei: the set of the elements of Ri. Ei = {d,mi,1,mi,2, . . . ,mi,ki} if Ri =
[d,mi,1,mi,2, . . . ,mi,ki , d].

C(Ri): the cost of vehicle ni's route (1 ≤ i ≤ n).

Based on these parameters, the problem can be formally stated as follows. The
overall cost is minimized

min
n∑

i=1

C(Ri) (4.1)

subject to the following constraints:

Ei ∩ Ej = {d}, ∀ 1 ≤ i, j ≤ n, i 6= j (4.2)

n⋃
i=1

Ei = M ∪ {d} (4.3)

|Ri|−2∑
j=1

dj ≤ xi, ∀ 1 ≤ i ≤ n,mj ∈ Ri. (4.4)

The �rst constraint (4.2) ensures that each customer is visited by only one vehicle.
Constraint (4.3) states that all the customers are visited. Finally, constraint (4.4)
guarantees that no vehicle exceeds its capacity so that it goes above the sum of
visited customers' demands. Other variants of VRP may expand or modify the
above constraints (4.2)-(4.4).

4.3 Common solution methods for Vehicle Routing

Problem

Finding the optimal solution of a VRP is a highly resource-intensive process since
it is already NP-hard for one vehicle (the TSP). In practice, companies do not have
the time to use exact algorithms for �nding the optimal solution. Instead, logistic
experts fall back on a near-optimal solution that can be computed in an acceptable
time.

Usually, an initial solution of the VRP is created �rst and then improved in a
later step. This �rst step, the initialization, can be a random solution generation or
a heuristic-driven action.

In the case of a general VRP, the initialization phase can be divided into three
sub-tasks:

• First, the elements of the set of customers (M) have to be assigned to de-
pots. This phase is called clustering. Although this thesis deals with problems
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with only one depot, the proposed method can be generalized for more gen-
eral cases with more depots where these clustering methods are taken into
account. Clustering methods that are more sophisticated than the random
method (which selects one depot for a customer based on a random number
between 1 and the number of the depots) are reviewed and compared in [146].

• Second, the customers belonging to the same depot have to be grouped into
routes. This process is called routing. A popular, thoroughly documented,
and easy to implement algorithm for determining the routes that belong to a
depot is the Clarke and Wright (C&W) savings method [104] (see Appendix
P). This algorithm can be met often in the literature, partly because of the
underlying idea on which it is based and partly because it has been in existence
for a long time. The grouping of customers into routes is based on their saving
value.

De�nition 71. Saving value:

S(ma,mb) = L(d,ma) + L(d,mb)− L(ma,mb), (4.5)

where ma and mb are customers assigned to the same depot, L(a, b) is the
distance between points a and b, and d is the depot.

A saving matrix is created from these values for each pair of customers of the
same depot. In the following step, the distances are calculated for the routes;
the obtained values are the values of the cost function C().

De�nition 72. Cost function:

C(Ri) = L(d,mi,1) +

ki−1∑
p=1

L(mi,p,mi,p+1) + L(mi,ki , d), (4.6)

if Ri = [d,mi,1,mi,2, . . . ,mi,ki , d].

After the saving matrix is computed, customers are organized in descending
order - this is the so-called saving list - and grouped into routes so that the
capacity constraint of the route is not violated.
Several other - newer, more sophisticated - algorithms exist for this task; see
comparisons of the C&W to genetic algorithms [147] or other heuristics like
the ant colony algorithm and the Mole and Jameson algorithm in [148].

• The third and �nal subtask is scheduling, i.e., the ordering of customers along
their route. This requires a solution for the Travelling Salesman Problem,
which is often performed using heuristics, for example, the nearest neighbour
heuristic (NNH) [104]. NNH selects the �rst customer of the root randomly,
then periodically looks for the customer nearest to the previous one. This step
results in an initial feasible solution.
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When computational speed is preferred to the solution's quality, the random
method can be used for each sub-task.

Di�erent methods can be applied for improving the initial feasible solution, for
example, tabu search [149], simulated annealing [150], intra- and inter-depot or
route improvement, and genetic algorithm [104]. Improvement can be achieved by
copying biological evolution, too, for solutions of VRP [151�155]. As was presented
in detail in chapter 3, genetic algorithms work in this manner. Usually, GAs are
also applied to VRP combined with other heuristic methods. These are re�ected
as Hybrid GAs [104, 156�161]. Several solution methods for di�erent types of VRP
with Time Windows are presented in detail in [162].

4.4 Fault-tolerant extension to the VRP solution

4.4.1 Basic assumptions

The proposed method for introducing fault tolerance is based on an existing VRP
solution as its input. This is then improved by taking into account the possible
unexpected breakdowns of the vehicles during their trips in an optimal way. The
following basic assumptions (e.g., applicability constraints) are applied:

• Single Depot. It is a basic property of the considered VRP. In case of Multi-
Depot problems, the o�ered method has to be extended in the �rst step by
assigning the customers to depots. After that, the proposed algorithm can be
applied without changes for each depot.

• Customers do not have Time Windows. This assumption narrows the o�ered
method's applicability to problems where any customer can be visited anytime
during the distribution service.

• Customer demands are deterministic. The proposed algorithm deals with
DVRP, where events may happen dynamically after the start from the de-
pot. However, all the properties of the problem - travelling costs, customer
demands, etc. - are deterministic and do not change in time. In real life, it is
often the case: the length - and thus, the cost - of each trip is determined by
the route planning phase (before the start), and the customer demand changes
very rarely after the vehicles start. The only stochastic factor is the location of
vehicle breakdown: in the presented approach, it can happen with a uniform
distribution over each customer location on the vehicle's route.

• The vehicles start from the depot simultaneously. The algorithm uses this
assumption in the determination of the location of the vehicles at di�erent
time points. Unless this constraint, the location calculation has to be modi�ed
by taking into account the di�erent starting times of the vehicles.

• The time of unpacking is negligible. This assumption is also used in the calcu-
lation of the location of the vehicles at di�erent time points. When either the
service time at the customers or the time of the repackaging at the broken-
down vehicle is not negligible, it results in delay for the a�ected vehicles.
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• Vehicle breakdown always occurs at a customer, never along the route. In the
presented approach, the distribution of the possibility of vehicle breakdown is
uniform over each customer location along the route. This approach approxi-
mates well the uniform distribution of vehicle failure on the whole of its route
if the variance in the distances to neighbouring customer locations is small,
and all the routes have similar lengths.

• A vehicle breakdown is considered to be the only possible fault. Although other
types of fault - for example, road closures or a vehicle going the wrong way
- may occur, only the breakdown of a vehicle is considered as a fault. The
consequences of the handled fault type are that a subset of the customers has
to be reallocated to another vehicle, and the size of the �eet of the vehicles
decreases by 1.

• Only one vehicle in total may break down. Since the possibility of a vehicle
breakdown is little in real life, the possibility of the breakdown of more than
one vehicle during the same servicing cycle at a company is negligible. This
constraint is reasonable for a small �eet and few customers.

• Only one vehicle provides assistance; no cases are handled where several vehi-
cles assist together. This strong constraint could be released if the additional
computation need of the routes' replanning at each assumed location of the
breakdown for every vehicle can be satis�ed.

• Cooperative vehicles. This is a basic feature of vehicles in a company's �eet,
where they all are willing to cooperate. That is why the cooperation of the
vehicles is not a strong constraint.

• Similar vehicles with equal capacity. Without the vehicles having equal capac-
ities, certain situations may arise when a helper vehicle would need to visit the
broken-down vehicle more than once to service all the remaining customers.

• Equal and constant vehicle speed. This assumption is far from reality; how-
ever, it is still applied, mostly in VRP literature, because of its in�uence on
task complexity. It results that during a trip, the time that has passed is
proportional to the distance traveled. This constraint causes that the vehicles'
calculated locations at the assumed time of the breakdown only approximate
the locations of a usual real-life case.

• Symmetrical distances between points. This assumption is often applied in
VRP. In real life, this depends on the road map. The e�ect of this assumption
is that inversions have no additional costs of the route schedule.

Prior - arbitrary - route planning is also assumed. Its result is used as the input
of the proposed algorithm. For the sake of completeness, the presented algorithm
also includes a route planning part (Step1-Step4 of subsection 4.4.3) that applies
the Clarke and Wright savings method [104]; however, it is not an integral part
of the fault-tolerant extension and can be substituted by any other VRP solution
method that can be applied to solve VRP problems without time windows and with
symmetrical distances between points.
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4.4.2 Concepts and notations introduced for handling VRP
solution in a fault-tolerant way

4.4.2.1 Notations related to the routes and their direction of execution

Any solution of a VRP without Time Windows can be the subject of the proposed
fault-tolerant improvement method. The previously mentioned Clarke and Wright
savings method (see section 4.3) was used in this thesis, followed by NNH without
any improvement. The reason for choosing NNH was its simplicity - and thus its
speed. This quick algorithm - that results in not always the optimum of the NP-
hard TSP subproblem - can be substituted with another heuristic or metaheuristic
algorithm. Since the presentation of this thesis's method needs an undirected route
set - a solution of a VRP obtained by any solution method - as its input, it was
allowed to choose any algorithm for the routing phase that produces an undirected
route set. This work aims not to answer the question of how to determine the routes
but to show in which direction the vehicles should start along these routes. That
is why an algorithm was intended to be chosen that can be presented in an easily
understandable way.

The obtained result of the VRP solution is an undirected route set

R = {R1, . . . , Rr} (4.7)

with the following properties:

(a) each route is cyclic, starts and ends in the same depot

Ri = [d,mi,1,mi,2, . . . ,mi,ki , d], (4.8)

where d is the depot, mi,j is the jth customer of vehicle ni, the number of
customers who are serviced by vehicle ni is ki, and

(b) each customer is visited
n⋃

i=1

Ei = {M,d}. (4.9)

Moreover, the route set satis�es (4.2) and (4.4), too.
The input of the fault-tolerant improvement algorithm is an undirected route

set R in (4.7). This arbitrary solution of a VRP without Time Windows (all the
customers can be visited any time during a trip) will be improved so that, on average,
the best response is provided to an unexpected event. The algorithm is based on
the fact that in an optimal route set of a VRP, each route can be represented as
a cycle (which starts and ends in the depot), and each vehicle has two possibilities
to start its journey: it can drive either to the �rst or to the last customer of the
planned route.

The following two notations will be used for the "route direction compositions"
of the route Ri of vehicle ni (superscript "F" means forward, and superscript "B"
stands for backward):
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Notations 4.4.1. "Route direction composition"-related notations:

RF
i : R

F
i = Ri = [d,mi,1,mi,2, . . . ,mi,ki , d], where the �rst customer visited

by vehicle ni is mi,1.

RB
i : R

B
i = [d,mi,ki , . . . ,mi,2,mi,1, d] is the route where the customers are

visited in the opposite direction than in RF
i , so vehicle ni starts his route

by visiting customer mi,ki.

With these notations, one execution of a VRP solution can be described by one
route direction composition.

De�nition 73. Route direction composition:

RC = {RC
1 , . . . , R

C
r }, where RC

i ∈ {RF
i , R

B
i }, ∀ 1 ≤ i ≤ r. (4.10)

In the case of r routes, there are 2r possibilities for executing an existing VRP
solution.

De�nition 74. Possible route executions (V (RC)): The set of possible route direc-
tion compositions.

This thesis aims to �nd the route direction composition RC that results in a
minimal loss on average in the case of an unexpected event.

4.4.2.2 The fault model of the thesis

When vehicles start deliveries, it may happen that a vehicle has to stop and �nish
executing its task before having serviced all the customers previously assigned to
it. The immediate stop means the service failure of the vehicle. This service failure
results from an error propagated to the vehicle's internal service interface; see Figure
4.1. The cause of the error is a fault (usually a physical fault, e.g., the fault of the
engine or any other hardware fault related to the vehicle that becomes active). The
related concepts were de�ned by De�nitions 8-10.

The broken-down vehicle that leaves behind unserviced customers means a fault
from the viewpoint of the delivery service. If the service's state's deviation from the
desired state (the error of the service) - caused by the fault - reaches the delivery
service's internal service interface, delivery service failure occurs. In case of the
considered problem, it means that unserviced customers remain after the delivery
service �nishes.
This thesis proposes a method that prevents a single fault of the delivery service
from causing service failure. All the assumed constraints of the o�ered method
are summarized in subsection 4.4.1. Here, a single fault means that exactly one
vehicle breaks down before it �nishes its service. This fault results in a set of
unserved customers with well-known demands and a �eet reduced by one vehicle.
The place of the single breakdown is modelled by a random variable that has a
uniform distribution over the customer locations (including the depot at the start)
as follows:
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Figure 4.1. The chain of the handled dependability and security threats of a distri-
bution service.

Using (4.8), if the probability of failure of vehicle ni on its route between customer
mi,j and mi,j+1 is notated by Pni

(mi,j), it is assumed that

r∑
i=1

(Pni
(d) +

ki∑
j=1

Pni
(mi,j)) = 1, (4.11)

and
Pni

(d) = Pni
(mi,j)), ∀ 1 ≤ i ≤ r and 1 ≤ j ≤ ki. (4.12)

Its consequence is that

Pni
(d) = Pni

(mi,j) = 1/(m+ n), ∀ 1 ≤ i ≤ r and 1 ≤ j ≤ ki. (4.13)

Taking into account "n" in (4.13) needs some reasoning. Breakdown may happen
for any vehicle on any of its route segments (even when it starts from the depot and
drives to its �rst customer). The total number of the problem's route segments is
equal to m+ n, as the example of Figure 4.2 demonstrates that. It has to be noted
that if the breakdown of vehicle ni occurs after it reaches its last customer (mi,ki),
the fault does not lead to distribution service failure. This thesis aims to propose a
fault-tolerant extension of VRP solutions, preventing one vehicle's breakdown from
causing the distribution service's failure.

The requirement of reaching fault tolerance is that the �eet has more than one
vehicle. It means that protective redundancy exists in the system that can take
over the remaining tasks of the broken-down vehicle, thus trusted service can be
delivered. If it is the case, 100% fault tolerance coverage can be reached (since a
single fault was assumed).
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Figure 4.2. Example to explain the role of "m + n" in (4.13). The total number of
route segments of this example is equal to m+ n = 10.

De�nition 75. Coverage: A measure of the e�ectiveness of a fault-tolerant tech-
nique. The representativeness of the situations to which the system is subjected dur-
ing its analysis compared to the actual situations that the system will be confronted
with during its operational life [9].

Formally, in the problem statement, a vehicle's breakdown appears as an addi-
tional customer set after the vehicles started. These customers have to be served
by other vehicles than their original assignment shows. This way, recovery is made
by recon�guration [9]. As a result of the assistance provided, the helper vehicle's
initially planned route must be modi�ed, resulting in the dynamic/stochastic nature
of the problem. The goal of this thesis's algorithm is to minimize the negative e�ect
of such assistance by keeping the extra route length minimal on average in the case
of an unexpected event. Of course, the extra route - the loss of a solution - is de-
termined by the location of the breakdown, the selection of the helper vehicle, the
helper vehicle's location, and the new route of the helper vehicle. Because any vehi-
cle of the �eet can break down and the location of the breakdown can be anywhere
on a vehicle's route, the goal was to �nd the optimal solution on average.

4.4.2.3 The average loss of a solution

For any unexpected event, the vehicle o�ering assistance with the minimum cost
shall be found. For this, the concept of "route change cost" (rcc) is introduced.

De�nition 76. Route change cost (rcc): The di�erence between the total length of
the modi�ed route of the helper vehicle and the length of its original route.

The main purpose of the proposed algorithm is to minimize rcc. Taking into
account vehicle capacity constraints, the calculation of rcc can be performed as
follows.

Suppose that vehicle nb is the broken-down vehicle with its original route RC
b =

RF
b = [d,mb,1,mb,2, . . . ,mb,kb , d], and vehicle nh is the helper one with its origi-

nal route RC
h = RB

h = [d,mh,kh , . . . ,mh,2,mh,1, d]. Moreover, suppose that at the
moment of breaking down, vehicle nb has already serviced its customer mb,i, and ve-
hicle nh has left its customer mh,kh−j. Furthermore, the location of the breakdown
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is denoted as p. Now, the route of the helper vehicle has to be modi�ed as follows:

RCmod
h = [d,mh,kh , . . . ,mh,kh−j] ∧R+

h , (4.14)

where ∧ denotes the concatenation operation, and R+
h is the new route of the helper

vehicle after the moment of the breakdown of vehicle nb. R
+
h is an ordered list (vec-

tor) of the elements of the set {mh,kh−j−1, . . . ,mh,1,mb,i+1, . . . ,mb,kb , {p|∅}} �nished
by d (when the visit of the broken-down vehicle is not needed, p is not included
in R+

h that is indicated by the element {p|∅}). Thus the continuation of the route
of the helper vehicle is constructed from the elements of the union of the remain-
ing customers of the helper and the broken-down vehicles (plus, in some cases, the
location of the broken-down vehicle).

Next, M r
B and M r

H are introduced.

Notations 4.4.2. Notations related to the remaining customers:

M r
B: The set of the remaining customers of the broken-down vehicle at the

moment of breakdown.

M r
H : The set of the remaining customers of the helper vehicle at the

moment of breakdown.

In the example above

M r
B = {mb,i+1, . . . ,mb,kb} (4.15)

and
M r

H = {mh,kh−j−1, . . . ,mh,1}. (4.16)

Because of the vehicle capacity constraints (4.4) of the VRP, the construction of R+
h

is not trivial - this is described in detail in Step D of subsection 4.4.4.

Figure 4.3. Calculation of route change cost (rcch) value - an example.
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Finally, the route change cost of vehicle nh is calculated as:

rcch = C(RCmod
h )− C(RC

h ). (4.17)

Figure 4.3 shows the loss in a simple example. In this example, the helper vehicle
has enough free capacity after servicing its �rst customer to take over the broken-
down vehicle's remaining goods. The extra costs, i.e., the route change cost, of the
helper vehicle is calculated as follows:

rcch = r1 + r2 + r6 + r7 + r8 + r9 + r4 + r10− (r1 + r2 + r3 + r4 + r5) (4.18)

When computing the average of the route change costs, it needs to be kept in
mind that a breakdown can happen any time during a vehicle's trip. As the list
of remaining customers has to be modi�ed whenever a vehicle reaches a customer,
all the time points when customers are reached are noted to calculate the route
change cost of any unexpected event, supposing that a vehicle having just reached
a customer breaks down. For each point, the helper vehicle is selected as follows:

ni, where i = arg min`(rcc`).

At each reached customer mj the calculated minimal route change cost value
is denoted as mrccj. Having determined the helper vehicle with the minimal route
change costs for all reached points, the average loss of a solution is de�ned as follows:

De�nition 77. Average loss of a solution (avlossk):

avlossk =

∑m
l=1 mrccl
m

, where 1 ≤ k ≤ 2r. (4.19)

Finally, the route direction composition RCk (see De�nition 73) is selected from
the possible route executions V (RC) that minimizes avlossk in (4.19). This is re-
garded as the best route execution on average of the solution of the original VRP
for each breakdown.

4.4.3 The algorithm for determining the best route direction
composition

It is supposed that there are m customers at known locations and one single de-
pot (d). An algorithm consisting of 9 steps is proposed below for determining the
best route direction composition (its �owchart is given in Appendix Q). The �rst 4
steps only calculate the initial VRP solution using the Clarke and Wright savings
method [104]. These steps can be substituted by the steps of any other VRP solu-
tion method that can be applied to solve VRP problems without time windows and
with symmetrical distances between points.

Step 1: Determine the distances between each customer pair and the distances
between customers and the depot. Result: a distance matrix.
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Step 2: Calculate the savings matrix based on the Clarke and Wright savings
method.

Step 3: Arrange the customer pairs in descending order based on their saving
values. This way, the so-called saving list is obtained.

Step 4: Process the saving list as Clarke and Wright suggested: Start with the
customers at the beginning of the saving list, process the list to its end, and organize
the customers into routes until capacity constraints allow. After that, the creation
of a new route begins.

At the end of Step 4, a solution of the VRP is obtained in the form of a set of
routes (a set of cycles) consisting of r routes.

Step 5: Create a new direction composition (RC) for the set of routes.

Step 6: Arrange customers in increasing order based on the time when the ser-
vicing vehicle reached them. This way, the list of arrivals is obtained.

Step 7: Process the list of arrivals from its beginning to its end. The last
customer of any vehicle is ignored because if a vehicle breaks down (on its way back
to the depot) after servicing the last customer, no assistance is required. Calculate
for each customer in the list how much a breakdown costs at that point.

In particular, perform the sub-steps below �rst for all vehicles as they start from
the depot, then for each (mb) element of the list of arrivals except the last customers
of any vehicle (the servicing vehicle for customer mb is nb):

Step 7.1: Calculate the location of the other vehicles at the time instant
when vehicle nb arrives at customer mb.

Step 7.2: Determine the route change cost (rcc) value - as illustrated in
Figure 4.3 and in (4.18) - for each vehicle (except for nb) as if it would service
all the remaining customers of vehicle nb. Next, determine the minimum of the
resulted rcc values. This is the cheapest possible rcc for the considered possible
breakdown point.

Step 8: Summarize the costs calculated in Step 7.2 for the whole list of arrivals
(including the starting point - the depot - for all vehicles) and divide it by the length
of the list. This is the average loss of the considered directed route set.

Step 9: If there is a non-investigated element of the directed route set V (RC),
then go to Step 5, else select the directed route set with the minimal average loss as
the best solution.

The result of the algorithm is a route direction composition RC = {RC
1 , . . . , R

C
r },

where RC
i ∈ {RF

i , R
B
i }, ∀ 1 ≤ i ≤ r and for which the average loss value in (4.19) is
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the minimum average loss value.
The number of computational steps of the proposed algorithm is O(r ∗ m2 ∗

2r) (i.e., it is exponential in the number of routes r) - assuming that an initial
VRP solution is created before, for example by the Clarke and Wright algorithm,
which has O(m2 ∗ log(m)) complexity -, where m is the number of the customers.
The execution of the proposed algorithm is demonstrated on a simple example in
subsection 4.5.1.

4.4.4 The proposed execution - determination of the helper
vehicle and its modi�ed route

Having determined the route direction composition which reacts the best to a vehi-
cle breakdown on average, the next steps should be carried out for the execution to
be optimal:

Step A: Start the vehicles from the same (the only one) depot at the same time.

Step B: Unless an unexpected event happens:
for each vehicle:

if there are remaining customers:
drive to the following one on the route and service it;
goto Step B;

if there is no more customer to service:
drive to the depot;
end;

If an unexpected event happens and it is the �rst time:
goto Step C.
else Error Stop.

Step C: Determine the actual location of all the vehicles of the �eet. Determine
the set of the remaining customers of the broken-down vehicle M r

B, introduced in
(4.15). Determine the actual free capacity of all other vehicles ni:

xi −
∑

j|mj∈Mr
H

dj, where H = i (see (4.16)). (4.20)

Step D: For all vehicles (ni) except for the broken-down one, do:
Starting from the actual location of ni, order the elements of the sets M r

B and M r
H ,

H = i into the route RF (which is composed of the remaining customers of ni and
the remaining customers of the broken-down vehicle) using NNH. Finish the route
by d. Determine the �rst customer (mf ) whose demand cannot be satis�ed because
of the actual quantity of the goods carried by the vehicle:

mf , f = min(j |
j∑

k=1

dfk > A, where RF = [q,mf1 , . . . ,mfl , d],

mfk ∈M r
B

⋃
M r

H and l = |M r
B|+ |M r

H |).

(4.21)
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In the equation, q denotes the location of ni, and A is the amount of goods carried
by ni at the moment of breaking down.
Starting from the end of RF and stepping backward determine the �rst customer of
RF (mg) whose demand can not be satis�ed because of the capacity of the vehicle:

mg, g = max(l − j |
j∑

k=0

dfl−k
> xi, where RF = [q,mf1 , . . . ,mfl , d]). (4.22)

In the equation, q denotes the location of ni and xi is the capacity of ni.
If mg is not found, mg = q.
Insert the broken-down vehicle's location (p) into the route betweenmg andmf with
the shortest extra cost (route length).

Calculate rcc for ni.

Step E: Select the vehicle with the minimal rcc as the helper vehicle and modify
its route according to the result of the calculations above. Go to Step B.

Remarks
There are two extreme cases in the execution of this algorithm:

• The amount of goods on the helper vehicle is su�cient for servicing the re-
maining customers (the goods on the broken-down vehicle do not need to be
used). In this case, the faulty vehicle does not have to be visited.

• The helper vehicle's capacity is not su�cient for servicing the remaining cus-
tomers with visiting the broken-down vehicle only once. The proposed algo-
rithm does not deal with this case: if a �eet composed of homogeneous vehicles
is supposed, this situation cannot occur. In the worst case, the helper vehicle
services all its original customers, drives to the broken-down vehicle, takes
over the remaining goods, and services the broken-down vehicle's remaining
customers.

The proposed algorithm minimizes the extra route length resulting from the modi-
�cation of the helper vehicle's route without in�uencing the goodness of the initial
route set unless a breakdown of a vehicle happens. The reason for choosing NNH in
Step D was its simplicity and speed since when the breakdown occurs, the immedi-
ate answer - that is based on online computations - is crucial. An example for the
execution of the algorithm is given in Appendix R.

4.5 The e�ciency of the fault-tolerant extension

I have implemented the described algorithm in C language and used this program
to evaluate its results. For demonstrating its e�ciency, two types of case studies
are presented as examples. By them, the execution of the directed route set the
proposed method chooses is compared to the other directed route sets of the same
VRP solution. The �rst example is a simple one that helps understand simply and
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Table 4.1. Location and demand of the customers and the depot of the simple
example.

Depot m1 m2 m3 m4 m5 m6 m7 m8 m9

X coord. 35 41 35 55 55 15 25 20 10 55
Y coord. 35 49 17 45 20 30 30 50 43 60
Demand (unit) 0 10 7 13 19 26 3 5 9 16

transparently how the proposed execution works. The second group of examples is
taken from Solomon's instances [163], which are used as a standard for verifying and
comparing VRP solver algorithms.

4.5.1 Simple VRP example for analyzing the fault tolerance
of the developed algorithm

The simple example

In the simple example, 9 customers have to be serviced from a common depot. The
location and demand of the depot and the 9 customers (m1-m9) are highlighted in
Table 4.1. Moreover, the location of the depots and the customers is illustrated in
2D in Figure 4.4. The depot is signed with the largest circle. The capacity of each
vehicle is equally 50 units.

Figure 4.4. Location of the customers and the depot of the simple example.
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The proposed method applied for the simple example

First, the distance matrix (bottom triangle matrix in Figure 4.5) is calculated based
on Step 1 of the algorithm presented in subsection 4.4.3. Second, the saving matrix
(upper triangle matrix in Figure 4.5; where the columns and rows represent the
customers, the 0th element is the depot) is determined (Step 2).

Figure 4.5. Distance and saving matrix of the simple example.

After this, the saving list is built up (Step 3), and the Clarke and Wright savings
method is applied (Step 4). As its result, three routes are obtained, as illustrated
in Figure 4.6. The obtained route lengths are 69, 67, and 63 units.

Figure 4.6. VRP solution for the simple example by Clarke and Wright savings
method.

86



One route direction composition (RC) - see (4.10) - of the example can be seen
in Table 4.2. There are three routes; the �rst one visits customer m3 �rst, then
customer m9, and �nally customer m1 before getting back to the depot. The second
group, named "Distances", shows the length of the routes that have to be covered
by the vehicles between the depot and the customers, cumulative (the total distance
left before getting back to the depot is shown at the end of the rows). For example,
the �rst vehicle has to cover 37 distance units from the depot to arriving at customer
m9, and the total length of its route is 69 units.

Table 4.2. One route direction composition, its distance data, and the list of arrivals
of the simple example.

Routes (illustrated by ordered customers)

the route of vehicle n1 m3 m9 m1

the route of vehicle n2 m7 m8 m5 m6

the route of vehicle n3 m2 m4

Distances (time units, the last element belongs to the depot)

of vehicle n1 22 37 54 69
of vehicle n2 21 33 46 56 67
of vehicle n3 18 38 63

The list of arrivals

Customer total distance from the depot route /vehicle/

m2 18 n3

m7 21 n2

m3 22 n1

m8 33 n2

m9 37 n1

m4 38 n3

m5 46 n2

m1 54 n1

m6 56 n2

Table 4.2 also shows the third group, "the list of arrivals", below the distance
data. This is an ordered list of customers, ordered by the time when customers are
visited. The three columns are showing the customer ID (�rst column), the total
distance a vehicle has to cover from the depot until it arrives at this customer on its
route (second column), and the vehicle ID (third column). Except for the vehicles'
�nal customers, the route change cost (rcc, see (4.17)) is calculated at each point of
the list of arrivals for all vehicles but the one whose customer is in the list's actual
position (Step 6 and Step 7). This calculation starts in the depot (before processing
the list), as Table 4.3 illustrates (rcc stands for "route change cost").

As the example contains 3 routes (3 vehicles), there can be 3 variations in the
broken-down vehicle. The �rst row of Table 4.3 represents the case when vehicle n1

breaks down. It can be seen that in this case, vehicle n2 should service 7 customers
(since vehicle n2 originally had 4 customers and vehicle n1 had 3), or vehicle n3
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Table 4.3. Route change cost (rcc) calculation for a route direction composition in
the depot.
Broken-
down
vehicle

Helper
vehicle

left nodes for the helper rcc
the best rcc for
one reached point

n1
n2 m6,m5,m8,m7,m1,m3,m9 78.3

77.0
n3 m1,m3,m9,m4,m2 77.0

n2
n1 m6,m5,m8,m7,m1,m3,m9 76.3

68.8
n3 m6,m5,m8,m7,m2,m4 68.8

n3
n1 m1,m3,m9,m4,m2 71.0

64.8
n2 m6,m5,m8,m7,m2,m4 64.8

Table 4.4. Route change cost (rcc) calculation for a route direction composition after
driving 33 distance units. Letter p indicates visiting the broken-down vehicle.
Broken-
down
vehicle

Helper
vehicle

left nodes for the helper rcc
the best rcc for
one reached point

n2
n1 m9,m1,m6,p,m5 65.0

61.2
n3 m4,m6,p,m5 61.2

should service 5 customers. In the next column, the rcc value is presented for the
two vehicles. The other two cases can be interpreted in the same way. As vehicles
go further on their routes, circumstances change. After 33 distance units (the 4th

element of the list of arrivals), the rcc calculation is illustrated in Table 4.4, where
the letter "p" indicates visiting the broken-down vehicle in the remaining route.

Since vehicle n2 arrives at customer m8 after driving 33 distance units on its
route, this point represents the case when vehicle n2 breaks down (somewhere be-
tween customer m8 and m5), and its remaining two customers (m5 and m6) should
be serviced by either vehicle n1 or vehicle n3. It can be seen that vehicle n1 has
a higher rcc value than vehicle n3. Naturally, in this case, vehicle n3 will be the
helper vehicle. Rcc is calculated for all elements of the list of arrivals (including the
starting point of each vehicle as illustrated in Table 4.3), except for the vehicles'
�nal customer. In the example, the �nal customers are elements 6, 8, and 9 of the
arrival list. In Step 8, the minimum values of each iteration of the calculation (the
helpers' rcc values) are averaged. This value is calculated for all route direction
compositions.

The obtained results for the simple example

In this example (because of the 3 routes), 8 route direction composition variations
can be determined. Two of them are illustrated in Table 4.5. It can be seen that in
the second route set, the �nal two routes are travelled in reverse order.

The averaged rcc values are calculated for all of the 8 possible travelling orders,
and the minimal one is selected as the best solution to the problem. The averaged
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Table 4.5. Two route direction compositions of 8 total of the simple example.
Directed route set I.

Vehicle the ordered sequence of the customers

n1 m3,m9,m1

n2 m7,m8,m5,m6

n3 m2,m4

Directed route set II.

Vehicle the ordered sequence of the customers

n1 m3,m9,m1

n2 m6,m5,m8,m7

n3 m4,m2

Table 4.6. The e�ciency of the proposed algorithm regarding the simple example.
Averaged route change costs for the route direction composition variation number

I. II. III. IV. V. VI. VII. VIII.

57.53 57.16 56.87 57.34 53.82 54.81 55.75 55.60

The smallest averaged route change cost - the result of the algorithm: 53.82

The highest averaged route change cost - the worst possible choice: 57.53

How much (in %) the proposed solution is better related to the worst possible case: 6.4%

The mean averaged route change cost: 56.11

How much (in %) the proposed solution is better related to the average: 4.1%

rcc values of the 8 cases of the simple example are illustrated in Table 4.6; the details
can be seen in Appendix S. Even in the simple example, a solution can be chosen for
the case of an unexpected event that is better than the other possibilities (Step 9 of
the algorithm presented in subsection 4.4.3). Table 4.6 shows that the cost of the
best result is only 93.55% of the solution with the highest cost. If the average cost of
all possible route direction compositions is considered and the proposed algorithm is
applied, the planned choice of starting directions improves the result by 4.1%. Note
that in all cases, the same route set (the result of a common VRP solution method)
is used; the only di�erence is in the chosen direction of execution.

4.5.2 E�ciency analysis of the proposed algorithm on the
Solomon instances

The impact of the proposed algorithm was also investigated by using standardized
VRP test instances. Solomon instances [163] were chosen for the test; this data set
is a common test set in the VRP literature.
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The Solomon instances

M.M. Solomon generated 6 sets of VRP-TW instances (R1, R2, C1, C2, RC1, and
RC2). Each problem has one depot and 100 customers with well-determined loca-
tions, demands, time windows, and service times. This thesis does not deal with
time windows and service times; only the location data and the demands de�ned by
the instances are used. The 6 groups of the problems di�er - besides the time-related
data - in the customers' locations' relation - except groups R1 and R2 - ("R" stands
for randomized and "C" denotes clustered placement). Another di�erence between
the 6 instance groups is the capacity of the vehicles (in groups R1, C1, and RC1,
each vehicle has a capacity of 200, in C2, the capacity is 700, �nally, in groups R2
and RC2, the value of the capacity is 1000). Instances of a group di�er only in the
time-related parameters; the customers' locations in a group are identical.
For example, the RC202 instance (that is an element of the RC2 instance group)
contains a mix of clustered and randomly generated customers and allows long routes
to be created. The number of customers is 100, and the vehicle capacity is 1000.
More speci�c data (e.g., locations, demands) can be found in [163]. The location of
the 100 customers (small circles) and the depot (marked with the largest circle) can
be seen in Figure 4.7.

Figure 4.7. Location of the depot and the 100 customers of Solomon's RC202 in-
stance.

The results of the proposed method for the Solomon instances

First, the results of the proposed algorithm are detailed for Solomon's RC202 in-
stance, then the results for all the six groups of Solomon's instances (without time-
speci�c data) are summarized.
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Executing Step 1−Step 4 of the algorithm of subsection 4.4.3 for the RC202 instance
results in the initial route set illustrated in Figure 4.8.

Figure 4.8. The route set, obtained for Solomon's RC202 instance.

This route set is composed of 10 routes. This means that the algorithm has
to deal with 1024 di�erently directed route compositions. Among the obtained
solutions, the minimal averaged route change cost has a value of 53.29, the maximal
value is 65.38, the average value of the route change costs is 58.22, and the standard
variance of the 1024 cases is 2.22. This means that, when an unexpected event
occurs, the extra cost of the best solution - the cost originating from helping the
broken-down vehicle - is 81.5% of the extra cost of the worst solution and 91.5% of
the extra cost of the average of all the cases. The obtained values - completed with
the results got for the other instance groups of Solomon - are presented in Table 4.7.

The algorithm was tested on all types of Solomon's instances [163]. The result
of the fault-tolerant route planning algorithm on the groups of Solomon instances
is summarized in Table 4.7. The columns of the table contain the minimal and
the maximal rcc values (see 4.17), the standard variance and the mean of the rcc
values for the di�erent route direction compositions, the ratio of the best and the
worst case, and the ratio of the best and the average case per Solomon instance
groups. The histograms of the averaged minimal rcc of the possible route direction
compositions for each instance group can be found in Appendix T.
The results show that the application of the algorithm improves the e�ciency of
route execution in all cases. Of course, the improvement is the largest - even 10%-
15% - compared to the worst possible response to the unexpected event. However,
the algorithm also ensures a 4%-8% improvement compared to the average in the
case of a vehicle breakdown. The results show that the improvement is bigger when
there are clustered customer locations and is smaller for random locations. Its reason
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Table 4.7. The e�ciency of the algorithm for the di�erent Solomon instance groups.
Name of the Solomon instance group

C1 C2 R1 R2 RC1 RC2

The smallest averaged
route change cost; 42.17 49.79 62.39 62.39 54.91 53.29

the result of the algorithm

The highest averaged
route change cost; 47.27 59.40 67.41 67.41 64.41 65.38

the worst possible choice

How much (in %) the obtained
solution is better related to the 10.8% 16.2% 7.4% 7.4% 14.7% 18.5%

worst possible case

The mean averaged
route change cost 44.68 54.48 65.05 65.05 59.39 58.22

The standard variance of
averaged route change costs 1.14 2.03 0.82 0.82 1.75 2.22

How much (in %) the obtained
solution is better related 5.6% 8.6% 4.1% 4.1% 7.5% 8.5%

to the average

can be that clustered customers determine more strictly the route that they should
be assigned to, and an ine�cient selection of a helper vehicle causes longer extra
routes than in the case of random - thus, not so strictly separable - locations.

4.6 The contribution of this chapter

The contribution of this chapter is threefold: (1) it proposes an algorithm that �nds
the route direction composition of any solution of an arbitrary Capacitated Single
Depot Vehicle Routing Problem without Time Windows, that tolerates the best the
breakdown of one vehicle, on average, assuming the constraints of subsection 4.4.1,
(2) it gives an algorithm that determines the helper vehicle and the route modi�ca-
tions for the cases when a vehicle of the �eet breaks down during route execution
and (3) it determines the e�ciency of the proposed fault-tolerant extension on a
simple example and the well-known VRP benchmark problems of Solomon.
When a vehicle breaks down, the proposed method counts on minimizing the extra
cost of the breakdown by applying a greedy method: inserting the remaining cus-
tomers into the closest route (keeping to the constraint of using exactly one helper
vehicle). The total replanning of the routes - which is the common method found
in literature - is NP-hard.
For the investigated problems, the proposed algorithm ensures 4%-8% improvement
compared to the average in the case of a vehicle breakdown. These problems include
both random and clustered customer locations. The average e�ciency improves
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when the customers are clustered.
Due to the variations in the number of customers, computation times di�er highly.
The calculation of the results in the simple example presented in subsection 4.5.1
took 0.487 seconds, while for Solomon's instances, it took 81 seconds on average
using an HP Compaq tc4200 tablet PC with Intel Pentium M 2.00 GHz processor
and 1 GB RAM. Because these calculations have to be carried out before the route
execution during the route planning process, the delay in computation does not
in�uence the logistic system's performance.

4.6.1 The problem class that can be solved by the developed
algorithms

The proposed algorithms can be applied to any Capacitated Single Depot Vehicle
Routing Problem without Time Windows with the constraints of subsection 4.4.1.
It means that the customer demands are known even in the route planning phase;
at most one vehicle breaks down, the vehicles are cooperative and have the same
capacity, they start from the common depot simultaneously, the time of unpacking
is negligible, and the distances between points are symmetric. The other constraints
of subsection 4.4.1 in�uence the quality of the solution provided by the proposed
algorithm; however, they do not in�uence the covered problem class. When resolving
these simpli�cations, the computational need increases. Both the consequences and
solution proposals for the cases of the resolutions of the applied constraints are
brie�y described in subsection 4.4.1.
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Chapter 5

Conclusions

This chapter concludes this thesis: summarizes the previously presented work's
scienti�c contribution and suggests directions for future research.

5.1 New scienti�c results

In this section, the new scienti�c contributions are summarized.

Thesis 1. I have created a heuristic algorithm to solve an extended FJSP scheduling
problem for mass production. The algorithm decomposes the initial complex
problem into subproblems and solves them one-by-one. The trickiest part of
the algorithm is that it assigns the operations to jobs only during its scheduling
phase. Finally, it builds up the solution of the initial problem from the solutions
of the subproblems.

1.1 I have compared the results of the heuristic algorithm with the result of a
MILP solver on 1000 random inputs. In about half of the cases, the heuristic
solver found the optimum. The relative error was at most 2% in 80% of the
cases and at most 5% in 95% of the cases. The computation time of the
heuristic solver was 2 minutes altogether for the 1000 inputs. That means 0.12
seconds for one instance on average. The exact solver's calculation usually
took more time: there were cases when 10000 seconds were not enough for
getting the optimal schedule for one instance. Based on these results, it can
be stated that the heuristic algorithm is e�cient.

1.2 I have analyzed how much the heuristic algorithm can support the exact
(CPLEX) solver. The standalone exact solver's e�ciency was compared with
di�erent combinations of the heuristic algorithm and the exact solver. Ap-
plying the heuristic algorithm's result as the exact solver's upper bound was
usually much more e�cient than the standalone execution of the exact solver.
The best results were obtained when the lower bound of the exact solver was
increased by a logarithmic step size (calculated with the help of the result of
the heuristic solver).

The corresponding publication is [124]; details can be found in Chapter 2.
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Thesis 2. I have developed and improved a genetic algorithm (GA) that can solve
an extended FJSP scheduling problem with transportation devices (the consid-
ered problem is much more general than the problem of Thesis 1). I have inves-
tigated the algorithm's parameter settings and determined its e�cient values
for the analyzed problem (population size: 100, crossover rate: 0.3, mutation
rate: 0.38). The improvement covers the creation of the initial population, the
design of the genetic operators and the selection mechanism, and the develop-
ment of the �tness function.

2.1 I have compared and combined the GA with other scheduling methods.
I have determined a coarse lower bound for the problem, and I have applied
simulated annealing (SA) both with short and long runtimes (SA-short and
SA-long) to solve the problem. I have also combined GA with SA. For the
considered problem, GA was able to approach the calculated lower bound.
SA-short found worse results than GA but did it much quicker. SA-long
was similar to GA in both quality and computation time. When the result
of SA-short was placed into the �rst generation of the GA, a quicker initial
improvement was experienced; however, the �nal results were not better than
without SA.

2.2 I have tested the GA on some well-known FJSP benchmark problems.
I have improved the GA on these test problems, and �nally, the algorithm
approached (even, in some cases, it reached) their known best solution.

The corresponding publications are [90, 164, 165]; details can be found in
Chapter 3.

Thesis 3. I have developed an algorithm that determines the route execution di-
rections for a solution of a Capacitated Single Depot Vehicle Routing Problem
without Time Windows that minimizes the extra cost of a recourse action in
case of a vehicle breakdown, on average.

3.1 I have suggested an e�cient route execution - including the recourse action
- for the cases when one vehicle breaks down.

3.2 I have analyzed the e�ciency of the proposed algorithm both for a sim-
ple example and for the instances of the classic, popular VRP benchmark:
Solomon's test set.

(a) In the case of the simple example, the cost of the best result was only
93.55% of the solution with the highest cost. Considering the average cost
of all possible route direction compositions and applying the algorithm, its
suggestion for start directions improved the result by 4.1%.
(b) For Solomon's instances, I have got 10%-15% improvement when the
cost of the selected route direction composition was compared to the worst
possible response to the unexpected event. The result of my algorithm also
ensured a 4%-8% improvement compared to the average in the case of a
vehicle breakdown. I have also experienced that the improvement is bigger
when customer locations are clustered and is smaller for random locations.

The corresponding publication is [125]; details can be found in Chapter 4.

95



5.2 Suggestions for future research

This section summarizes the suggestions for future research related to the thesis
points.

1. The most signi�cant question in the continuation of the work presented in Chap-
ter 2 is how to separate a complex problem into subproblems. In the chapter,
I gave two possible necessary conditions for separability: (1) the operations
that can be performed by machines that can substitute each other, have to
belong to the same subproblem, and (2) in the process graph there can not
be two nodes of the same subproblem that are connected through a node of
another subproblem. The investigation of the conditions of separability can be
the basis of further research, including determining di�erent problem classes
classi�ed by the applicable separation methods.
Another improvement can be resolving the constraint on the number of op-
eration types that a resource can perform. In the presented heuristic algo-
rithm, each resource can perform at most two di�erent operation types. This
constraint results from the applied simpli�cations, and its resolution requires
signi�cant modi�cation of the proposed algorithm.
Instead of the applied CPLEX on the MILP model, another exact method can
be used to solve the problem. For example, the creation of a CP model and
its solution by the IBM ILOG CP Optimizer may have better performance in
producing the problem's exact solution than CPLEX.
The impact of another combination type of the heuristic and the exact solver
could also be analyzed: a solution found by the solver can be attempted to
improve by the Improvement phase of the heuristic algorithm.

2. One of the future research directions related to the genetic algorithm of Chapter
3 could be the improvement of its e�ciency on such FJSP problems that can
be represented by a set of simple sequential graphs. It is possible that more
e�cient encoding - and thus genetic operators - could be found, taking into
account the intention to maintain the representability of parallel execution of
the di�erent branches of the processes' and-subgraphs.
The presented GA can be modi�ed by handling higher capacity values than 1 of
the transportation devices. The GA's modi�cation is easy to handle di�erent
capacity values; however, its impact on the optimality is more complex: there
are cases when some operations should be delayed because batching them with
later operations �nally leads to better results.

3. The evident way to improve the fault-tolerant VRP-related work presented in
Chapter 4 is to bring it closer to real circumstances: the applied constraints
should be eliminated (these constraints were presented in section 4.4.1).
Releasing the assumption of equal and constant speed of the vehicles, the lo-
cation calculation becomes more complex. However, with a precise forecast of
the vehicle speeds, locations could be calculated with good quality.
If vehicles also di�er in their capacity, there can be cases when the helper
vehicle has to visit the broken-down vehicle more than once to service all the
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remaining customers. These visits can be inserted into the route of the helper
vehicle similar way as Step D in the algorithm of subsection 4.4.4 did.
Releasing the constraint that only one vehicle provides assistance, the routes'
replanning at each assumed location of the breakdown becomes much more
complex.
The problem approximates the reality better if the vehicle breakdown's as-
sumed location can be anywhere along the route. The proposed algorithm can
be modi�ed easily to calculate each vehicle's location with more re�ned res-
olution along their route; however, with the precision, the computation need
also increases.
When the customers' service time or the time of the repackaging at the broken-
down vehicle is not negligible, it results in delay for the a�ected vehicles and
in�uences the calculation of the vehicle locations.
If the vehicles do not start simultaneously from the depot, the location calcu-
lation must be modi�ed by taking into account the di�erent start times of the
vehicles.
If the number of depots is more than one (thus, the problem becomes a Multi-
Depot problem), the o�ered method has to be extended in the �rst step by
assigning the customers to depots. After that, the proposed algorithm can be
applied without changes for each depot.
All the other assumptions of section 4.4.1 are essential for the proposed algo-
rithm: when time windows are applied, or the distances between points are not
symmetrical, the inversion of the cyclic routes may not result in the same fea-
sible route set. It means that even without a breakdown, the di�erent route
direction compositions may have a di�erent sum of lengths (thus, di�erent
costs).
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Appendix A

Abbreviations

AJSP Assembly Job-Shop Problem

AJSP Job-Shop Scheduling with Processing Alternatives

CP Constraint Programming

CVRP Capacitated Vehicle Routing Problem

DVRP Dynamic Vehicle Routing Problem

FIFO First In First Out

FJSP Flexible Job-Shop Problem

FSP Flow-Shop Problem

GA Genetic Algorithm

GLPK GNU Linear Programming Kit

GRASP Greedy Randomized Adaptive Search Procedure

HFS Hybrid Flow-Shop Problem

ICT Information and Communication Technology

IPODS Integrated Production and Outbound Distribution Scheduling

JBX Job-Based Crossover

JSP Job-Shop Problem
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LS Local Search

MD-VRP Multi-Depot Vehicle Routing Problem

MD-VRPI Multi-Depot Vehicle Routing Problem with Inter-Depot Routes

MEMSY Modular Expandable Multiprocessor SYstem

MILP Mixed-Integer Linear Programming

MIP Mixed-Integer Programming

MMJSP Multi-Mode Job-Shop Problem

MPM-JSP Job-Shop Problem with Multi-Purpose Machines

MS string Machine Selection string

MULFLEX-SP Multi-Resource Shop Scheduling with Resource Flexibility

NNH Nearest Neighbour Heuristic

NP Nondeterministic Polynomial Time

OR Operations Research

OS string Operation Sequence string

OSP Open-Shop Problem

POX Precedence Preserving Order-Based Crossover

PSN Pocket Switched Network

PVRP Periodic Vehicle Routing Problem

QoS Quality of Service

SA Simulated Annealing

SVRP Stochastic Vehicle Routing Problem

TS Tabu Search

TSP Travelling Salesman Problem
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UML Uni�ed Modeling Language

VRP Vehicle Routing Problem

VRPM Vehicle Routing Problem with Multiple Use of Vehicles

VRPPD Vehicle Routing Problem with Pickup and Delivery

VRPRB Vehicle Routing Problem with Route Balancing

VRP-TW Vehicle Routing Problem with Time Windows
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Appendix B

The formal description of the general
production planning problem

The simple problem and the schedule in Figure B.1 are referred to during the intro-
duction of the notations for better understanding.

Notations B.0.1. Input-related notations:

M = {m1, ...,ms}: the set of the work�ow types also called process models. In
the example problem of Figure B.1, there are two process models: m1 and m2.

W = {w1, ..., wn}: the set of the work�ows also called processes. The problem
of Figure B.1 has three work�ows: two of them have work�ow type m1, and the
third one has work�ow type m2.

Ti = {ti,1, ..., ti,m}: the set of the operations (also called tasks) of process wi.
The problem of Figure B.1 has 10 operations. The operations of process w1

are t1,1, t1,2, and t1,3, the operations of process w2 are t2,1, t2,2, and t2,3, �nally,
the operations of process w3 are t3,1, t3,2, t3,3, and t3,4.

T = ∪n
i=1Ti: the set of the operations of all processes. In the case of the problem

of Figure B.1, T = {t1,1, t1,2, t1,3, t2,1, t2,2, t2,3, t3,1, t3,2, t3,3, t3,4}.

Pre(ti,j) ⊂ Ti: the subset of the operations of process wi (it can even be an
empty set) whose elements are direct prior operations to operation ti,j in
process wi. This set may have more than one element because of the possible
parallel structure of the processes. In the case of the problem of Figure B.1,
e.g., Pre(t3,2) = Pre(t1,1) = ∅, Pre(t3,3) = {t3,2}, and Pre(t3,4) = {t3,1, t3,3}.

allPre(ti,j) ⊂ Ti: the subset of the operations of process wi (it can even be an
empty set) whose elements are prior operations to operation ti,j in process wi.
E.g., if ti,b ∈ Pre(ti,c) and ti,a ∈ Pre(ti,b), then ti,a ∈ allPre(ti,c). In the case
of the problem of Figure B.1, allPre(t3,1) = allPre(t3,2) = ∅, allPre(t3,3) =
{t3,2}, and allPre(t3,4) = {t3,1, t3,2, t3,3}, for example.
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Figure B.1. A simple scheduling problem and its schedule. They are applied during
the explanation of the introduced notations.

R = {r1, ..., ru}: the set of the resources. In Figure B.1, there are 8 resources:
R = {r1, r2, r3, r4, r5, r6, r7, r8}.

D = {D1, ..., Dy}: the set of the resource types. In Figure B.1, there are
4 resource types: D = {D1, D2, D3, D4}.

n(Dl) ∈ Z: the number of the resources of resource type Dl. As two examples,
n(D1) = 3 and n(D2) = 1 in the problem of Figure B.1.
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RT (rk) ∈ D: the resource type of resource rk. For example, RT (r6) = D3

in the problem of Figure B.1.

setup(Dl, t
S, tU) ∈ N: the setup time required to set a resource with resource

type Dl from its state that can perform a tS-type operation to a new state
that makes the resource capable of performing a tU -type operation.

A = {tA, tB, ..., tZ}: the set of the operation types. In the problem of Figure
B.1, there are 4 operation types: A = {tA, tB, tC , tD}.

TT (ti,j) ∈ A: the operation type of operation ti,j. For example, TT (t2,3) = tD

and TT (t3,3) = tC in the problem of Figure B.1.

capable : D × A→ {0, 1}: a function that describes whether a resource with
a certain resource type can carry out a certain operation type. As two
examples, capable(D1, t

A) = 0 and capable(D1, t
B) = 1, considering the

problem of Figure B.1.

dur(tS, Dl) ∈ N: the duration of carrying out an operation with operation type
tS by a Dl-type resource. If capable(Dl, t

S) = 0, then dur(tS, Dl) =∞. For
example, in the problem of Figure B.1, dur(tB, D2) = 10 and dur(tD, D2) =∞.

durRe(tS, Dl) ∈ N: the duration; after that, a resource with resource type Dl

can be used again for performing a new operation after starting a tS-type
operation. If capable(Dl, t

S) = 0, then durRe(tS, Dl) =∞. This notion is
introduced because of the existence of transportation devices. It is the sum
of the operation time and a specialized setup time that follows the operation.
Because there is no transportation resource in the problem of Figure B.1, in the
example, the values of function durRe() are equal to the values of function dur()
for each operation type - resource type pair.

P = {p1, ..., ps}: the set of the product types. In the problem of Figure B.1,
there are 2 product types: p1 and p2.

n(pl) ∈ Z: the number of the products with product type pl that has to be
produced. As it can be seen in Figure B.1, n(p1) = 2 and n(p2) = 1 in the
example.

I = {I1, ..., In}: the set of the product items. As in the example of Figure B.1,
there are two product items (I1 and I2) with product type p1 and one product
item (I3) with product type p2.

PT (Iv) ∈ P : the product type of product item Iv. For example, PT (I3) = p2 in
the example of Figure B.1.

WF (Iv) ∈ W : the work�ow that produces product Iv. In the problem of Figure
B.1, WF (I1) = w1, WF (I2) = w2, and WF (I3) = w3.
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WM(wv) ∈M : the work�ow model of wv work�ow. In the problem of
Figure B.1, WM(w1) = WM(w2) = m1, and WM(w3) = m2.

WM(pl) ∈M : the work�ow model that produces products with product type pl.
In the problem of Figure B.1, WM(p1) = m1, and WM(p2) = m2.

Notations B.0.2. Schedule-related variables:

X(ti,j) ∈ R: the resource which is assigned to operation ti,j by the scheduler.
For example, X(t1,2) = r1 in the schedule of Figure B.1.

start(ti,j) ∈ N: the start time of operation ti,j of process wi. As an example,
start(t3,3) = 3 in Figure B.1.

end(ti,j) ∈ N: the �nish time of operation ti,j of process wi. As an example,
end(t1,3) = 6, based on Figure B.1.

makespan(W ) = max(end(ti,j))−min(start(tk,l)) for all ti,j, tk,l ∈ T . In the
example of Figure B.1 makespan(W ) = end(t3,4)− start(t2,1) = 9− 0 = 9.

The input-related constraints are:

WF (Iv) ≡ WF (Iq)⇔ v = q,∀ 1 ≤ v, q ≤ n.

This constraint ensures that each product item has its own, separate work�ow
that the item's production is based on.

WM(pl) ≡ WM(pk)⇔ l = k,∀ 1 ≤ l, k ≤ s.

This constraint ensures that each product type has its own, separate work�ow
model that the production of the products with this product type is based on.

n(pl) = |
n⋃

i=1

Ii, where PT (Ii) = pl|, ∀ 1 ≤ l ≤ s.

The above constraint de�nes the calculation of the cardinality of the set of prod-
ucts with a certain product type.

Based on the above 3 constraints, the following constraint can be gained:

s∑
l=1

n(pl) = |W |.
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The constraint prescribes that each work�ow produces exactly one product.

For ∀ rk, 1 ≤ k ≤ u, ∃ Dl, 1 ≤ l ≤ y, such that RT (rk) = Dl, and

n(Dl) = |
u⋃

i=1

ri, where RT (ri) = Dl|,∀ 1 ≤ l ≤ y.

The above constraint de�nes the calculation of the number of resources with a
certain resource type.

dur(tS, Dl) ≤ durRe(tS, Dl), ∀ tS ∈ A, Dl ∈ D.

This constraint prescribes that a resource can not be ready to perform any next
operation before its ongoing operation is �nished. It is worth noting that practi-
cally the di�erentiation between functions dur() and durRe() is required because
of the possible existing of transportation machines: after a transportation device
transports a product to the destination, ensuring that the product is ready for the
following operation, the machine still requires time to get back to its initial location
for starting a new similar transportation operation.

The constraints for determining start(ti,j) and end(ti,j) for all ti,j ∈ T
are:

X(ti,j) 6= ∅,∀ ti,j ∈ T

This constraint means that each operation has to be carried out by a resource.

end(ti,j) = start(ti,j) + dur(TT (ti,j), RT (X(ti,j))), ∀ ti,j ∈ T

The above constraint represents the connection between the start and the �nish
time of an operation regarding the related operation time.

start(tl,m) ≥ start(ti,j) + durRe(TT (ti,j), RT (X(ti,j)))

+ setup(X(ti,j), TT (ti,j), TT (tl,m)) or

start(tl,m) + durRe(TT (tl,m), RT (X(tl,m)))

+ setup(X(tl,m), TT (tl,m), TT (ti,j)) ≤ start(ti,j),

∀ ti,j, tl,m ∈ T, if ti,j 6= tl,m and X(ti,j) ≡ X(tl,m))
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This constraint speci�es that the operations allocated to the same resource must
not overlap each other.

end(ti,a) ≤ start(ti,b), ∀ 1 ≤ i ≤ n, ∀ ti,a, ti,b ∈ Ti, if ti,a ∈ allPre(ti,b)

The �nal constraint describes that an operation of a process must not start be-
fore its prior operations of the considered operation's process are not �nished.

For the problem with the process set W, the solution with minimalmakespan(W )
is intended to be found.
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Appendix C

The speci�c model of Chapter 2

Here the problem of Chapter 2 is described formally, using the notations of Ap-
pendix B.

As Figure 2.2 of subsection 2.2 shows, there are 2 work�ow types in the considered
problem: M = {m1,m2}. Process model m1 is executed n(p1) times, and process
model m2 is executed n(p2) times. It means that |W | = n(p1) + n(p2). WM(wv) =
m1, if 1 ≤ v ≤ n(p1), and WM(wv) = m2, if n(p1) + 1 ≤ v ≤ n(p1) + n(p2).
The structure of the process models - highlighting the work�ows' operations and
based on Figure 2.2 - are illustrated in Figure C.1. The reason for using non-
consecutive indexes for the operations is that the same indexes are used for the
same operations in the extended work�ows of Chapter 3.

Figure C.1. The process models of Chapter 2.

The set of the operations of work�ow wi - that has work�ow type m1 - is:
Ti = {ti,2, ti,5, ti,7},∀i where WM(wi) = m1.

The structure of work�ow wi - that follows process model m1 - is determined by
the sequence of its operations as follows:

Pre(ti,2) = Pre(ti,5) = ∅,
P re(ti,7) = {ti,2, ti,5},

}
∀i where WM(wi) = m1.
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The set of the operations of work�ow wj - that has work�ow type m2 - is:
Tj = {tj,2, tj,5, tj,7, tj,9}, ∀j where WM(wj) = m2.

The structure of work�ow wj - that follows process model m2 - is determined by
the sequence of its operations as follows:

Pre(tj,2) = Pre(tj,5) = ∅,
P re(tj,7) = {tj,5},

P re(tj,9) = {tj,2, tj,7},

∀j where WM(wj) = m2.

The types of operations are:

TT (ti,5) = TT (tj,2) = tA,

TT (ti,2) = TT (tj,5) = tB,

TT (tj,7) = tC ,

TT (ti,7) = TT (tj,9) = tD,

∀i where WM(wi) = m1 and ∀j where WM(wj) = m2.

Based on Figure 2.2, the resources of the problem are:
R = {r1, r2, r3, r4, r5, r6, r7, r8}.

The types of these resources are:
RT (r1) = RT (r2) = RT (r3) = D1,
RT (r4) = D2,
RT (r5) = RT (r6) = D3,
RT (r7) = RT (r8) = D4.

It means that the numbers of the resources with the same resource type are:
n(D1) = 3, n(D2) = 1, n(D3) = 2 and n(D4) = 2.

The resource-related data are summarized in Table C.1.

Table C.1. Resource types and their properties: operation time for the resource type
- operation type pairs.

tA tB tC tD

D1 ∞ dur(tB, D1) dur(tC , D1) ∞
D2 ∞ dur(tB, D2) dur(tC , D2) ∞
D3 dur(tA, D3) ∞ ∞ ∞
D4 ∞ ∞ ∞ dur(tD, D4)

tA, tB, tC , tD are operation types

D1, D2, D3, D4 are resource types
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Appendix D

Demonstration: preemptive solution
of a small problem

Let us consider a problem whose parameters are determined as follows:

• n(p1) = 7,

• n(p2) = 13.

It means that 20 is the total number of products that have to be produced. Each
of them requires the execution of a tB-type operation, but a tC-type operation has
to be carried out only for 13 pieces of them.
The cardinality of the sets of di�erent machines are:

• α = 1 (the number of the D1-type machines that make only tB-type opera-
tions),

• β = 2 (the number of theD1-type machines that make both tB-type operations
and tC-type operations),

• γ = 1 (the number of the D2-type machines that carry out only tC-type
operations).

The time-related parameters are:

• setup(D1, t
B, tC) = 2 (the setup time),

• dur(tB, D1) = 7 (the processing time of a tB-type task on a D1-type machine),

• dur(tC , D1) = 14 (the processing time of a tC-type task on aD1-type machine),

• dur(tC , D2) = 8 (the processing time of a tC-type task on a D2-type machine).

After solving the equation system (2.1)-(2.3), the result is:

• x = 305/38 ≈ 8.026,

• y = 4059/399 ≈ 10.173,

• v = 3921/798 ≈ 4.914,

• and w = 189/76 ≈ 2.487.
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Appendix E

Demonstration: rounding the small
problem of Appendix D

After truncating the variables of the preemptive solution, the obtained numbers are:

• x = 8, so, the number of the tC-type operations on the D2-type machine is 8,

• y = 10, it means that the one D1-type machine that carries out only tB-type
operations has 10 pieces of tB-type operations,

• v = 4, so the number of the tB-type operations on the two D2-type machines
that perform both tB-type operations and tC-type operations is 4 per machine,

• and w = 2, it means that the number of the tC-type operations on the two D2-
type machines that perform both tB-type operations and tC-type operations
is 2 per machine.

The job-assignment after the truncation is illustrated in Figure E.1. Worth
noting that there are fewer operations assigned to the machines than the process
executions require.

Figure E.1. Job assignment after the truncation phase of the rounding procedure for
the introduced small problem.

After counting the assigned tB-type operations, their number is obtained as
10 + 2 · 4 = 18. Since n(p1) = 7 and n(p2) = 13, the total number of the tB-
type operations of the processes is 20. It means that the �rst D1-type machine has
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11 tB-type operations (instead of the previously assigned 10 tasks), the second D1-
type machine (that performs both tB-type operations and tC-type operations) gets
5 tB-type operations (instead of the previously assigned 4 tB-type tasks), and the 4
pieces of the tB-type operations of the third D1-type machine (that also performs
both tB-type operations and tC-type operations) remains unchanged.
Similarly, the number of the assigned tC-type operations is 2 · 2 + 8 = 12. Since
n(p2) = 13, the number of the tC-type operations on the D2-type machine is in-
creased from 8 to 9, and the number of the tC-type operations on the two D2-type
machines (they perform both tB-type operations and tC-type operations) remains 2
per machine.

The rounding procedure results in the job-assignment that is shown in Figure
E.2.

Figure E.2. Job assignment after the rounding procedure for the introduced small
problem.
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Appendix F

Critical path, block, and
neighbourhood in Tabu Search,
based on Hurink et al. [1]

In the paper of Hurink et al., a tabu search algorithm is presented, where the
neighbours of a solution are generated by repositioning operations of some blocks of
the critical path.

De�nition 78. Critical path A critical path of the graph is the shortest path from the
earliest operation to the latest operation. Let us consider the directed graph model of
a schedule: G = (V,E), where V is the set of operations and E ={(vi, vj), vi ∈ V and
vj ∈ V where vj is the direct subsequent operation of vi in their common process, or in
the queue of their common machine} is the set of directed arcs. Let each ei,j = (vi, vj)
arc be weighted by the di�erence between the start time of the operation vj and the
�nish time of operation vi. Starting from the operation which has the latest �nish
time; all the paths are tracked backward in the graph and collected in a path-set as
follows:

• if the following arc (during the backward tracking) of a path passes from a
machine to another machine and the weight of the arc is not equal to zero,
then the path is deleted from the path set,

• if the following arc (during the backward tracking) of a path remains on the
same machine and the arc's weight is not equal to the appropriate setup time,
then the path is deleted from the path set.

Finally, the paths in the path-set are the critical paths.

De�nition 79. Block of a critical path A sequence of successive nodes if (1) all of
the nodes of this sequence are on the same machine, (2) the length of this sequence
is at least two, and (3) the sequence can not be enlarged by one operation without
con�icting the �rst property.
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During the neighbour-generation process, a random operation from a block of a
critical path of the iteration's initial schedule is selected and moved to a new place,
following the next strategy:

• either another machine is selected randomly that can execute the operation,
and the selected operation is inserted into the operation-queue of this machine
into a feasible position,

• or the operation (if it is not the �rst operation of the block) is moved just
before all other operations of the block,

• or the operation (if it is not the last operation of the block) is moved just after
all other operations of the block.

The algorithm maintains a �x-sized tabu list that is empty in the beginning and
follows FIFO manner. In each iteration, the best neighbour that is not an element of
the tabu list is selected as the solution of the iteration. After getting the solution of
an iteration, this solution is pushed into the tabu list. The tabu list avoids selecting
the same solution in the near future, thus avoids getting into a cycle. The Tabu
Search algorithm performs several iterations and returns the found best solution as
its output.
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Appendix G

The Tabu Search algorithm of
Chapter 2

Figure G.1. The implemented Tabu Search algorithm.
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Appendix H

The MILP model of the introduced
problem

H.1 Sets and Parameters

T = {0, 1, . . . , T} denotes the set of time steps. T ′ = T \{T} and T − = T \{0}.
Table H.1 shows the time-related parameters (operation time and setup time) of

the problem.
Further parameters describe the amount of raw material for the tA-type opera-

tions and the tB-type operations and the number of desired �nal products, see Table
H.2.

H.2 Variables

The decision variables used in this model are all binary or integer. They are divided
into two categories: stock variables and �ow variables. Considering the production
as a directed graph, the stock variables s are the nodes. They describe the amount
of material available for production. The resources (machines) are the arcs, which
correspond to the �ow variables f . Both variables are time-indexed since they
describe a dynamic setting that changes from time point to time point. The �nal
class of variables represents certain time points in the schedule, such as the end of
the production. The details can be found in Tables H.3, H.4, and H.5.

H.3 Constraints

The constraints related to the operation execution are described in detail in the
following subsections.

H.3.1 tA-type operations

The tA-type operations are executed by resources r5 and r6, using the raw material
of tA-type operations.

XIX



name index i description
/dur(tX , Di) denotes the operation time of a tX-type operation
with a Di-type resource,
following the notations introduced in Appendix B./

pt
A

ri
5&6 Shows the processing time of the ri resource for each tA-type

operation. It is equal to dur(tA, D3).

pt
B

ri
1�4 Shows the processing time of the ri resource for executing a

tB-type operation. It is equal to dur(tB, D1) if i ∈ {1, 2, 3},
and it is equal to dur(tB, D2) if i = 4.

pt
C

ri
1�4 Shows the processing time of the ri resource for executing a

tC-type operation. It is equal to dur(tC , D2) if i = 4,
and it is equal to dur(tC , D1) if i ∈ {1, 2, 3}.

pt
D

ri
7&8 Shows the processing time of ri for each tD-type operation.

It is equal to dur(tD, D4).

uri 1�4 Shows the setup time for ri for changing between a tB-type
operation and a tC-type operation. It is equal to
setup(D1, t

B, tC) if i ∈ {1, 2, 3}, and it is equal to
setup(D2, t

B, tC) if i = 4.

Table H.1. Time-related parameters of the model.

name description

mtA raw material input for the tA-type operations

mtB raw material input for the tB-type operations

n(p1) the desired number of products of the �rst type (p1)

n(p2) the desired number of products of the second type (p2)

Table H.2. Production input and output parameters.

name range description

st
Araw(t) Z+ raw material for tA-type operation at time t

st
Afinished(t) Z+ �nished products of a tA-type operation at time t

st
Braw(t) Z+ raw material for tB-type operation at time t

st
Bfinished(t) Z+ �nished products of a tB-type operation at time t

st
Cfinished(t) Z+ �nished products of a tC-type operation at time t

sp1(t) Z+ �nished �rst type (p1) products at time t

sp2(t) Z+ �nished second type (p2) products at time t

Table H.3. Stock variables (associated with nodes in the production graph).
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name i range description

f tA

ri
(t) 5&6 {0, 1} ri resource starts processing at time t

f tB

ri
(t) 1-4 {0, 1} ri resource starts a tB-type operation at time t

f tC

ri
(t) 1-4 {0, 1} ri resource starts a tC-type operation at time t

fp1
ri

(t) 7&8 {0, 1} ri resource starts �nishing a �rst type (p1) product at time t

fp2
ri

(t) 7&8 {0, 1} ri resource starts �nishing a second type (p2) product at time t

f tD

ri
(t) 7&8 {0, 1} ri resource starts �nishing a tD-type operation (an assembly task)

at time t

Table H.4. Flow variables (associated with arcs in the production graph).

name i range description

Cmax Z+ makespan

`ri 7&8 Z+ time point of the end of manufacturing on ri resource

Table H.5. Time variables.

The initial conditions are:

st
Araw(0) = mtA ,

st
Afinished(0) = 0,

which place all the raw material of tA-type operations in front of r5 and r6 and
assumes an empty stock of �nished products of the tA-type operations at time point
0. The boundary conditions enforce no production in the very last time point T :

f tA

r5
(T ) = f tA

r6
(T ) = 0.

There are two nodes associated with the execution of tA-type operations; both
of them give rise to �ow conservation constraints. The raw material of tA-type
operations of time point t is moved to the two resources r5, r6, and the remaining
raw material is moved to the next time point:

st
Araw(t) = st

Araw(t+ 1) + f tA

r5
(t) + f tA

r6
(t), ∀ t ∈ T ′.

The �ow conservation at the node at the other end of r5, r6 takes the �nished
materials and either stores them as a stock or moves them forward for the �nal
assembly:

st
Afinished(t−1)+f tA

r5
(t−ptAr5 )+f tA

r6
(t−ptAr6 ) = st

Afinished(t)+f tD

r7
(t)+f tD

r8
(t), ∀ t ∈ T −.

Note that here and in all the following equations, if the time index of a variable
is not in T , the variable is replaced by the value 0. In the above equation, it means
that f tA

r5
(t− ptAr5 ) is replaced by 0, whenever t− ptAr5 /∈ T .
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The production within r5, r6 takes a certain number of time steps, and only one
item (raw material) can be processed within that time span:∑

∆∈{0,...,ptAri −1}

f tA

ri
(t−∆) ≤ 1, ∀ t ∈ T , i = 5, 6.

H.3.2 tB- and tC-type operations

First, a tB-type operation is executed on the initial raw material by one of the re-
sources r1, . . . , r4. Then, the tB-type operation's resulted products are either moved
for �nal assembly, or they are further processed, and a tC-type operation is executed
on them by one of the resources r1, . . . , r4. As an initial condition, all the initial raw
material is placed in front of machines r1, . . . , r4 at time point 0:

st
Braw(0) = mtB .

There is no possibility for executing a tC-type operation at time point 0:

f tC

r1
(0) = . . . = f tC

r4
(0) = 0.

There is an empty stock of products of executed tB-type and tC-type operations
at time point 0:

st
Bfinished(0) = st

Cfinished(0) = 0.

As boundary conditions, it is required that no processing takes place in the very
last time point T :

f tB

r1
(T ) = . . . = f tB

r4
(T ) = f tC

r1
(T ) = . . . = f tC

r4
(T ) = 0.

The raw material of a tB-type operation is either processed by one of the machines
r1, . . . , r4, or it is moved to the next time point as raw material:

st
Braw(t) = st

Braw(t+ 1) + f tB

r1
(t) + . . .+ f tB

r4
(t), ∀ t ∈ T ′.

The products of �nished tB-type operations are either stored or processed further
by a tC-type operation on one of the machines r1, . . . , r4, or moved for �nal assembly
to the machines r7, r8:

st
Bfinished(t− 1) + f tB

r1
(t− ptBr1 ) + . . .+ f tB

r4
(t− ptBr4 )

= st
Bfinished(t) + f tC

r1
(t) + . . .+ f tC

r4
(t) + fp1

r7
(t) + fp1

r8
(t), ∀ t ∈ T −.

The products of �nished tC-type operations are either stored or moved for �nal
assembly to the machines r7, r8:

st
Cfinished(t− 1) + f tC

r1
(t− ptCr1 ) + . . .+ f tC

r4
(t− ptCr4 )

= st
Cfinished(t) + fp2

r7
(t) + fp2

r8
(t), ∀ t ∈ T −.

Let it be either a tB-type operation or a tC-type operation within an r1, . . . , r4

resource, its execution takes a certain number of time steps. Moreover, only one
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item (in case of a tB-type operation, a raw material of a tB-type operation; in case
of a tC-type operation, a product of a prior tB-type operation) can be processed
within that time span:

∑
∆∈{0,...,ptXri −1}

f tX

ri
(t−∆) ≤ 1, ∀ t ∈ T , i = 1, . . . , 4, ∀ tX ∈ {tB, tC}.

When changing either from a tB-type operation to a tC-type operation or from
a tC-type operation to a tB-type operation, the setup time must be obeyed:

f tX

ri
(t) + f tY

ri
(t+ ∆) ≤ 1, ∀∆ ∈ {0, . . . , ptXri + uri − 1}, i = 1, . . . , 4,

∀ tX , tY ∈ {tB, tC}, tX 6= tY .

H.3.3 tD-type operations

Two resources (r7 and r8) assemble the products in the �nal step, resulting in prod-
ucts of product types p1 and p2.

As initial conditions, it is assumed that the stock of �nal products of both p1

and p2 product types is empty:

sp1(0) = sp2(0) = 0.

The �ow of the products of �nished tB-type, tC-type, and tA-type operations
through resources r7, r8 is initially empty; moreover, there is no �ow in the very last
time point, too:

fp1
ri

(t) = fp2
ri

(t) = f tD

ri
(t) = 0, i = 7, 8, ∀ t ∈ {0, T}.

The �nal stocks of the products of product type p1 and the products of product
type p2 must meet the required demand:

spj(T ) = n(pj), ∀ pj ∈ {p1, p2}.

Both the stock of p1-type products and the stock of p2-type products are increased
by adding �nished products coming out of r7, r8 resources:

spj(t− 1) + fpj
r7

(t− ptDr7 ) + fpj
r8

(t− ptDr8 ) = spj(t), ∀ pj ∈ {p1, p2}, ∀ t ∈ T −.

Only one product can be handled during the processing time while performing
either a tA-type operation or a tB-type operation or a tC-type operation by resource
r7 or r8: ∑

∆∈{0,...,ptDri −1}

fY
ri

(t−∆) ≤ 1, ∀ t ∈ T , ∀Y ∈ {tD, p1, p2}, i = 7, 8.

A product consists of an outcome of a tA-type operation assembled with either
an outcome of a tC-type operation (on which a tB-type operation was carried out

XXIII



earlier) or an outcome of a tB-type operation. The two parts have to be assembled
at the same time:

f tD

ri
(t) = fp2

ri
(t) + fp1

ri
(t), ∀ t ∈ T , i = 7, 8.

H.4 Makespan and Objective

The makespan is the time when the last product is completed on either an r7 or an
r8 resource:

(t+ pt
D

ri
) · f tD

ri
(t) ≤ `ri , ∀ t ∈ T , i = 7, 8,

and
`ri ≤ Cmax, ∀ i = 7, 8.

The objective is to minimize the total makespan Cmax.
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Appendix I

The calculation of the coarse upper
and lower bounds for subsection 2.4.1

The calculation of the coarse upper bound (T ub) that is applied in Method1 - using
the notations of Appendix H - is:

T ub := dmtA · ((ptAr5 )−1 + (pt
A

r6
)−1)−1e+

dmtB · ((ptBr1 )−1 + . . .+ (pt
B

r4
)−1)−1e+

max{ur1 , . . . , ur4}+

dn(p2) · ((ptCr1 )−1 + . . .+ (pt
C

r4
)−1)−1e+

dmtA · ((ptDr7 )−1 + (pt
D

r8
)−1)−1e.

The calculation of the coarse lower bound (T lb) that is applied in Method2 -
using the notations of Appendix H - is:

T lb := min{bmtA · ((ptAr5 )−1 + (pt
A

r6
)−1)−1c,

bmtB · ((ptBr1 )−1 + . . .+ (pt
B

r4
)−1)−1c+

bn(p2) · ((ptCr1 )−1 + . . .+ (pt
C

r4
)−1)−1c,

bmtA · ((ptDr7 )−1 + (pt
D

r8
)−1)−1c}.
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Appendix J

The speci�c model of Chapter 3

Here the problem of Chapter 3 is described formally, using the notations of Ap-
pendix B.

As Figure 3.1 of subsection 3.1 shows, there are 2 work�ow types in the considered
problem: M = {m1,m2}. These are extended variants of the work�ow types of
Chapter 2. Process model m1 is executed n(p1) times, and process model m2 is
executed n(p2) times. It means that |W | = n(p1) + n(p2). WM(wv) = m1, if 1 ≤
v ≤ n(p1), and WM(wv) = m2, if n(p1) + 1 ≤ v ≤ n(p1) + n(p2). Moreover, its
consequence is that P = {p1, p2}, so, there are 2 types of products (s = 2), where
WM(p1) = m1 and WM(p2) = m2.
The structure of the process models - highlighting the work�ows' operations and
based on Figure 3.1 - is illustrated in Figure J.1.

Figure J.1. The process models of Chapter 3.

The set of the operations of work�ow wi - that has work�ow type m1 - is:
Ti = {ti,1, ti,2, ti,3, ti,4, ti,5, ti,6, ti,7, ti,8},∀i where WM(wi) = m1.

The structure of work�ow wi - that follows process model m1 - is determined by
the sequence of its operations as follows:
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Pre(ti,1) = Pre(ti,4) = ∅,
P re(ti,2) = {ti,1},
P re(ti,3) = {ti,2},
P re(ti,5) = {ti,4},
P re(ti,6) = {ti,5},

P re(ti,7) = {ti,3, ti,6},
P re(ti,8) = {ti,7},


∀i where WM(wi) = m1.

The set of the operations of work�ow wj - that has work�ow type m2 - is:
Tj = {tj,1, tj,2, tj,3, tj,4, tj,5, tj,6, tj,7, tj,8, tj,9, tj,10}, ∀j where WM(wj) = m2.

The structure of work�ow wj - that follows process model m2 - is determined by
the sequence of its operations as follows:

Pre(tj,1) = Pre(tj,4) = ∅,
P re(tj,2) = {tj,1},
P re(tj,3) = {tj,2},
P re(tj,5) = {tj,4},
P re(tj,6) = {tj,5},
P re(tj,7) = {tj,6},
P re(tj,8) = {tj,7},

P re(tj,9) = {tj,3, tj,8},
P re(tj,10) = {tj,9},



∀j where WM(wj) = m2.

The types of operations are:

TT (ti,5) = TT (tj,2) = tA,

TT (ti,2) = TT (tj,5) = tB,

TT (tj,7) = tC ,

TT (ti,7) = TT (tj,9) = tD,

TT (ti,4) = TT (tj,1) = tE,

TT (ti,1) = TT (tj,4) = tF ,

TT (ti,3) = tG,

TT (tj,6) = tH ,

TT (tj,8) = tI ,

TT (ti,6) = TT (tj,3) = tJ ,

TT (ti,8) = TT (tj,10) = tK ,



∀i where WM(wi) = m1 and ∀j where WM(wj) = m2.

Operation types tE, tF , tG, tH , tI , tJ , and tK are transportation operation types.
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Based on Figure 3.1, the resources of the problem are:
R = {r1, r2, r3, r4, r5, r6, r7, r8, r9, r10, r11, r12, r13, r14, r15}.

The types of these resources are:
RT (r1) = RT (r2) = RT (r3) = D1,
RT (r4) = D2,
RT (r5) = RT (r6) = D3,
RT (r7) = RT (r8) = D4,
RT (r9) = D5,
RT (r10) = D6,
RT (r11) = D7,
RT (r12) = D8,
RT (r13) = D9,
RT (r14) = D10,
RT (r15) = D11.
Resource types D5-D11 are transportation resource types, and the operations of the
process models they are capable of operating are transportation tasks.

The numbers of the resources with the same resource type are:
n(D1) = 3, n(D2) = 1, n(D3) = 2, n(D4) = 2, n(D5) = 1, n(D6) = 1, n(D7) = 1,
n(D8) = 1, n(D9) = 1, n(D10) = 1 and n(D11) = 1.

The resource-related data are summarized in Table J.1.

Table J.1. Resource types and their properties: operation time for the resource type
- operation type pairs.

tA tB tC tD tE tF

D1 ∞ dur(tB, D1) dur(tC , D1) ∞ ∞ ∞
D2 ∞ dur(tB, D2) dur(tC , D2) ∞ ∞ ∞
D3 dur(tA, D3) ∞ ∞ ∞ ∞ ∞
D4 ∞ ∞ ∞ dur(tD, D4) ∞ ∞
D5 ∞ ∞ ∞ ∞ ∞ dur(tF , D5)

D6 ∞ ∞ ∞ ∞ dur(tE , D6) ∞

tG tH tI tJ tK

D7 ∞ dur(tH , D7) ∞ ∞ ∞
D8 ∞ ∞ dur(tI , D8) ∞ ∞
D9 dur(tG, D9) ∞ ∞ ∞ ∞
D10 ∞ ∞ ∞ dur(tJ , D10) ∞
D11 ∞ ∞ ∞ ∞ dur(tK , D11)

tA, tB, tC , tD, tE , tF , tG, tH , tI , tJ , tK are operation types

D1, D2, D3, D4, D5, D6, D7, D8, D9, D10, D11 are resource types
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Appendix K

Parameter values of the
deterministic problem of Chapter 3

Here the parameter values of the deterministic problem of Chapter 3 are presented
formally, using the notations of Appendix B.

In the deterministic problem, n(p1) = 15 and n(p2) = 20. It means that 15
products with product type p1 and 20 products with product type p2 have to be pro-
duced. So, the scheduling problem is to schedule 35 work�ows altogether: |W | = 35,
with the structure that |

⋃n
i=1wi, where WM(wi) = m1| = 15, and |

⋃n
i=1wi, where

WM(wi) = m2| = 20.

The operation times of the problem are presented in Table K.1.

Table K.1. Deterministic operation times of the problem.
Resource type × Task type Operation time Duration after the resource is ready again
Dl × tS dur(tS , Dl) durRe(tS , Dl)

D1 × tB 6 6
D1 × tC 10 10
D2 × tC 6 6
D2 × tB 10 10
D3 × tA 6 6
D4 × tD 4 4
D5 × tF 3 6
D6 × tE 5 10
D7 × tH 3 6
D8 × tI 5 10
D9 × tG 4 8
D10 × tJ 3 6
D11 × tK 4 8

The setup times of the problem are:
setup(D1, t

B, tC) = setup(D1, t
C , tB) = 5

setup(D2, t
C , tB) = setup(D2, t

B, tC) = 6.
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Appendix L

Computational results for Chapter 3

L.1 Results obtained by the unaided Genetic Algo-

rithm for the deterministic problem
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Figure L.1. Results for the best makespans related to the generation counter in case
of the deterministic problem. Run 1-2.
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Figure L.2. Results for the best makespans related to the generation counter in case
of the deterministic problem. Run 3-4.
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Figure L.3. Results for the best makespans related to the generation counter in case
of the deterministic problem. Run 5-6.
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Figure L.4. Results for the best makespans related to the generation counter in case
of the deterministic problem. Run 7-8.
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Figure L.5. Results for the best makespans related to the generation counter in case
of the deterministic problem. Run 9-10.
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L.2 Results obtained by Simulated Annealing for

the deterministic problem

Figure L.6. Results for the best makespans related to the iteration number in case
of the deterministic problem. Run 1-4.
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Figure L.7. Results for the best makespans related to the iteration number in case
of the deterministic problem. Run 5-8.
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Figure L.8. Results for the best makespans related to the iteration number in case
of the deterministic problem. Run 9-10.
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L.3 Results obtained by the Simulated Annealing-

aided Genetic Algorithm for the deterministic

problem

Figure L.9. Results for the best makespans related to the generation counter in case
of the deterministic problem. Run 1-2.
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Figure L.10. Results for the best makespans related to the generation counter in
case of the deterministic problem. Run 3-4.
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Figure L.11. Results for the best makespans related to the generation counter in
case of the deterministic problem. Run 5-6.
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Figure L.12. Results for the best makespans related to the generation counter in
case of the deterministic problem. Run 7-8.
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Figure L.13. Results for the best makespans related to the generation counter in
case of the deterministic problem. Run 9-10.
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Appendix M

The detailed improvement steps of
the genetic algorithm of Subsection
3.6

First improvement: using heuristic - that works from job to job - to create
the initial population

The original GA gave signi�cant importance to suddenness because the main purpose
was to cover the whole search space. However, I was not satis�ed with the results'
quality, and I thought it could be improved. The purpose of the �rst improvement
is to �ll the initial population with good-quality instances that are obtained quickly
by a heuristic. This way, the GA can start from a better state than in the original
case.
Analyzing the input of the mk01 problem - that has 6 machines, 10 jobs, 5-6 opera-
tions per job and the average number of machines per operation (that can perform
the operation) is 2 -, some bottlenecks were noticed: there are "critical operations"
and because of them, "critical machines". These operations can determine the pri-
ority of their processes during scheduling (instead of the random sequence of the
processes).

De�nition 80. Critical machine: Let T one be the set of all of those operations of
the problem that can be performed by only one resource. If the operation times of the
elements of T one are summed per machine, the machine with the highest (nonzero)
sum is a critical machine (res1). If the sum of the machine with the second-highest
value is within 80% of the sum of res1, then this machine (res2) is also critical.

De�nition 81. Critical operation: Let avg be the average of the operation times of
the elements of T one. Each element of T one, whose operation time equals or higher
than avg and the only machine that can perform it is res1 or res2, is a critical
operation.

Let TC denote the set of the critical operations of the problem. For each element
of TC , both the sum of the minimum operation times of its preceding operations in its
process (sumPrev) and the sum of the minimum operation times of its subsequent
operations in its process (sumFollower) are calculated. The averages of these values
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on the TC set are also determined: sumPrevAvg and sumFollowerAvg. Based on
these values, the critical operations are classi�ed into the following priority classes:

• I. (weight: 3): sumPrev = 0 and sumFollower ≥ sumFollowerAvg.

• II. (weight: 1): (sumPrev = 0 and sumFollowerAvg > sumFollower > 0)
or (sumPrevAvg > sumPrev > 0 and sumFollower ≥ sumFollowerAvg).

• III. (weight: 0): (sumPrevAvg > sumPrev > 0 and sumFollowerAvg >
sumFollower > 0) or (sumPrev ≥ sumPrevAvg and sumFollower ≥
sumFollowerAvg) or (sumPrev = 0 and sumFollower = 0).

• IV. (weight: -1): (sumPrev ≥ sumPrevAvg and sumFollowerAvg >
sumFollower > 0) or (sumPrevAvg > sumPrev > 0 and sumFollower = 0).

• V. (weight: -3): sumPrev ≥ sumPrevAvg and sumFollower = 0.

Then, a weighted sum of the number of the critical operations is calculated for each
process. The weights depend on the priority class; their values are highlighted in
the previous enumeration. The processes are classi�ed based on their weighted sum,
as follows:

• Class 1., if the weighted sum is greater than or equal to 3.

• Class 2., if the weighted sum is between 0 and 3.

• Class 3., if the weighted sum is equal to 0.

• Class 4., if the weighted sum is between −3 and 0.

• Class 5., if the weighted sum is less than or equal to −3.

During scheduling the processes, the heuristic method follows their increasing or-
der by their class numbers (the order of the processes with equal class numbers is
random). This method ensures that an operation that can be performed by only
one machine (thus, it is harder to schedule) and whose process still requires a long
operation time after performing this operation is scheduled earlier - and can be per-
formed earlier - on average. To maintain the genetic variability, maybe not all the
instances of the initial population must be generated by this heuristic. Experiments
were done on creating di�erent sized parts of the initial population by the heuristic
method (the creation of the remaining instances is unchanged, following the method
of subsection 3.3). Because of the long runtime of the GA, the generation num-
ber was decreased to 800. The results obtained by running the GA until its 800th

generation on the mk01 test instance of Brandimarte are shown in Table M.1.
The results justify the e�ciency of the heuristic method. The best results were

obtained when the whole initial population was created by the heuristic. From
now on - in each further improvement - the initial population is created by this
heuristic. However, since the obtained best makespan is far from the optimum,
further improvement is necessary.
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Table M.1. The makespans, obtained on the mk01 problem by the GA after the
�rst improvement, with di�erent numbers of instances created by the heuristic in
the 50-sized initial population.
The number of instances created
by the heuristic in the 50-sized Results of the GA*
initial population optimum minimum maximum average

1 40 49 60 54
5 40 48 59 52.5
50 40 46 54 50.7

*from 10 runs

Table M.2. The makespans, obtained on the mk01 problem by the GA after the
second improvement.

Results of the GA*
optimum minimum maximum average

40 42 44 43.1

*from 10 runs

Second improvement: modifying the heuristic that creates the initial
population to schedule from operation to operation in a greedy way

The �rst improvement applied a heuristic that orders the jobs and schedules all
operations of a job before the next job's operations are scheduled. It excludes the
creation of some good solutions; the proof for that can be found in Appendix N.
The second improvement modi�es the heuristic in this way:
The scheduling is done from operation to operation. In each step, all the possible
subsequent, unscheduled operations of the processes are collected, and the operation
that results in the minimum makespan after its schedule is selected and becomes
scheduled. If more than one such operations exist, one of them is chosen randomly.
Because the runtime of the heuristic is short, 1000 instances are generated by the
heuristic method, and the initial population is �lled by the best 50 of them. The
number of the generations remains 800. Table M.2 shows the obtained results on
the mk01 problem of Brandimarte.

These results are convincing: the best makespan improved from 46 to 42. Be-
cause of this, this variant of the algorithm was run on other test instances, too (see
Table M.3).

The results are better in the case of mk01 and mk03; however, they are far from
the optimum in the case of mk02 and mk04. It necessitates further improvements.

Third improvement: crossover applies scheduling from operation to op-
eration instead of from job to job

Because of the success of the heuristic, the scheduling method used in the crossover
is also changed to operate from operation to operation (instead of its original way,
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Table M.3. The makespans, obtained on di�erent test problems of Brandimarte by
the GA after the second improvement.

Results of the GA
name of the test instance optimum minimum maximum average

mk02 26 32 35 33.9
mk03 204 210 217 213.9
mk04 60 74 77 75.6

Table M.4. The makespans, obtained on the mk02 problem by the GA after the
third improvement.

Results of the GA*
optimum minimum maximum average

26 32 35 33.6

*from 10 runs

which operated from job to job - see subsection 3.3). The resource allocation of
the modi�ed crossover remains: the operations of the randomly chosen half of the
child's processes follow the resource allocation of the �rst parent, and the remaining
operations are scheduled on the same resource as they were in the second parent.
At the same time, the order of their scheduling changes. Instead of ordering the
processes and scheduling all the operations of a process before handling the subse-
quent process's operations, the scheduling is now made from operation to operation.
In each step, the operation that results in minimum makespan after its schedule is
selected (independently from its process).
Because the previous results obtained on the mk02 problem were far from the opti-
mum, this modi�cation of the GA is tested on this test instance. The heuristic of
the second improvement - that �lls the initial population by the best 50 instances of
the created 1000 solutions - is also used, and the number of the generations is 800.
The results are summarized in Table M.4.

The improvement that was reached is minimal: the best makespan remained 32,
and the average of the makespans decreased from 33.9 to 33.6. That is why I decided
to improve the GA further.

Fourth improvement: modi�ed �tness and controlled selection

So far, the �tness of a solution was its makespan, and the selection method of the
parents to recombine was random. The third improvement modi�es these properties
of the GA.
Three alternative �tness functions were developed:

• (1) Both the makespan of the whole schedule (Cmax) and each machine's
completion time (Ci in case of resource ri) in�uence the �tness value. The

�tness value of a schedule is Cmax + (1 − y), where y =
∑u

i=1(
Ci

Cmax
)2

u
and u is

the number of machines.
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Table M.5. The makespans, obtained on the mk02 problem by di�erent variants of
the GA after the fourth improvement.

Results of the GA
combination optimum minimum maximum average

(1)+(a) 26 33 35 34
(1)+(b) 26 33 35 34
(2)+(a) 26 32 34 33.17
(2)+(b) 26 33 35 34.17
(3)+(a) 26 33 35 33.67
(3)+(b) 26 33 35 33.84

• (2) The �tness calculation of (1) is extended by also taking the resources' load
into account. If the sum of the idle times of machine ri is idlei and the number
of the machines is u, then the �tness value of a schedule is Cmax+(1−y)+(1−z),
where z = 1

u
∗
∑u

i=1( idlei
max
j=1...u

idlej
)2 and y is calculated the same way as in the case

of (1).

• (3) The �tness calculation of (2) is extended by the di�erent weighting of the
critical and not critical machines (for the de�nition of critical machines, see
De�nition 80). Here, y and z values are calculated separately, both for the
critical machines (yc and zc) and the non-critical machines (yd and zd). Then,
y = α ∗ yc + (1 − α) ∗ yd and z = α ∗ zc + (1 − α) ∗ zd, where α = 1/3 was
used. Finally, the �tness value of a schedule is calculated the same way as in
the case of (2): Cmax + (1− y) + (1− z).

The controlled selection was realized in two di�erent ways:

• (a) both parents were selected from the elites

• (b) one parent was selected from the elites, and the other parent was chosen
from the instances outside of the elites

All the 6 possible combinations of the 3 �tness calculations and the 2 controlled
selections were examined; Table M.5 shows the results. During the examinations,
all the previous improvements were also applied (the initial population was �lled
by the best 50 instances of the 1000 solutions generated by the heuristic and the
crossover applied scheduling from operation to operation). The GA was run through
800 generations.

The best results were obtained when calculating the �tness value involves the
load of the machines, and both parents to recombine were chosen from the elites.
Then, the best makespan was the same as previously (32); however, the makespans'
average improved from 33.6 to 33.17. Unfortunately, the obtained best result is not
close enough to the optimum, so further improvements were needed. In the further
works, the most e�cient combination ((2)+(a)) of this phase was applied.
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Table M.6. The makespans, obtained on the mk02 problem by the GA after the �fth
improvement attempt.

Results of the GA
optimum minimum maximum average

26 42 49 45.67

Table M.7. The makespans, obtained on the mk02 problem by the GA - with the
original 0.18 mutation rate - after the sixth improvement attempt.

Results of the GA
optimum minimum maximum average

26 33 36 33.92

Fifth attempt for improvement: modi�ed mutation - inserting each resched-
uled operation into the earliest feasible position

The mutation of the GA operates by rescheduling each operation of a randomly
chosen process. So far, for each rescheduled operation, a random resource was
selected from the set of the machines that can perform the operation, and the
operation was inserted into a random, feasible position in the machine's operation
queue. This attempt selects the earliest feasible position of the chosen machine's
operation queue for the insertion instead of a random one. All the other methods
and parameters of the (2)+(a) variant of the previous improvement phase are kept.
Table M.6 shows the results.

This attempt resulted in much worse results than the previous runs, so this
modi�cation of the mutation was rejected. The selection of the new positions of
the rescheduled operations of the mutation phase remains random in the further
improvement attempts.

Sixth attempt for improvement: using heuristic for crossover

So far, the crossover worked as follows: the resource allocation for the child instance's
operations in the case of the - randomly chosen - half of the processes followed the
resource allocation of the �rst parent, and the remaining operations were allocated
based on the second parent. This modi�cation selects the 40% of the processes ran-
domly and allocates their operation by a heuristic: the machine that results in the
minimum makespan after scheduling the operation will be chosen for each operation
of these processes. If more than one such machines exist, one of them is selected
randomly. Random 30% of the child's processes follow the �rst parent's resource
allocation, and the remaining operations are allocated based on the second parent.
The scheduling is made from operation to operation; the presented modi�cation of
the crossover extends the best method of the fourth improvement. The results are
presented in Table M.7.
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Table M.8. The makespans, obtained on the mk02 problem by the GA - with mu-
tation rate 0.1 - after the sixth improvement attempt.

Results of the GA
optimum minimum maximum average

26 32 34 33.5

The test was also performed using a mutation rate of 0.1 (instead of the initial -
0.18 - mutation rate of the GA) to qualify the applied mutation. It gave the results
of Table M.8.

These results indicate that the sixth attempt for improvement does not help
much. Moreover, the present mutation operator of the GA seems to be ine�cient.
Thus, the further improvements are based on the best variant of the fourth improve-
ment and focus on the improvement of the mutation genetic operator.

Seventh improvement: a complete review of the mutation genetic opera-
tor

The design of the initial GA's mutation operator - that reschedules each operation of
a randomly selected process - seems to be ine�cient. The seventh improvement re-
places this method with a completely new mutation that picks an operation from the
machine that causes the makespan (whose completion time is equal to the makespan
of the schedule) randomly. (This is similar to the neighbour creation of Hurink et al.
[1]; however, here, the picked operation is not necessarily part of the critical path.)
The picked operation and its subsequent operations both on its machine and in its
process are deleted from the schedule. This deletion is continued recursively for each
deleted operation (so, every subsequent node of the selected node is deleted from
the directed graph of the schedule). Then each deleted operation is rescheduled into
the remaining schedule. The operation is selected in each iteration, which results in
the schedule with minimum makespan after its insertion. For the originally picked
operation, the machine is selected that can perform the operation and is the earliest
with its �nish. All the other operations are allocated to the machine, which they
were deleted from. The whole method is executed 20 times on the initial instance,
and the best result is chosen as the mutated instance.
Finally, this mutation was used in the GA in four di�erent ways:

• a. Random: the new mutation is applied to any instance of the 50-sized
population with a 40% probability.

• b. Roulette: 20 instances are selected to be mutated from the population by
the roulette wheel method.

• c. Best: the new mutation is applied to the best 20 instances of the 50-sized
population.

• d. Worst: the new mutation is applied to the worst 20 instances of the
50-sized population.
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Table M.9. The makespans, obtained on the mk02 problem by the GA - with the
di�erent mutation variants - after the seventh improvement.

Results of the GA
the selection method for the mutation optimum minimum maximum average

Random 26 31 32 31,2
Roulette 26 31 32 31,8
Best 26 30 32 30.8
Worst 26 34 35 34.4

The results of the GA, which extends the algorithm of the fourth improvement by
the new mutation, are presented in Table M.9. For the sake of shorter runtime, the
number of generations was decreased to 200 from 800.

The best makespan obtained after the seventh improvement decreased to 30
(from 32); moreover, 32 was the worst makespan in the case of the �rst three vari-
ants. The best results were obtained when the mutation was applied to the best 20
instances of the population. This variant was chosen for the GA.
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Appendix N

Why scheduling from operation to
operation can be more e�cient than
from job to job scheduling?

Let us consider the problem of Figure N.1!

Figure N.1. The problem.

If the schedule of its operations is created from job to job (no operation of the
following jobs is scheduled before all the operations of the current job are scheduled),
6 di�erent sequences of its 3 processes can be created. Figure N.2 shows the results
of these 6 schedules when a greedy scheduler is applied.

However, if the problem is scheduled from operation to operation, better results
can be reached. An example for this is illustrated in Figure N.3, where the sequence
of the operations is t1,1, t3,1, t2,1, t3,2, t1,2, t2,2 during the greedy scheduling. Here, the
obtained makespan is 31, while the best makespan obtained by scheduling from job
to job was 32.
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Figure N.2. The obtained schedules for the 6 possible job sequences when the greedy
scheduling algorithm is executed from job to job.
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Figure N.3. A schedule of the problem that can be reached by greedy scheduling
from operation to operation.

Although the presented problem is only one example, it is easy to see that in
the case of scheduling problems with unrelated machines and precedence constraints,
such a sequence of operations that results in an optimal solution by greedy scheduling
can always be found. It is not true for the greedy scheduling from job to job.
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Appendix O

Results of the improved GA of
Chapter 3 on test instances from the
scienti�c literature

The sequence of the tested instances in Tables O.2 and O.3 is not complete. Its
reason is the size of the problems (and thus, the algorithm's runtime): smaller test
problems were chosen instead of the big ones. In some cases, the algorithm was not
run until its 200th generation. The reasons for the di�erent numbers of executions
and the di�erent generation numbers are also the long runtime of the algorithm on
big inputs and the limited access of some computers that took part in the executions.

Table O.1. The di�erence between the optimum and the makespans obtained by the
improved GA, on some test inputs of Brandimarte [3].

Results of the GA
name of the optimum minimum maximum average the average number
test gap gap gap number of the of runs
instance generations

mk01 40 2.5% 5% 4% 200 5
mk02 26 15.4% 23.1% 18.5% 200 5
mk03 204 0% 0% 0% 200 1
mk04 60 8.3% 13.3% 12% 200 5
mk05 173 2,3% 3.5% 2.9% 147.4 5
mk06 58 25.9% 25.9% 25.9% 200 1
mk07 144 9.7% 13.9% 11.1% 67.7 7
mk08 523 0.2% 0.2% 0.2% 200 1
mk09 307 21.2% 21.2% 21.2% 5 1
mk10 198 44.4% 44.4% 44.4% 5.5 2
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Table O.2. The di�erence between the best known upper bounds and the makespans
obtained by the improved GA, on some test inputs of Hurink et al. [1].

R
es
u
lt
s
of

th
e
G
A

n
am

e
of

th
e

th
e
b
es
t

m
in
im
u
m

m
ax
im
u
m

av
er
ag
e

th
e
av
er
ag
e
n
u
m
b
er

te
st

in
st
an
ce

k
n
ow

n
u
p
p
er

ga
p

ga
p

ga
p

of
th
e
ge
n
er
at
io
n
s

b
ou
n
d
[1
66
,
16
7]

H
u
ri
n
k
-
ed
at
a
la
01

60
9*

3.
9%

7.
2%

5.
6%

20
0

H
u
ri
n
k
-
ed
at
a
la
02

65
5*

0.
9%

4.
9%

3.
3%

20
0

H
u
ri
n
k
-
ed
at
a
la
03

55
0*

7.
8%

10
.4
%

9.
0%

20
0

H
u
ri
n
k
-
ed
at
a
la
04

56
8*

9.
0%

13
.6
%

11
.8
%

20
0

H
u
ri
n
k
-
ed
at
a
la
05

50
3*

5.
4%

7.
4%

6.
4%

20
0

H
u
ri
n
k
-
ed
at
a
la
06

83
3*

4.
6%

6.
1%

5.
4%

20
0

H
u
ri
n
k
-
ed
at
a
la
07

76
2*

6.
2%

8.
4%

7.
7%

20
0

H
u
ri
n
k
-
ed
at
a
la
08

84
5*

4.
2%

6.
0%

5.
1%

20
0

H
u
ri
n
k
-
ed
at
a
la
09

87
8*

3.
3%

5.
3%

4.
7%

20
0

H
u
ri
n
k
-
ed
at
a
la
11

11
03

7.
0%

9.
0%

7.
8%

19
8.
4

H
u
ri
n
k
-
ed
at
a
la
12

96
0*

6.
5%

8.
4%

7.
2%

12
.5

H
u
ri
n
k
-
ed
at
a
ca
r1

61
76
*

4.
3%

9.
1%

7.
1%

20
0

H
u
ri
n
k
-
ed
at
a
ca
r2

63
27
*

3.
8%

6.
2%

5.
2%

20
0

H
u
ri
n
k
-
ed
at
a
ca
r3

68
56
*

5.
3%

10
.9
%

8.
1%

20
0

H
u
ri
n
k
-
ed
at
a
ca
r4

77
89
*

2.
0%

3.
9%

3.
4%

20
0

H
u
ri
n
k
-
ed
at
a
ca
r5

72
29
*

5.
0%

6.
0%

5.
4%

20
0

H
u
ri
n
k
-
ed
at
a
ca
r6

79
90
*

4.
3%

9.
2%

5.
9%

20
0

H
u
ri
n
k
-
ed
at
a
ca
r7

61
23
*

0%
8.
1%

5.
0%

20
0

H
u
ri
n
k
-
ed
at
a
ca
r8

76
89
*

4.
8%

7.
9%

6.
2%

20
0

*
o
p
ti
m
u
m

T
h
e
re
su
lt
s
a
re

o
b
ta
in
ed

fr
o
m

5
ru
n
s,

ex
ce
p
t
fo
r
th
e
re
su
lt
s
o
f
te
st

in
st
a
n
ce

la
1
2
,

w
h
ic
h
a
re

o
b
ta
in
ed

fr
o
m

4
ru
n
s.

LVI



Table O.3. The di�erence between the best known upper bounds and the makespans
obtained by the improved GA, on some test inputs of Hurink et al. [1], and Barnes
and Chambers [4].
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Appendix P

Clarke and Wright savings method

The Clarke and Wright savings method is an e�cient, popular, and widespread
method for creating the routes of a VRP problem. The proposed algorithm of my
thesis can be applied for an arbitrary VRP solution. I chose the Clarke and Wright
savings method for initial VRP solution creation because of its simplicity and wide
usage in the VRP literature. Its main steps are as follows.

Step 1: Calculate the saving value S(mi,mj) = L(d,mi)+L(d,mj)−L(mi,mj)
for every pair (mi,mj) of customers.

Step 2: Order the saving values in descending order. This results in the "savings
list". Start the processing of the saving list with its �rst element.

Step 3: For the saving value S(mi,mj) under consideration, include link (mi,mj)
in a route if no route constraints will be violated, and if:

• Either, neither mi nor mj has already been assigned to a route. In this case,
a new route is created, including both mi and mj.

• Or, exactly one of the two customers (mi or mj) has already been included in
an existing route, and that customer is not interior to that route - the concept
"interior to a route" means that the customer is not adjacent to the depot -,
in which case the link (mi,mj) is added to that same route.

• Or, bothmi andmj have already been included in two di�erent existing routes,
and neither customer is interior to its route. In this case, the two routes are
merged.

Step 4: If the end of the saving list has not been reached, process its next entry
returning to Step 3; otherwise, stop. If any customer has not been assigned to a
route, it must be assigned to its own route, which begins at the depot, visits the
customer (only one), and returns to the depot.
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Appendix Q

The �owchart of the algorithm of
subsection 4.4.3 that determines the
best route direction composition

Figure Q.1. The �owchart of the algorithm that determines the best route direction
composition for making a VRP solution to be fault-tolerant.
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Appendix R

An example for the execution of the
algorithm of subsection 4.4.4 that
determines the helper vehicle and its
modi�ed route

Suppose that the route direction composition of Figure R.1 is started to be executed,
and vehicle n2 breaks down when it reaches its second customer (m2,2), as Figure
R.2 shows that. In the �gures, the labels on the arrows show the lengths of the
route segments, and the amount of the demand of each customer is highlighted in
parentheses after the customer's ID. It can be seen that each vehicle has the same
capacity (100).

Figure R.1. The example route direction composition.
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Figure R.2. The example route direction composition at the moment of the break-
down of vehicle n2.

Executing Step C of the algorithm of subsection 4.4.4, the following calculations
are made:
At the moment of the breakdown, all vehicles drove 15 units of distance, starting
from the depot. As a result, the locations of vehicles n1 and n3 are highlighted by
orange circles in Figure R.2. The set of the remaining customers of vehicle n2 is
M r

B = {m2,3,m2,4}. Moreover, the remaining customers of vehicle n1 are m1,2 and
m1,3, and the remaining customers of vehicle n3 are m3,1, m3,2, and m3,3. Based on
(4.20), The actual free capacity of vehicle n1 is 100− 25− 10 = 65, and the actual
free capacity of vehicle n3 is 100− 50− 30− 20 = 0.
Based on Step D of the algorithm of subsection 4.4.4, for

• vehicle n1: RF = {q,m1,2,m1,3,m2,3,m2,4, d}, A = 35, mf = m2,3, mg = q,
and

• vehicle n3: RF = {q,m3,1,m3,2,m2,4,m2,3,m3,3, d}, A = 100, mf = m2,3,
mg = m3,1.

If the helper vehicle carries such an amount of goods that is enough only for its own
customers, the broken-down vehicle must be visited to get its remaining goods. By
inserting the location of the broken-down vehicle (p) into the route of the helper
vehicle - following the instructions of Step D -, the obtained route is:

• RF = {q,m1,2,m1,3, p,m2,3,m2,4, d}, if the helper vehicle is n1, see Figure R.3.

• RF = {q,m3,1,m3,2,m2,4, p,m2,3,m3,3, d}, if the helper vehicle is n3, see Figure
R.4.
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Figure R.3. The proposed execution if the helper vehicle is n1.

Figure R.4. The proposed execution if the helper vehicle is n3.
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Based on (4.17), rcc is

• 12 + 3 + 14 + 15 + 8 + 7 + 7 + 13− (12 + 17 + 15 + 10) = 25 if the helper vehicle
is n1.

• 15 + 2 + 10 + 4 + 10 + 7 + 15 + 3− (17 + 10 + 8 + 3) = 28 if the helper vehicle
is n3.

Finally, vehicle n1 is chosen as the helper vehicle, and the modi�ed routes after the
breakdown are the routes of Figure R.3.
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Appendix S

The detailed results of the proposed
algorithm for the simple example of
subsection 4.5.1

Vehicles that broke down and those that possibly can o�er assistance are illustrated
for each route direction composition at the points of route change cost calculation.
These points are determined based on Step 7 of subsection 4.4.3. At each point,
the minimum route change costs are highlighted. The minimum rcc values are then
averaged, and the highlighted number shows the result of the algorithm: a route
direction composition (number V.) with an averaged route change cost value of
53.82 units.
Without applying the proposed algorithm, vehicles start in an arbitrary direction
on their route. The e�ectiveness of the method of this thesis can be well analyzed
using the provided simple example. Table S.1 and Table S.2 represent all the possible
route direction compositions of the simple example. Route change cost values show
the extra cost that has to be paid in case of a vehicle breakdown. As the last line
of the tables (averaged minimal route change cost) shows, the proposed method
determines the route direction composition with the minimum average extra cost in
case of a vehicle breakdown. It is important to emphasize "average", as it is not
always the selected route direction composition that is the optimal one. Supposing
vehicle breakdowns at di�erent locations (see the rows of the tables - the vehicle
breakdown is supposed to happen at the noted point in the list of arrivals), the
di�erent route direction compositions di�er in the cost of the recourse action. E.g.,
supposing that the vehicle breakdown happens at the 5th element of the list of
arrivals, the route change cost varies between 22.59 and 61.25, even if the helper
vehicle with the minimal extra cost is selected. It can also be seen that it is not the
proposed solution (route direction composition variation number V.) that provides
the best response if a vehicle breakdown occurs at the 5th element of the list of
arrivals, but route direction composition variation number IV. However, in other
cases, the proposed method performs better, and on average, it outperforms all the
other route direction compositions. Table 4.6 of subsection 4.5.1 summarizes the
e�ciency of the directed route set selected by the proposed method compared to
the other possible solutions.
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Table S.1. Averaged route change cost values for the route direction compositions of
the simple example of subsection 4.5.1 - Part 1.
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Table S.2. Averaged route change cost values for the route direction compositions of
the simple example of subsection 4.5.1 - Part 2.
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Appendix T

The histograms of averaged minimal
route change costs of the di�erent
Solomon instance groups' route
direction compositions
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Figure T.1. Histograms of averaged minimal route change costs (rcc, see (4.19)) of
the di�erent Solomon instance groups' route direction compositions.
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